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ABSTRACT
	 The aim of this short note is to introduce the concepts of quasi prime and prime Γ-ideals 
in ordered Γ-AG-groupoids with left identity. These concepts are related to the concepts of prime 
and quasi-prime Γ-ideals, and play an important role in studying the structure of some ordered 
Γ-AG-groupoids, so it seems to be interesting to study them.
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INTRODUCTION

	 Let S  be a non empty set. If there exists a mapping S S S× →  written as ( ),a b  by ab  

then S  is called an Abel-Grassmann’s groupoid (AG-groupoid) if ab S∈  such that the following 

left invertive law holds for all , , ;a b c S∈

( )   ( ) .a b c c b aγ α γ α=

	 Naseeruddin (1970) introduced the notion of Abel-Grassmann’s groupoids.  The 
fundamentals of this non associative algebraic structure were first discovered by Kazim and 
Naseeruddin (1977). An AG-groupoid is a non-associative algebraic structure mid way between 
a groupoid and a commutative semigroup. This structure is closely related to a commutative 
semigroup because if an AG-groupoid contains a right identity, then it becomes a commutative 
monoid (Mushtaq & Yousuf, 1978). It is a mid structure between a groupoid and a commutative 
semigroup with wide range of applications in the theory of flocks (Naseeruddin, 1970). The Ideals 
in AG-groupoids have been discussed in (Mushtaq & Yousuf, 1978) and (Mushtaq & Yousuf, 
1988). In 1981 the notion of Γ-semigroups was introduced by Sen (Sen & Saha, 1986). Let S  and 
Γ be any non empty sets. If there exists a mapping S S S×Γ× →  written as ( ), ,a bγ  by a bγ  
then S  is called an Γ-Abel-Grassmann’s groupoid (Γ-AG-groupoid) (Khan et al., 2010) if a b Sγ ∈  
such that the following Γ-left invertive law holds for all , ,a b c S∈  and , ;γ α ∈Γ

( )   ( ) .a b c c b aγ α γ α=
	 This structure is also known as left almost semigroup (LA-semigroup). The concept of an 
ordered AG-groupoid was first given by Faisal, Naveed Yaqoob and Kostaq Hila in (Faisal & Hila, 
2012) which is in fact a generalization of an ordered semigroup. In this paper we characterize the 
ordered Γ-AG-groupoid. We study prime and quasi-prime Γ-ideals in ordered Γ-AG-groupoids with 
left identity.
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METHODS

	 In this section we refer to (Faisal & Hila, 2012; Yiarayong, 2014) for some elementary 
aspects and quote few definitions and examples which are essential to this study. For more details 
we refer to the papers in the references.

	 Definition 2.1 (Faisal & Hila, 2012) Let S  be a nonempty set, ⋅  a binary operation on 

S and ≤ a relation on .S  ( , , )S Γ ≤  is called an ordered Γ -AG-groupoid if ( , )S ⋅  is a Γ -AG-

groupoid, ( , )S ≤  is a partially ordered set and for all ,  ,  ,  a b c S a b∈ ≤  implies that a c b cγ γ≤  

and ,c a c bγ γ≤  where .γ ∈Γ
	 Definition 2.2. (Yiarayong, 2014) A nonempty subset A  of an ordered Γ -AG-groupoid 

S  is called a Γ -AG-subgroupoid of S  if .A A AΓ ⊆

Let ( , , )S Γ ≤  be an ordered Γ -AG-groupoid. For ,A S⊆ , let ( ] { :A x S x a= ∈ ≤  for some 

}.a A∈  The following lemma are similar to the case of ordered Γ -AG-groupoids.

	 Lemma 2.3 (Yiarayong, 2014) Let ( , , )S Γ ≤  be an ordered Γ -AG-groupoid with left 

identity and ,A B  subsets of .S  The following statements hold:

	 (1) If ,A B⊆  then ( ] ( ].A B⊆

	 (2) ( ] ( ] ( ].A B A BΓ ⊆ Γ

	 (3) ( ] ( ]( ( ].A B A BΓ ⊆ Γ
	 (4) ( ].A A⊆

	 (5) ( ]( ( ].A A =
	 Proof. We leave the straightforward proof to the reader.

