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Irrationality of some Serieswith Rational Terms

Pairit Kuhapatanakul and Vichian L aohakosol

ABSTRACT

Anirrationality criterion dueto Dianandaand Oppenheim statesthat aCantor seriesof rational terms
isrational except possibly whentherational termsareof certain special shapes. Inthefirst part, thisexcepted
caseisanalyzed and conclusionsaredrawn for two specific classesof series. Badeain 1993 established very
strongirrationality testsfor series of positive rational termsand applied them to settle some previous open
problems. Later Brown, Pei and Shiue extended Badea s applications to those series whose terms satisfy
linear recurrence relations. Extensions of these results are derived in the second part.
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INTRODUCTION

It is known, see e.g. Theorem 1.6 p. 7 of
Niven (1967) that any real number x isexpressible

as a Cantor series, i.e. in theform
_ < 3 _ 3, A

X=agg+ Y —1—=ay+— +—= +
2 o, b 0 b, " byb,

a3

bybobs

+

where b; > 1 areintegers, g are integers satisfying
O<g<b-1forali=1,andg <b;-1forinfinitely
many i. Diananda and Oppenheim (1955) proved
thefollowingresultgivingacriterionforirrationality
of certain numberswritten asCantor series: If every
limit of ¢; = a/bj isarational number h/k where 0 <
h<k, (hk) =1, thenxisirrational except possibly
when g = [hb;/K] for dl largei in the subsequence
for which ¢; —» h/k. In the excepted case x may be
rational or irrational. Diananda and Oppenheim
gavetwo examplesillustrating that in the excepted
case both possibilities do exist. Our first objective

is to determine explicitly some excepted cases
embracing these examples.

Badea (1993) proved some very strong
theoremsyielding irrationality criteriafor series of
the form Z b,/a, , where a, and b, are positive
integers and applied them to settle certain
irrationality assertions of Erdos and Graham

regarding series of the forms 1/ =~ and
2" +1

> 1/, whereFpandL ,areFibonacci and Lucas
numbezrs, respectively, aswell asthoseof Sierpinski

regarding seriesof theformZ(-1)"1/a,. Later Brown

et al (1995) employed one of Baded's criteria to
establishsufficientirrationality conditionsfor series
of theform Z1/H(f(n)), where (H(K)) is a sequence
of integers, positivefrom some point on, satisfying

a homogeneous linear recurrence relation with

integer coefficients and f is a strictly increasing

function from the set of positiveintegersto the set

of nonnegativeintegers. Our second objectiveisto

extend anumber of these resultsin the direction of

irrationality criteria and their applications.
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MATERIALSAND METHODS

|. Cantor series

Let the notation pertaining Cantor series,
save that the elements a,, are also allowed to be
negative, be as expounded in theintroduction. The
following two lemmas were proved in Oppenheim
(1954).
Lemmal. Givenb;=2,0<g<b;

s _ &

* ZbK by
and if there is a subsequence (i) such that Ci, =

a; /bl - O0and bi
n n n

—1.Thenx=g

isirrational if g > 0 infinitely often

- 00 (n_,oo)_

Lemma?2. Givenb; =2, |a| <bj—1and ana,<0for
somem >i, n>iwheniisany assigned integer.

Thenx=gy+ Z isirrational if thereexists

i=1 blK b
a subsequence (ip) such that one of the following

two conditions holds: 1) ¢; = & _/b; - Oand

bj -, 0r2) ¢ =g /b - lor-1 (n-oo).
Il. Badea'scriteria

Let (a,) and (by) (n= 1) betwo sequences of
positive integers and let N = (n(k); k = 1) be an
increasing sequence of positive integers. Define

d(k) := n(k+1) —n(k), S(N) = an(k)+1---Bn(k+1),
R(N) := z Dnti g,
an(k)+j

Thenext twolemmaswereprovedin Badea(1993).

Lemma3. Assumethat Bn isrational and that
n=1an

Ry+1(N) _
Scra(N) 2 R (N) Sk(N){ Sc(N) -1} +1.

Then Seea(N) = R;:%fv“)') SN S(N) -1} + 1

when k is sufficiently large.

Lemmad4. Assumethat Y Bn isrational and that
n=14an

bpy1 2 b

> at——tlag +1.
An+1 bn n~— bn n
bn+1 2 bn+1 i
Then ayy = —“Fap——""=a, +1 when n is
b by

sufficiently large.
Finally, we list here some more notation to
be used in the last part.

