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ABSTRACT

The aim of this short note is to introduce the concepts of quasi prime and prime I'-ideals
in ordered I'-AG-groupoids with left identity. These concepts are related to the concepts of prime
and quasi-prime I'-ideals, and play an important role in studying the structure of some ordered
I'-AG-groupoids, so it seems to be interesting to study them.
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INTRODUCTION

Let S be anon empty set. If there exists a mapping S xS — S written as (a,b) by ab
then S is called an Abel-Grassmann’s groupoid (AG-groupoid) if ab € S such that the following

left invertive law holds for all a,b,c € S;
(ayb)ac = (cyb)aa.

Naseeruddin (1970) introduced the notion of Abel-Grassmann’s groupoids. The
fundamentals of this non associative algebraic structure were first discovered by Kazim and
Naseeruddin (1977). An AG-groupoid is a non-associative algebraic structure mid way between
a groupoid and a commutative semigroup. This structure is closely related to a commutative
semigroup because if an AG-groupoid contains a right identity, then it becomes a commutative
monoid (Mushtag & Yousuf, 1978). It is a mid structure between a groupoid and a commutative
semigroup with wide range of applications in the theory of flocks (Naseeruddin, 1970). The Ideals
in AG-groupoids have been discussed in (Mushtaq & Yousuf, 1978) and (Mushtaq & Yousuf,
1988). In 1981 the notion of I'-semigroups was introduced by Sen (Sen & Saha, 1986). Let S and
I" be any non empty sets. If there exists a mapping S xI"'x.S — § written as (a,j/,b) by ayb
then S is called an I'-Abel-Grassmann’s groupoid (I'-AG-groupoid) (Khan et al., 2010) if ayb € S
such that the following I'-left invertive law holds for all a,b,c€ S and y,a €T

(ayb)ac = (cyb)aa.

This structure is also known as left almost semigroup (LA-semigroup). The concept of an
ordered AG-groupoid was first given by Faisal, Naveed Yaqoob and Kostaq Hila in (Faisal & Hila,
2012) which is in fact a generalization of an ordered semigroup. In this paper we characterize the
ordered I'-AG-groupoid. We study prime and quasi-prime I'-ideals in ordered I'-AG-groupoids with
left identity.
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METHODS

In this section we refer to (Faisal & Hila, 2012; Yiarayong, 2014) for some elementary
aspects and quote few definitions and examples which are essential to this study. For more details
we refer to the papers in the references.

Definition 2.1 (Faisal & Hila, 2012) Let S be a nonempty set, - a binary operation on
S and < a relation on S. (S,I,<) is called an ordered I' -AG-groupoid if (S,-) is a I'-AG-
groupoid, (§,<) is a partially ordered set and for all a, b, c € S, a <b implies that ayc < byc

and cya < cyb, where y €.
Definition 2.2. (Yiarayong, 2014) A nonempty subset 4 of an ordered I" -AG-groupoid

S is called a I' -AG-subgroupoid of S if AT'4 < A.
Let (S,I',<) be an ordered I'-AG-groupoid. For 4 S,, let (A] :{x eS:x<a for some

ae A}. The following lemma are similar to the case of ordered 1" -AG-groupoids.
Lemma 2.3 (Yiarayong, 2014) Let (S,I,<) be an ordered I'-AG-groupoid with left
identity and A4, B subsets of S. The following statements hold:

(1) If A< B, then (4] < (B].
(2) (A]T(B] < (4rB].

(3) ((A4]r(B]] < (4rB].
4) Ac(4].

) ((4]]=(4].

Proof. We leave the straightforward proof to the reader.

Definition 2.4 (Faisal & Hila, 2012) A nonempty subset A of an ordered I"-AG-groupoid
S is called a left I -ideal of Sif (A]< 4 and STA4< A and is called a right I" -ideal of S if
(A]< 4 and A'S < A. A nonempty subset A of S is called a ["-ideal of S if A is both left
and right I -ideal of S.

Lemma 2.5 (Yiarayong, 2014) Let (S,I,<) be an ordered I'-AG-groupoid with left

identity. Then every right I" -ideal of S is a left I" -ideal of S.
Proof. We leave the straightforward proof to the reader.

Lemma 2.6 (Yiarayong, 2014) Let (S,I,<) be an ordered I"-AG-groupoid with left
identity and 4 < S. Then SF(SFA) = STA and SF(SFA]Q(SFA].
Proof. We leave the straightforward proof to the reader.