	 Definition 2.4 (Faisal & Hila, 2012) A nonempty subset A of an ordered Γ -AG-groupoid 

S  is called a left Γ -ideal of S if ( ]A A⊆  and S A AΓ ⊆  and is called a right Γ -ideal of S if 

( ]A A⊆  and .A S AΓ ⊆  A nonempty subset A  of S  is called a Γ -ideal of S  if A  is both left 

and right Γ -ideal of .S
	 Lemma 2.5 (Yiarayong, 2014) Let ( , , )S Γ ≤  be an ordered Γ -AG-groupoid with left 

identity. Then every right Γ -ideal of S  is a left Γ -ideal of .S
Proof. We leave the straightforward proof to the reader.

	 Lemma 2.6 (Yiarayong, 2014) Let ( , , )S Γ ≤  be an ordered Γ -AG-groupoid with left 

identity and .A S⊆  Then ( )   S S A S AΓ Γ = Γ  and ( ] ( ].S S A S AΓ Γ ⊆ Γ
Proof. We leave the straightforward proof to the reader.

	 Lemma 2.7 (Yiarayong, 2014) If ( , , )S Γ ≤  is an ordered Γ -AG-groupoid with left identity 
and let ,a S∈  then ( ]S aΓ  a left Γ -ideal of .S
Proof. We leave the straightforward proof to the reader.
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	 Lemma 2.8. (Yiarayong, 2014) Let ( , , )S Γ ≤  be an ordered Γ -AG-groupoid with left 

identity and .a S∈  Then ( ] .a S a< >= Γ
Proof. We leave the straightforward proof to the reader.	

	 Lemma 2.9. (Yiarayong, 2014) If ( , , )S Γ ≤  is an ordered Γ -AG-groupoid with left 

identity and let ,a S∈  then ( 2S a Γ   a Γ -ideal of .S
Proof. We leave the straightforward proof to the reader.

RESULTS

	 Let { }i(S , , ) :i i i IΓ ≤ ∈  be a nonempty family of ordered iΓ -AG-groupoids. We consider 

the cartesian product .i
i I

S
∈
∏  Define a mapping

i i i i
i I i I i I i I

S S S
∈ ∈ ∈ ∈

× Γ × →∏ ∏ ∏ ∏

written as	 (( ) , ( ) , ( ) ) ( ) ( ) ( ) ,i i I i i I i i I i i I i i I i i Ix y x yγ γ∈ ∈ ∈ ∈ ∈ ∈

by		   ( ) ( ) ( )  ( ) .i i I i i I i i I i i i i Ix y x yγ γ∈ ∈ ∈ ∈=

Then i
i I

S
∈
∏  is a i

i I∈

Γ∏ -AG-groupoid. Moreover, i
i I

S
∈
∏  is an ordered i

i I∈

Γ∏ -AG-groupoid with 

the relation ≤  defined by ( ) ( ) ,i i I i i I i i ix y x y∈ ∈≤ ⇔ ≤  for all .i I∈  We consider the cartesian 

product of i
i I∈

Γ∏ -ideals.

	 Lemma 3.1  Let { }i(S , , ) :i i i IΓ ≤ ∈  be a nonempty family of ordered iΓ -AG-groupoids. 

If iA  is a iΓ -ideal of iS  for each ,i I∈  then the set i
i I

A
∈
∏  is a i

i I∈

Γ∏ -ideal of .i
i I

S
∈
∏

	 Proof. Since ,iA ≠ ∅  for all ,i I∈  we have .i
i I

A
∈

≠ ∅∏  By Lemma 2.3, we have 

( ] .i i i
i I i I i I

A A A
∈ ∈ ∈

 
= = 

 
∏ ∏ ∏  

Then	 i i i
i I i I i I

A S
∈ ∈ ∈

Γ∏ ∏ ∏ 	 i i i
i I

A S
∈

= Γ∏
				    i

i I

A
∈

= ∏
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and	 i i i
i I i I i I

S A
∈ ∈ ∈

Γ∏ ∏ ∏ 	 i i i
i I

S A
∈

= Γ∏

				    .i
i I

A
∈

= ∏

Therefore i
i I

A
∈
∏  is a i

i I∈

Γ∏ -ideal of .i
i I

S
∈
∏

	 Proposition 3.2. If i(S , , )i iΓ ≤  is an ordered iΓ -AG-groupoid with left identity and 