Fk) = 20+t Ontigez | Oty
ank)+1  Bn(k)+2 an(k+1)
Fy(2K) = bangk)+1 , Pan(k)+3 . b2n(k+1)—l
Qonk)+1  A2n(k)+3 Qon(k+1)- 4
FL(2.40 = bon(k)+2 . Pon(k)+4 . b2n(k+1)
e Aon(k)+2  d2n(k)+4 Bon(k+1)

M(K) = an()+1- - - Bnk+1) M(2.K) = on(y+1- - Bon(k+1).
RESULTS

Theorem 1. Let x be areal number whose Cantor

(o]

ser|e5|sz m

that every limit of (a/b;) isarational number. Let
h/k where 0 < h <k, (h,k) = 1 be one such limit
corresponding to a subsequence (j), caled (h/k)-
subsequence. Letka/h—b; + 1=¢; (i = 1). Assume
furtherthat bj — oo (j — ) inthe(h/k)-subsequence.
A)If D) & <bi— (iz1),

i) &mén<O0forsomem>i,n>i,wheniis
any assigned positive integer
and iii) &j/bj -~ 0 asj - oo in the (h/k)-
subsequence, then x isirrational.
B) Supposethat &; is constant, equal to arational &
for al sufficiently largei.Then x isrational if and
only if & =0.

b22,0<g<bhj—1. Assume

i o a h (o] b _1+E
Proof. Write x = d - — i i
izl ble"'bi Ki=1 ble"'bi
_hb -1 by-1 by-1 O
- +..t
kHH by biby b1b2b3 H

E—Ei D:ED +§ EI J
2o, b0 kB iZibgoy. o
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To prove A), note that by Lemma2, ¥ s &
i=1 blb2 b
isirrational and soisx.

To prove B), since thereisan index ig such that &;

=% (i2ip), then

k E.z.oblbz bH

for somerational a. Now Y isirrational
i=i ble"'bi

by Lemma 1 and this immediately yields the
conclusion.
Theorem 2. Let the notation be as set out in Part I

: F(k +1)
of the last section. If 1 > W {Mk) -1} +

b
for sufficiently large k, then 3 — is
n=13anp

1
M(k+1)

irrational.
Proof. Note first that

RN = 5 Se(N) 29 = [0R(K) |

=1 An(k)+j
and Se(N) = an(e)+1.--ank+1) = [1(K).
From 1 > F(F"(k)l){n( e e o
Mk+1) > F‘Fk(k)l) M+ M-+,
e Sag(N) > F;k:—zl(\l'\)‘) SUN){Se(N) — 1} +1 for

b
sufficiently large k. By Lemma 3, Y a—” is

=1
irrational. e

Theorem 3. If inm

F(k +1) .
——T(ky<land lim
o F k) n( ) K — oo
S by, . .
(k) = o, then Z Ja isirrational.

n

F(k( )1)|'|(k) a<le= 120‘

0. Then for sufficiently large k, we have

F(k +1) _ F(k+])
Fio 197 TR

Proof.Let lim >
k - o0

<g+a

_a-g
(k)

Since

<Sa+2=1

F(k +1)
F(k)

< 1 for sufficiently large k,

I(Iim (k) = e , then 0 < k) -

F(k +1) + 1
F(k) Mk+1)
and Theorem 2 yields the desired result.
Theorem 4. Let (n(k) ; k=1) and (x) beincreasing
sequences of positive integers.
Assumethat 1) n(k+1) = 2n(k)—1foral k sufficiently
large, and 2) x, ~AR"where3>1,A>0and AR

<1l
Then Y isirrational.
K=1%n(k)
Proof. From X2”2 1 1 >1, we get Xon1 = X2,
Xq AB

and S0 Xn(k+1) = Xan(k)- 1>xn(k)2Whenk|ssuff|C| ently
large. Since Xn(k) > 1, then Xn(k+1) > Xn(k) - Xn(k) +
1whenk issufficiently large. Considering Xn) as
ac when k is sufficiently large, the result now
follows from Lemma 4.

Theorem5. Let (n(k) ; k= 1) and (x) beincreasing
sequences of positiveintegers. Let Y = Xpsr +...+
Xn+3 t Xpe1 + Xp1 + Xp3 +.oot X, 1= 2m+ 1 for
somenonnegativeinteger mand n=r. Assumethat
1) n(k+1) = 2n(k) for al k sufficiently large

2) xn~Ap"wheref>1,A>0,and

3) ABr 5_+i+ +i%<1
0 B? P g

00

Then 5
k=1Yn(k)

isirrational.

Proof. We have yon = Xon4r +...+ Xons3 + Xons1 +

Xon-1+ Xon-3+...+ Xonr
~ ABZn+r +.. .+ A82n+1 + ABZn—l +.. .+ ABZn—r =

2 g + 1 +..+ 1 H
n+r — T..T—F—
AB % BZ BZr %

imi n+r|:| 1 10
andsimilarly, y,~AB §+F+---+F%Thus
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i 11 e
Yn r
AB d+ S .+

and so yo, = y,2 for n sufficiently large. Since
n(k+1) = 2n(k), then

Yn(k+1) 2 Yank) 2 yn(k)2 for k sufficiently
large.
ASYn(k) > 1, we get Ynk+1)> Yn(ky2 —Yn(k) + 1. The
result again follows from Lemma 4.
Theorem 6. Let (by/a, ; n =21) be a decreasing
sequence of positive rational s satisfying

, Fo(2k+1)-

Fo(2,k +1)
F.2.K) = {M(2k) -1}

Fe(2,k)

1 *
* Mnek+1 )

d b, . .
if 3y (—1)”+1a—n is rational, then (*) becomes
n=1 n
equality when k is sufficiently large.