Lemma 2.7 (Yiarayong, 2014) If (§,I',<) is an ordered I" -AG-groupoid with left identity

andlet a € S, then (SFa] aleft I" -ideal of S.
Proof. We leave the straightforward proof to the reader.
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Lemma 2.8. (Yiarayong, 2014) Let (S,I',<) be an ordered I" -AG-groupoid with left
identity and a € S. Then <a >= (SFa].
Proof. We leave the straightforward proof to the reader.

Lemma 2.9. (Yiarayong, 2014) If (S,I',<) is an ordered I -AG-groupoid with left
identity and let a € S, then (Sl“az} a I -ideal of S.

Proof. We leave the straightforward proof to the reader.

RESULTS
Let {(Si,Fi, <)iie I} be a nonempty family of ordered I",-AG-groupoids. We consider

the cartesian product HSi. Define a mapping

iel
TIS<IIT<TTS = 11S

iel iel iel iel

Written as ((xi )ie[ > (7/1 )iel > (yi)isl) = (xi )ie[ (71')1'5[ (y, )je] b}
by ()it PDict Vs = (57iYier-

Then HSI. is a HFI. -AG-groupoid. Moreover, HSI. is an ordered Hl"l. -AG-groupoid with
iel iel iel iel
the relation < defined by (x,),.; <(¥,),.; © X, <, y;, for all i € I. We consider the cartesian
product of HF,. -ideals.
iel

Lemma 3.1 Let {(Si,Fi,Si) RS I} be a nonempty family of ordered I", -AG-groupoids.

If 4 isa I';-ideal of S, for each i € I, then the set HAI. is a Hl“,. -ideal of HSI..

iel iel iel

Proof. Since 4, #J, for all i, we have HAI. # . By Lemma 2.3, we have

iel

14 |-TT00-TT 4

iel iel iel

then  [T4TIT.I1S [14r.s,

iel iel iel iel

- HAi

iel
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and [IsIIv]14 = [15T.4

iel iel iel iel
_—
iel
Therefore HA; is a HF; -ideal of HSI..
iel iel iel

Proposition 3.2. If (S,,I',,<,) is an ordered I',-AG-groupoid with left identity and

21

l, eHSl,then ( i HSFia,} is a left Hl“l. -ideal of HSI..

iel iel iel iel

Proof. Assume that (S;,I",,<,) is an ordered I',-AG-groupoid with left identity. By Lemma 2.3,

i2—i

we have ((a,. ).., uHSiFiai = [((ai ).., uHSl.Fl.aiﬂ. Then

iel il
l;[Szl;[Ff [(al. )., ul;[sir,.ai} c [l_[[ S,-];[Ff ((a,. s u];[S,-Fia,-H
- [[IsTIm ), o TTsIIn sra )|
iel il iel el !
= | TISTa o] ]ST, S,rla,}
iel iel
= [TIsr.au](sT,S,)r Sll",a,)}
il iel
= |[IsTa o] (als)T S,F,S,)}
il iel
= | TIsTa o] ](al,s,)T }
iel iel
= | TISTa o [(ST.S)r }
il iel
- HSiFia[uHSiF[ai}
il iel
e
i<l

IN

((a,. ).., uHSiria,}.

iel
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Therefore [(a,- )ie] UHSiFiai} is a left HFi -ideal of HSi.

iel iel iel

Proposition 3.3. If (S,,I',,<,) is an ordered I',-AG-groupoid with left identity and

20

(a,)_, €] ]S, then [(Ha , ] (Hsiriaiﬂ isa [ [T, -idealof [ [S..

iel iel iel iel iel

Proof. Assume that (S;,I";,<,) is an ordered I',-AG-groupoid with left identity. By Lemma 2.3,

we have ([Ha | j (Hsraﬂ:[(ma | j (HSFajH Then

(Hal ; ,]Hr [1sv
iel iel iel

[(Ha , j [l;[SIia,-ﬂl;[Fil;[SiE [HsiriafjHFfHS"

iel iel iel

[1(al,S)T.S, v
U
: [T(sT.a,)r.s,
el
[T(ST.S)Ta, |v
U
- T1(ST.a)r, (SlF,S,)j
el
= || TIST.a |o| TT(ST.S,)r (alF,S,)ﬂ
iel el
= || TS |9 []ST.(al.S) j
iel iel -
= || T8 (9| [Tal,(ST.S) j
il el -
= || [IsT.a |v| []arT, j
il el
= || [Tars |v Hsraj_.