( ) ,i ii I
i I

a S
∈

∈

∈∏ then ( )i i i ii I
i I

a S a
∈

∈

 
∪ Γ 

 
∏  is a left i

i I∈

Γ∏ -ideal of .i
i I

S
∈
∏

Proof. Assume that i(S , , )i iΓ ≤  is an ordered iΓ -AG-groupoid with left identity. By Lemma 2.3, 

we have ( ) ( ) .i i i i i i i ii I i I
i I i I

a S a a S a
∈ ∈

∈ ∈

    
∪ Γ = ∪ Γ   

    
∏ ∏  Then

     ( )i i i i i ii I
i I i I i I

S a S a
∈

∈ ∈ ∈

 
Γ ∪ Γ 
 

∏ ∏ ∏ 	 ( )i i i i i ii I
i I i I i I

S a S a
∈

∈ ∈ ∈

  
⊆ Γ ∪ Γ  

  
∏ ∏ ∏

					     ( )i i i i i i i ii I
i I i I i I i I i I

S a S S a
∈

∈ ∈ ∈ ∈ ∈

  
= Γ ∪ Γ Γ  

  
∏ ∏ ∏ ∏ ∏

					     ( )i i i i i i i i
i I i I

S a S S a
∈ ∈

 
= Γ ∪ Γ Γ 

 
∏ ∏

					     ( ) ( )i i i i i i i i i i
i I i I

S a S S S a
∈ ∈

 
= Γ ∪ Γ Γ Γ 

 
∏ ∏

					     ( ) ( )i i i i i i i i i i
i I i I

S a a S S S
∈ ∈

 
= Γ ∪ Γ Γ Γ 

 
∏ ∏

					     ( )i i i i i i i i
i I i I

S a a S S
∈ ∈

 
= Γ ∪ Γ Γ 

 
∏ ∏

					     ( )i i i i i i i i
i I i I

S a S S a
∈ ∈

 
= Γ ∪ Γ Γ 

 
∏ ∏

					     i i i i i i
i I i I

S a S a
∈ ∈

 
= Γ ∪ Γ 

 
∏ ∏

					     i i i
i I

S a
∈

 
= Γ 

 
∏

					     ( ) .i i i ii I
i I

a S a
∈

∈

 
⊆ ∪ Γ 

 
∏
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Therefore ( )i i i ii I
i I

a S a
∈

∈

 
∪ Γ 

 
∏  is a left i

i I∈

Γ∏ -ideal of .i
i I

S
∈
∏

	 Proposition 3.3. If i(S , , )i iΓ ≤  is an ordered iΓ -AG-groupoid with left identity and 

( ) ,i ii I
i I

a S
∈

∈

∈∏ then i i i i i i
i I i I

a S S a
∈ ∈

    
Γ ∪ Γ    

    
∏ ∏  is a i

i I∈

Γ∏ -ideal of .i
i I

S
∈
∏

Proof. Assume that i(S , , )i iΓ ≤  is an ordered iΓ -AG-groupoid with left identity. By Lemma 2.3, 

we have .i i i i i i i i i i i i
i I i I i I i I

a S S a a S S a
∈ ∈ ∈ ∈

           
Γ ∪ Γ = Γ ∪ Γ                     

∏ ∏ ∏ ∏  Then

i i i i i i i i
i I i I i I i I

a S S a S
∈ ∈ ∈ ∈

    
Γ ∪ Γ Γ    

    
∏ ∏ ∏ ∏

i i i i i
i I i I i I

i i i i i
i I i I i I

a S S

S a S

∈ ∈ ∈

∈ ∈ ∈

  
Γ Γ ∪  

  ⊆   
 Γ Γ     

∏ ∏ ∏

∏ ∏ ∏

	