Proof. Put Bn = Pan-1_DPan yigh A
An Qpn-1  Ap
aonaon-1. Now
Hoon(ky+1
2n(k)+1

bango+2 5,
Aon(k)+2

Fo(2k) — Fe(2,k) =

+

bank+) H_ Bnek)+1
An(k)+1

Hoonk+n-1
2n(k+1)-1

+..+

An(k+1)

Bnk+1)

, and |_|(2,k) = aZn(k)+1...
An(k+1)

Pn(k+1) =

An(k)+1---Ank+1)- From thehypotheses, we deduce

Brk+n+1 ., Bnk+2)
Ank+n+  Ank+2)
that 1> {An)+1---
Brgr |, Bn(k+1)
Ank)+1 Ank+1)

Ank+1) — 1} +

An(c+1)+1-An(k+2)

Since (by/ay) is a decreasing sequence of positive
rationals, then (B/Ap) is a sequence of positive
s Bn -

rationals and by Theorem 2,
n=lAn

z ( 1)”*

Theorem 7. Let f be a function from the positive
integers to the nonnegative integers, G and H be
functions from the nonnegative integers to the
positive integers. Assume that
1) fisstrictly increasing, and
2) there are real numbers A >0,c=0and > 1

suchthat |im &
k- o G(k)k°BX
G(f (K)f (k)*°

kaOOf(k‘l‘l) Bf(k+l) Zf(k)

© G(f(n)
2R

Proof. By Lemma 4, we must show that for
sufficiently large n,

isirrational.

=A, and

=0.

isirrational.

HOOD) > gy (HE)? -

H(f(n))} + 1.
From lim H(f(n +1))
n- e G(f(n+1))f(n+1) B“(“*l)
= 0and 3 > 1, we deduce that
H(f(n+1))
G(f(n+D)f(n +1)°B
for fixed 0 < € < 1 and sufficiently large n. Now
HFM)* - H(fMm) , 1
G(f(n)) G(f(n+1) _
f(n +1)CBf(n+l)
GEMXm™ O H(Em)
f(n+ 1)°Bf(n+l)-2f(n) %G(f(n))zf(n)ZCBZf(”)
H(f(n)) D+ 1
()2 (BT D E Gf(n+1)f(n+1)° D
Using

>0,c

f(n+1) > €A,

G(f(n)f (n)**
n- o f(n+1)cpf(M+D=21(N) -
lim H(f(n)?
n-o G(f(n))zf(n)ZCBZf(”)

= AZ,

we get for sufficiently largen,
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G(f(n+1))

f(n " 1)ch(n+1) <eAl2,i.e

HE(n+1)/G(f(n+1)  _ eA

5 =2>1
H(f(n))" = H(f(n)) L1 eA /2
G{tm) &(f(n+1)
Hence, for sufficiently large n, H(f(n+1)) >
M{ H(f(n))2 — H(f(n))} + 1, yielding the
G(f(n))
desired result.

The following examples illustrate a wide
applicability of Theorem 7.
Examples. Take G(0) =1 ,G(1) =1, G(k+2) =
G(k+1) +G(k) ,H(0)=H(1) =1, H(k+2) = 3H(k+1)
5+101+50f
4H(K). Then G(K) ~-—— , H(K
+ 4H(K). Then 6(K) ~ =, HK

Hk 4 08 f
G(k) 545 M +v50
8

B=_—2 _ c=0wege lim H(K)/GKKPK =
1++5 Ko oo

~§4k,andso
5

.Taking

G(f (K))f (K)*°
f(k + 1)CBf(k+1)—2f(k)

4

+
(a+ V572" 1 ys
(8/(1+£)f(k+1)—2f(k) :

,and 1(K) =

1) Forf(k) = 3K, weseethat I(k) — 0(k - ), andso

kél H(3Y)

isirrational.

2) For f(k) = k!, we conclude similarly that

2 G(k)

isirrational.
k=1 H(k!")

DISCUSSION AND CONCLUSION

The two examples of Diananda and
Oppenheim mentionedintheintroductionarespecial

cases of our Theorem 1 above. The first example
correspondsto g =i, bj = 2i + 1, which gives g/b;
- hk=%,,&=2i-2i-1+1=0andsoxisrational.
The second example correspondsto g =1, b =3i +
2, whichgivesg/b; - hlk=1/3,§ =3I -3 -2+
1#0andsoxisirrational.

Our Theorem 2isamodificationof Theorem
2.1’ in Badea (1993), while our Theorem 3 givesa
simplification of Theorem 2. Theorems 4, 5, 6 are
extensions of Corollaries 3.2, 3.4, 3.5 and 3.6 of
Badea (1993).

Theorem1of Brownetal. (1995) isaspecial
case with G(k) = 1 of our Theorem?7,because

I(Iim {f(k+1) - 2f(k)} = o implies
. 1 _ P
Jinzom =0and f(k+1) = f(k)¢implies

f(k)ZC 0o
K o0 f(k+1)CBf(k+1)_2f(k) -
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