iel iel
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Therefore [(Ha, ; ,] (Hsiriaiﬂ is a right HF,» -ideal of HS[. By Lemma 2.5, we

iel iel iel iel

have ((Ha , ] (HSI%H isa [ [T, -ideal of [ ]S,

iel iel iel iel

Lemma 3.4. If (S,I',,<)) is an ordered I',-AG-groupoid with left identity and

(a,)._, EHSZ, then ( (Hal . lj (HS[Fiaiﬂ is a HF,. -ideal of HS,».

iel iel iel iel iel

Proof. Assume that (S;,I";,<,) is an ordered I',-AG-groupoid with left identity. By Lemma 2.3,

(2 (Toris {0 Jers (T

iel iel iel iel iel
I |Fi| IS[ c

(@), (@), TS o[ Tars T s -
% [HsiriainF[HS,-

iel iel iel

el ]
[1ar, j [H alFiSi)l"l.Siju
AN el
_ [1(8T.a)T I.S,.J
el ]
Hal”j [ (ST.S)T, ju_
AN el
_ [1(8T.a)T (SlF,S,)J
el ]
Tar, j [HSiFiaiju
U el
_ [T(sT.s)r (a,r,S,)j

iel
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= [[T]aLsS [Y|[[ST.a |9 []ST:(al,S) j
iel iel iel -
= Hal P % HSiFiai Y Ha S’F’S’ j_
iel iel iel -
= || [Tar.s, |o| []STa || []aT, lﬂ
iel iel iel
= Hal D, |\ HSiFiai j|
iel iel

< (0. {mers){1ses ]

Therefore [ (Hal ; lj (HS[Fl.aiﬂ is a right HFI. -ideal of HS[. By

iel iel iel iel

Proposition 3.3, we have ( (H al’, lj (HSiFiaiﬂ is a Hri -ideal of HSZ..

iel iel iel iel

CONCLUSIONS AND DISCUSSIONS

We consider the product of prime HFI. -ideals in ordered HFi -AG-groupoids.

iel iel

Definition 4.1. Let HSl. be an ordered Hl"i -AG-groupoid. A HFi -ideal

iel iel iel
HB of HSI. is called prime if for every Hl"l. -ideals HA,HBi of HSI. such that
iel iel iel iel iel iel
[TATITIIB <12, wehave [[4 <[P, or [[B <[]~
iel iel iel iel iel iel iel iel
Definition 4.2. Let HSI. be an ordered HFZ. -AG-groupoid. A left HFI. -ideal HB
iel iel iel iel

of HSi is called quasi-prime if for every left Hl“l. -ideals HAl.,HBi of HS,. such that

iel iel iel iel iel
HAiHFZ.HBi c HR, we have HAi c HR, or HBi QHPI
iel iel iel iel iel iel iel iel

Remark It is easy to see that every quasi-HFi -prime ideal is Hl"i -prime.

iel iel
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Theorem 4.3. Let (S,,I',,<,) be an ordered I',-AG-groupoid with left identity

and let P, be a I',-ideal of Si. Then a [ [T - ideal [[F of [ ]S, is quasi-prime if and

iel iel iel

only if H( (ST.5,) )QHR implies that (a[)ideHPi or (b,.)l,deHPi, where

iel iel iel iel

(l iel ? le[ GHS

iel

Proof. = Assume that (S;,I",,<,) is an ordered I',-AG-groupoid with left identity. Then

(a)._, (7). ()., (Hsriaij[nrij(nsiribijz [H(Sil“iai)l“ (Sll"lb,)j

iel iel iel iel

- [M(sreyrars)

iel

- ((srara)rsrs)

iel

= | TI(ST.8)T,(al, (ST 5, ))J

iel

- (Tsr(ar (1)

iel

- (10811 | e s

iel iel iel

U8 hhg
c []~

iel

By Lemma 2.8, we have EHP or EHP

iel iel

< We leave the straightforward proof to the reader.