( )

( )

i i i i i
i I

i i i i i
i I

a S S

S a S

∈

∈

  
Γ Γ ∪  

  =   
 Γ Γ     

∏

∏

	

( )

( ) ( )

i i i i i
i I

i i i i i i i
i I

S S a

S a S S

∈

∈

  
Γ Γ ∪  

  =   
 Γ Γ Γ     

∏

∏

	 ( ) ( )i i i i i i i i i i
i I i I

S a S S a S
∈ ∈

    
= Γ ∪ Γ Γ Γ    

    
∏ ∏

	 ( )i i i i i i i i
i I i I

S a S a S
∈ ∈

    
= Γ ∪ Γ Γ    

    
∏ ∏   

	
( )i i i i i i i i

i I i I

S a a S S
∈ ∈

    
= Γ ∪ Γ Γ    

    
∏ ∏

	
i i i i i i

i I i I

S a a S
∈ ∈

    
= Γ ∪ Γ    

    
∏ ∏

	

.i i i i i i
i I i I

a S S a
∈ ∈

    
= Γ ∪ Γ    

    
∏ ∏
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Therefore i i i i i i
i I i I

a S S a
∈ ∈

    
Γ ∪ Γ    

    
∏ ∏  is a right i

i I∈

Γ∏ -ideal of .i
i I

S
∈
∏  By Lemma 2.5, we 

have i i i i i i
i I i I

a S S a
∈ ∈

    
Γ ∪ Γ    

    
∏ ∏  is a i

i I∈

Γ∏ -ideal of .i
i I

S
∈
∏

	 Lemma 3.4. If i(S , , )i iΓ ≤  is an ordered iΓ -AG-groupoid with left identity and 

( ) ,i ii I
i I

a S
∈

∈

∈∏  then ( )i i i i i i ii I
i I i I

a a S S a
∈

∈ ∈

    
∪ Γ ∪ Γ    
    
∏ ∏  is a i

i I∈

Γ∏ -ideal of .i
i I

S
∈
∏

Proof. Assume that i(S , , )i iΓ ≤  is an ordered iΓ -AG-groupoid with left identity. By Lemma 2.3, 

we have 

( ) ( ) .i i i i i i i i i i i i i ii I i I
i I i I i I i I

a a S S a a a S S a
∈ ∈

∈ ∈ ∈ ∈

           
∪ Γ ∪ Γ = ∪ Γ ∪ Γ                     
∏ ∏ ∏ ∏

Then

 

( )i i I

i i i i i
i I i I i I

i i i
i I

a

a S S

S a

∈

∈ ∈ ∈

∈

 
 ∪ 
  
 Γ ∪ Γ 
  
   Γ    

∏ ∏ ∏

∏ 	

( )i i i i i i i ii I
i I i I i I i I i I

i i i i i
i I i I i I

a S a S S

S a S

∈
∈ ∈ ∈ ∈ ∈

∈ ∈ ∈

    
Γ ∪ Γ Γ ∪    

    ⊆   
 Γ Γ     

∏ ∏ ∏ ∏ ∏

∏ ∏ ∏

				  

( )

( )

i i i i i i i i
i I i I

i i i i i
i I

a S a S S

S a S

∈ ∈

∈

    
Γ ∪ Γ Γ ∪    

    =   
 Γ Γ     

∏ ∏

∏

				  

( )