Lemma 4.4 Let (S,,I',,<,) be an ordered I',-AG-groupoid with left identity. Then a

HFi -ideal HR of HE is quasi-prime if and only if (al. )iel (}/l. )lel ld € HP implies

iel iel iel iel

that € HP or HP where € HS

iel iel iel
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Proof. = Assume that (S, I’ is an ordered I —AG—groupoid with left identity. Then by

hypothesis, (a5, )ie[ =(q, )le, Vi) ( 16[ EHP for any (a, )., > ZGI EHS and
(}/i )iel € HF, Then iel iel
iel
(@ uHs,r,.a,.]
((ai )iel UHSiFiai:|HFi ((bl- )iEI UHSI.FZ.I)I.:| c el

jel =
) L ] iel
- (HSiriainFi( ) Hsrbj
i L | iel
(a )EI H T [H ST b, j U
il \iel
B (H ST.a, jHF jer
iel iel
(H SiriainF,- (H Sfrfbfﬂ
iel o )

(a7 UHaF (STb,) U
{1;[(5,1"[61[ F,b[ull;[ STa,)T ,(S,FLbL)]
[1ST.((ST.a)T,)

[17 TSI arb),, TT(ra)r.(srs)
H(bFa) (Sr8) ]
[12 TSI T2 TT(SES)E (al k) }

{HPI UHSIFI (airibi ) o H(biriai )riSi U]
iel iel iel

H(Strzsl) i (airibi)

iel

N

[HP,. ul[Bv]]ST. (a,rib,,)}
iel iel iel
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[17-11s HFHP}

el

I
)
!

i

By hypothesis, [(a,.)iel UHS,-F,-a,] QHB or ((bl. ).., UHS[FI.b,] QHP,- and so that

iel iel iel iel

a le]eHP or eHP

iel iel

N

N

I
w

< We leave the straightforward proof to the reader.

Theorem 4.5. Let (S,,I';,<;) be an ordered I",-AG-groupoid with left identity. Then a

21

HFI. -ideal HB of HSi is prime if and only if (al.z )id (}/ )lel( ) € HP implies that

iel iel iel iel

() eHP or( ) EHP where 6 le] HS

iel iel iel

Proof. We leave the straightforward proof to the reader.

Theorem 4.6. Let (S,,I'.,<,) be an ordered I',-AG-groupoid with left identity and

20

let HB be a HFi -ideal of HS[. Then HFi -ideal HE of HS[. is prime if and

iel iel iel iel iel iel
only if H(afF[(SiFibf)]gHB implies that (af)' eHP or (bz) eHP where
iel iel iel iel

zeI zel = H S

iel

Proof. We leave the straightforward proof to the reader.

Definition 4.7. An ordered HFi -AG-groupoid HSi. is called ordered HFI. -AG-3-

ip s . g iel iel iel
band if its every element satisfies ' ' '

()., (7)., ((ai ) (@), (a )ie[) = ((ai )it (7)), (@), )(O‘i )ier (@), =(a0),., -
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Proposition 4.8. Every left identity in an ordered HFi -AG-3-band is a right identity.
iel
Proof. Let (ei )ie[ be a left identity and let (a,. )ie[ be any element in an ordered HF[ -AG-3-band

iel

S . Then

(@) (7). (@),

(@), (8), (@), (@), (@),) (7). ().,
() (B)s (@), (@), (a),,)) (7)., (@),
a),., (), azEJ(%Ld(%%d

g >,e,

|
- |
o
(

foraII GHS and ;/l) ( )le[( leIeHF Hence( )ie[ is right identity.

iel iel

Lemma 4.9. If an ordered HF[ -AG-band S has a left identity, then every left HFI.

iel iel

-idealisa | [T, -ideal.

iel

Proof. Let HSl. be an ordered HFZ. -AG-3-band, and let HAi be a left HFI. -ideal. Then

iel iel iel iel

(ai )iel (71‘ )ie[ (Si )ie[ = (((ai )ie[ (ai )iel (ai )ie[ )(ﬁz )ie[ ( )1EI )(7/1 )15] ( ),e/
= ((Si )iel (ﬂi)iel (ai )ie] )(7i )ie[ ((ai )ie[ (ai )ie[ (ai )[e[)
E(Hﬁﬂﬂﬂ%ﬁTﬂﬁlﬂiﬂH4]

iel iel iel iel iel iel iel

= [TT4]Ir 14

iel iel iel

c []4

iel

forall (7,)_,-(a)._, le[eHFl, a;)_ €[4 and ( ).y €] IS Hence [ [ 4 is a

iel’ iel iel iel
| I I'; -ideal.

iel
Theorem 4.10. Let HSl. be an ordered HF,. -AG-3-band with left identity. Then
iel iel
HP,- is a quasi-prime Hri -ideal in HSI- if and only if HB is a prime Hl“l. -ideal in
iel iel iel iel iel
I1s.
iel

Proof. We leave the straightforward proof to the reader.
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