( ) ( )

i i i i i i i i
i I i I

i i i i i i i
i I

a S S S a

S a S S

∈ ∈

∈

    
Γ ∪ Γ Γ ∪    

    =   
 Γ Γ Γ     

∏ ∏

∏

				  
( ) ( )

i i i i i i
i I i I

i i i i i i i
i I

a S S a

S S a S

∈ ∈

∈

    
Γ ∪ Γ ∪    

    =   
 Γ Γ Γ     

∏ ∏

∏
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				    ( )i i i i i i i i i i i
i I i I i I

a S S a S a S
∈ ∈ ∈

      
= Γ ∪ Γ ∪ Γ Γ      

      
∏ ∏ ∏

				    ( )i i i i i i i i i i i
i I i I i I

a S S a a S S
∈ ∈ ∈

      
= Γ ∪ Γ ∪ Γ Γ      

      
∏ ∏ ∏

				    i i i i i i i i i
i I i I i I

a S S a a S
∈ ∈ ∈

      
= Γ ∪ Γ ∪ Γ      

      
∏ ∏ ∏

				    i i i i i i
i I i I

a S S a
∈ ∈

    
= Γ ∪ Γ    

    
∏ ∏

				    ( ) .i i i i i i ii I
i I i I

a a S S a
∈

∈ ∈

    
⊆ ∪ Γ ∪ Γ    

    
∏ ∏

Therefore ( )i i i i i i ii I
i I i I

a a S S a
∈

∈ ∈

    
∪ Γ ∪ Γ    
    
∏ ∏  is a right i

i I∈

Γ∏ -ideal of .i
i I

S
∈
∏  By 

Proposition 3.3, we have ( )i i i i i i ii I
i I i I

a a S S a
∈

∈ ∈

    
∪ Γ ∪ Γ    
    
∏ ∏  is a i

i I∈

Γ∏ -ideal of .i
i I

S
∈
∏  

CONCLUSIONS AND DISCUSSIONS

	 We consider the product of prime i
i I∈

Γ∏ -ideals in ordered i
i I∈

Γ∏ -AG-groupoids.

	 Definition 4.1. Let i
i I

S
∈
∏  be an ordered i

i I∈

Γ∏ -AG-groupoid. A i
i I∈

Γ∏ -ideal 

i
i I

P
∈
∏  of i

i I

S
∈
∏  is called prime if for every i

i I∈

Γ∏ -ideals ,i i
i I i I

A B
∈ ∈
∏ ∏  of i

i I

S
∈
∏  such that 

,i i i i
i I i I i I i I

A B P
∈ ∈ ∈ ∈

Γ ⊆∏ ∏ ∏ ∏  we have ,i i
i I i I

A P
∈ ∈

⊆∏ ∏  or .i i
i I i I

B P
∈ ∈

⊆∏ ∏  

	 Definition 4.2. Let i
i I

S
∈
∏  be an ordered i

i I∈

Γ∏ -AG-groupoid. A left i
i I∈

Γ∏ -ideal i
i I

P
∈
∏  

of i
i I

S
∈
∏  is called quasi-prime if for every left i

i I∈

Γ∏ -ideals ,i i
i I i I

A B
∈ ∈
∏ ∏  of i

i I

S
∈
∏  such that 

,i i i i
i I i I i I i I

A B P
∈ ∈ ∈ ∈

Γ ⊆∏ ∏ ∏ ∏  we have ,i i
i I i I

A P
∈ ∈

⊆∏ ∏  or .i i
i I i I

B P
∈ ∈

⊆∏ ∏  

Remark It is easy to see that every quasi- i
i I∈

Γ∏ -prime ideal is i
i I∈

Γ∏ -prime.
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	 Theorem 4.3. Let i(S , , )i iΓ ≤  be an ordered iΓ -AG-groupoid with left identity 

and let iP  be a iΓ -ideal of Si. Then a i
i I∈

Γ∏ - ideal i
i I

P
∈
∏  of i

i I

S
∈
∏  is quasi-prime if and 

only if ( )( )i i i i i i
i I i I

a S b P
∈ ∈

Γ Γ ⊆∏ ∏  implies that ( )i ii I
i I

a P
∈

∈

∈∏  or ( ) ,i ii I
i I

b P
∈

∈

∈∏  where 

( ) ( ), .i i ii I i I
i I

a b S
∈ ∈

∈

∈∏
Proof. ⇒  Assume that i(S , , )i iΓ ≤  is an ordered iΓ -AG-groupoid with left identity. Then

( ) ( ) ( )i i i i i i i i i ii I i I i I
i I i I i I

a b S a S bγ
∈ ∈ ∈

∈ ∈ ∈

   
∈ Γ Γ Γ   
   
∏ ∏ ∏ ( ) ( )i i i i i i i

i I

S a S b
∈

 
= Γ Γ Γ 

 
∏

	 ( )( )i i i i i i i
i I

S b a S
∈

 
= Γ Γ Γ 

 
∏

	
( )( ) ( )i i i i i i i i i

i I

S b a S S
∈

 
= Γ Γ Γ Γ 

 
∏

	
( ) ( )( )i i i i i i i i i

i I

S S a S b
∈

 
= Γ Γ Γ Γ 

 
∏

	
( )( )i i i i i i i

i I

S a S b
∈

 
= Γ Γ Γ 

 
∏

	
( )( )i i i i i i i

i I i I i I

S a S b
∈ ∈ ∈

   
= Γ Γ Γ   

   
∏ ∏ ∏

	 i i i
i I i I i I

S P
∈ ∈ ∈

   
⊆ Γ   

   
∏ ∏ ∏

	
.i

i I

P
∈

⊆ ∏
By Lemma 2.8, we have ( )i ii I

i I

a P
∈

∈

∈∏  or ( ) .i ii I
i I

b P
∈

∈

∈∏
⇐  We leave the straightforward proof to the reader.

	 Lemma 4.4 Let i(S , , )i iΓ ≤  be an ordered iΓ -AG-groupoid with left identity. Then a 

i
i I∈

Γ∏ -ideal i
i I

P
∈
∏  of i

i I

P
∈
∏  is quasi-prime if and only if ( ) ( ) ( )i i i ii I i I i I

i I

a b Pγ
∈ ∈ ∈

∈

∈∏  implies 

that ( )i ii I
i I

a P
∈

∈

∈∏  or ( ) ,i ii I
i I

b P
∈

∈

∈∏  where ( ) ( ), .i i ii I i I
i I

a b S
∈ ∈

∈

∈∏
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Proof. ⇒  Assume that i(S , , )i iΓ ≤  is an ordered iΓ -AG-groupoid with left identity. Then by 

hypothesis, ( ) ( ) ( ) ( ) ,i i i i i i ii I i I i I i I
i I

a b a b Pγ γ
∈ ∈ ∈ ∈

∈

= ∈∏  for any ( ) ,i i I
a

∈
 ( )i ii I

i I

b S
∈

∈

∈∏  and 

( ) .i ii I
i I

γ
∈

∈

∈ Γ∏  Then

( ) ( )i i i i i i i i ii I i I
i I i I i I

a S a b S b
∈ ∈

∈ ∈ ∈

   
∪ Γ Γ ∪ Γ  

   
∏ ∏ ∏

( )

( )

i i i ii I
i I

i i i i ii I
i I i I

a S a

b S b

∈
∈

∈
∈ ∈

  
∪ Γ  

  ⊆   
 Γ ∪ Γ     

∏

∏ ∏

	

( ) ( )

( )

i i i i i ii I i I
i I i I

i i i i i i i ii I
i I i I i I

a b S b

S a b S b

∈ ∈
∈ ∈

∈
∈ ∈ ∈

   
Γ ∪ Γ ∪   
   =      Γ Γ ∪ Γ        

∏ ∏

∏ ∏ ∏

	

( ) ( )

( )

( )

i i ii I i I
i I

i i i i ii I
i I i I

i i i i i i I
i I i I

i i i i i i i
i I i I i I

a b

a S b

S a b

S a S b

∈ ∈
∈

∈
∈ ∈

∈
∈ ∈

∈ ∈ ∈

 Γ ∪
 
   Γ Γ ∪   
 =   Γ Γ ∪    
    

Γ Γ Γ    
    

∏

∏ ∏

∏ ∏

∏ ∏ ∏

	

( ) ( )

( ) ( ) ( )

i i i i i i i ii I
i I

i i i i i i i i i i i i
i I i I

a b a S b

S a b S a S b

γ
∈

∈

∈ ∈

 ∪ Γ Γ ∪
 =  Γ Γ ∪ Γ Γ Γ  

∏

∏ ∏

	

( ) ( )

( )( )
i i i i i i i i i i i

i I i I i I

i i i i i i i
i I

P S a b b a S

S S a b
∈ ∈ ∈

∈

 ∪ Γ Γ ∪ Γ Γ ∪
 ⊆  Γ Γ Γ  

∏ ∏ ∏

∏

	

( ) ( ) ( )

( ) ( )

i i i i i i i i i i i i ii I
i I i I i I i I

i i i i i i i
i I

P S a b b a S S

b a S S

γ
∈

∈ ∈ ∈ ∈

∈

 ∪ Γ ∪ Γ Γ Γ ∪
 =  Γ Γ Γ  

∏ ∏ ∏ ∏

∏

	

( ) ( )

( ) ( )

i i i i i i i i i i i
i I i I i I i I i I

i i i i i i i
i I

P S P S S a b

S S a b
∈ ∈ ∈ ∈ ∈

∈

 ∪ Γ ∪ Γ Γ Γ ∪
 =  Γ Γ Γ  

∏ ∏ ∏ ∏ ∏

∏

	
( )i i i i i i i

i I i I i I

P P S a b
∈ ∈ ∈

 
⊆ ∪ ∪ Γ Γ 

 
∏ ∏ ∏
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( )i i i i i i i I

i I i I i I

P S a bγ
∈

∈ ∈ ∈

 
= ∪ Γ 

 
∏ ∏ ∏

	
i i i i

i I i I i I i I

P S P
∈ ∈ ∈ ∈

 
⊆ ∪ Γ 

 
∏ ∏ ∏ ∏

	
i i

i I i I

P P
∈ ∈

 
⊆ ∪ 

 
∏ ∏

	
i

i I

P
∈

 
=  

 
∏

	
.i

i I

P
∈

= ∏

By hypothesis, ( )i i i i ii I
i I i I

a S a P
∈

∈ ∈

 
∪ Γ ⊆ 

 
∏ ∏  or ( )i i i i ii I

i I i I

b S b P
∈

∈ ∈

 
∪ Γ ⊆ 

 
∏ ∏  and so that 

( )i ii I
i I

a P
∈

∈

∈∏  or ( ) .i ii I
i I

b P
∈

∈

∈∏

⇐  We leave the straightforward proof to the reader.

	 Theorem 4.5. Let i(S , , )i iΓ ≤  be an ordered iΓ -AG-groupoid with left identity. Then a 

i
i I∈

Γ∏ -ideal i
i I

P
∈
∏  of i

i I

S
∈
∏  is prime if and only if ( ) ( ) ( )2 2

i i i ii Ii I i I
i I

a b Pγ
∈∈ ∈

∈

∈∏  implies that 

( )2
i ii I

i I

a P
∈

∈

∈∏  or ( )2 ,i ii I
i I

b P
∈

∈

∈∏  where ( ) ( ), .i i ii I i I
i I

a b S
∈ ∈

∈

∈∏

Proof. We leave the straightforward proof to the reader.

	 Theorem 4.6. Let i(S , , )i iΓ ≤  be an ordered iΓ -AG-groupoid with left identity and 

let i
i I

P
∈
∏  be a i

i I∈

Γ∏ -ideal of .i
i I

S
∈
∏  Then i

i I∈

Γ∏ -ideal i
i I

P
∈
∏  of .i

i I

S
∈
∏  is prime if and 

only if ( )( 2 2
i i i i i i

i I i I

a S b P
∈ ∈

Γ Γ ⊆∏ ∏  implies that ( )2
i ii I

i I

a P
∈

∈

∈∏  or ( )2 ,i ii I
i I

b P
∈

∈

∈∏  where 

( ) ( ), .i i ii I i I
i I

a b S
∈ ∈

∈

∈∏
Proof. We leave the straightforward proof to the reader.

	 Definition 4.7. An ordered i
i I∈

Γ∏ -AG-groupoid .i
i I

S
∈
∏  is called ordered i

i I∈

Γ∏ -AG-3-

band if its every element satisfies 

( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( )( )( ) ( ) ( ) .i i i i i i i i i i ii I i I i I i I i I i I i I i I i I i I i I
a a a a a a aγ α γ α

∈ ∈ ∈ ∈ ∈ ∈ ∈ ∈ ∈ ∈ ∈
= =
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	 Proposition 4.8. Every left identity in an ordered i
i I∈

Γ∏ -AG-3-band is a right identity.

Proof. Let ( )i i I
e

∈
 be a left identity and let ( )i i I

a
∈

 be any element in an ordered i
i I∈

Γ∏ -AG-3-band 

S . Then 

( ) ( ) ( )i i ii I i I i I
a eγ

∈ ∈ ∈
	 ( ) ( ) ( ) ( ) ( )( )( )( ) ( )i i i i i i ii I i I i I i I i I i I i I

a a a eβ α γ
∈ ∈ ∈ ∈ ∈ ∈ ∈

=

			   ( ) ( ) ( ) ( ) ( )( )( )( ) ( )i i i i i i ii I i I i I i I i I i I i I
e a a aβ α γ

∈ ∈ ∈ ∈ ∈ ∈ ∈
=

			 
( ) ( ) ( )( )( ) ( )i i i i ii I i I i I i I i I
a a aα γ

∈ ∈ ∈ ∈ ∈
=

			   ( )i i I
a

∈
=

for all ( )i ii I
i I

a S
∈

∈

∈∏  and ( ) ( ) ( ), , .i i i ii I i I i I
i I

γ α β
∈ ∈ ∈

∈

∈ Γ∏  Hence ( )i i I
e

∈
 is right identity.

	 Lemma 4.9. If an ordered i
i I∈

Γ∏ -AG-band S  has a left identity, then every left i
i I∈

Γ∏
-ideal is a i

i I∈

Γ∏ -ideal.

Proof. Let i
i I

S
∈
∏  be an ordered i

i I∈

Γ∏ -AG-3-band, and let i
i I

A
∈
∏  be a left i

i I∈

Γ∏ -ideal. Then

( ) ( ) ( )i i ii I i I i I
a sγ

∈ ∈ ∈
	 ( ) ( ) ( )( )( ) ( )( )( ) ( )i i i i i i ii I i I i I i I i I i I i I

a a a sα β γ
∈ ∈ ∈ ∈ ∈ ∈ ∈

=

	
( ) ( ) ( )( )( ) ( ) ( ) ( )( )i i i i i i ii I i I i I i I i I i I i I
s a a aβ γ α

∈ ∈ ∈ ∈ ∈ ∈ ∈
=

	
i i i i i i i

i I i I i I i I i I i I i I

S A A A
∈ ∈ ∈ ∈ ∈ ∈ ∈

   
∈ Γ Γ Γ   

   
∏ ∏ ∏ ∏ ∏ ∏ ∏

	
i i i

i I i I i I

A A
∈ ∈ ∈

= Γ∏ ∏ ∏

	 i
i I

A
∈

⊆ ∏

for all ( ) ( ) ( ), , ,i i i ii I i I i I
i

γ α β
∈ ∈ ∈

∈Γ

∈ Γ∏ ( )i ii I
i I

a A
∈

∈

∈∏  and ( ) .i ii I
i I

s S
∈

∈

∈∏  Hence i
i I

A
∈
∏  is a 

i
i I∈

Γ∏ -ideal.

	 Theorem 4.10. Let i
i I

S
∈
∏  be an ordered i

i I∈

Γ∏ -AG-3-band with left identity. Then 

i
i I

P
∈
∏  is a quasi-prime i

i I∈

Γ∏ -ideal in i
i I

S
∈
∏  if and only if i

i I

P
∈
∏  is a prime i

i I∈

Γ∏ -ideal in 

.i
i I

S
∈
∏
Proof. We leave the straightforward proof to the reader.
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