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Optimization of a Secondary M etabolite Fer mentation Process:
Effect of Cost Factor on the Optimal Feed Rate Control

Wirat Vanichsriratana

ABSTRACT

Optimisation of afed-batch fermentation processisusually done by using the cal culus of variations
to determine an optimal feed rate profile. The obtained optimal feed rate profile consists of sequences of
maximum, minimum and singular feed rates. In this paper, the optimal feed rate control of a secondary
metabolite processwasinvestigated under the different cost factors. A material balance model was used to
describe the secondary metabolite production process, where the specific growth rate and the specific
product formation rate were assumed to follow the substrate inhibition kinetic. This optimisation problem
wasformulated asafreefinal time probleminthe optimal control literaturewherethe control objectivewas
to maximisethe product at the end of the batch. It was shown mathematically that without acost factor, the
processwas operated at the condition wheretheratio of the specific product formation rate and the specific
growth rate was maximum. With the presence of the cost factor, the operating condition was bounded by
two extreme situations. One was at the maximum specific growth rate, wherethe cost factor ishigh and the
operating timeisat utmost important. The other was at the maximum ratio of the specific product formation
rate and the specific growth rate, where the operating time was less important and the maximum product
was required at the end of the batch. With the moderate cost factor, the process started with growth and

gradually changed to product formation.
K ey wor ds: optimization, fermentation process, optimal control, calculus of variations, secondary me-
tabolite

INTRODUCTION

Optimisation of fed-batch fermentation pro-
cesses has been atopic of research for many years.
The approaches used by many research groups to
determine the substrate feed rate profile that opti-
mizesadesired objectivefunction are usually based
onthecalculusof variations (Weigand et al., 1979;
San and Stephanopoulos, 1984; Takamatsu et al.,
1985; Lim et al., 1986; Modak et al., 1986;
Cazzador, 1988; Shimizu et al., 1991). Also dueto
the physical constrained on the feed rates, the
Pontryagin’'s Maximum principleis applied. In es-

tablishing the objective function, the cost of oper-
aingtime, so called cost factor, isusually included.
Thisisto make atrade off between the production
and the length of operating time. Moreover, it was
shown previously that the cost factor must be pre-
sented in formulating the objective function for a
primary metabolite production process, otherwise
the optimal feed rate profile can not be determined
(Vanichsriratana, 1997).

In this paper, the effect of cost factor in the
objective function on the optimal feed rate control
of the secondary metabolite production processis
investigated. This optimisation problem was for-
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mulated as afreefinal time problem in the optimal
control literature where the control objective was
to maximise the product at the end of the batch.

In the next section, the mathematical model
of afed-batch secondary metabolite processis de-
scribed and the optimisation method based on the
calculus of variations is introduced. In the subse-
guent section, the optimal feed rate profile for this
process is then derived based on two cases of ob-
jective functions—with or without cost factor. The
paper isthen concluded is the last section.

MATERIALSAND METHODS

Mathematical model and optimal feed rate
control

Based on the material balance equation, the
model for a fed-batch secondary metabolite pro-
duction can be written as:
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where X, S, P are biomass, substrate and
product concentration (g/l) in the reactor respec-
tively; F is the substrate feed rate (I/hr.); S isthe
concentration of substrate in the feed stream (g/l);
D isdilution rate (1/hr.); u and r are specific cell
growth rate and specific product formation rate re-
spectively (L/hr.); Y xsistheyield of cell massfrom
substrate (g cell/g substrate) and V is fermenter
volume (1). Further details and analysis on the fed-
batch operation can be found in (Dunn and Mor,
1975; Lim, etal., 1977; Yamane and Shimizu, 1984)

In this paper, the specific rates L and &t are
nonlinear functions of substrate concentration and
in the form of substrate inhibition kinetic.
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The fed-batch fermentation is constrained
by conditions on final volume, and minimum and
maximum of substrate feed rates:

0< F < Fhax (8)

V(ty) = V¢ 9)

The objective of this fermentation process
is to produce as much product as possible at the
end of the batch. This objective can bewrittenina
general form of an objective function as shown in
Equation (10) and can be solved using the calculus
of variations (Noton, 1972; Bryson and Ho, 1975;
Ramirez, 1994).

XP) = fXE.Pe) (10)

The obtained open loop optimal feed rate
profile consists of a sequence of maximum, mini-
mum and singular feed rates depending on the fol-
lowing condition:

M X o hs(S-9) pP
oF v v v
=y (11)

where H is the Hamiltonian and 2, is the
costate variable of statei, (i = X, S, Pand V)
From the Maximum principle, theoptimal feed rate
is determined by W asfollow:

if ¥ < O0thenF=0

if ¥ > 0then F = R

if ¥ =0then F=Fgpg

The singular feed rate (Fgng) can be deter-
mined by repeatedly differentiating ‘P until feed rate
(F) appearsin the time derivative equation of V.

C w=0:k=123..
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RESULTSAND DISCUSSION

Case 1. Objective function with Cost Factor

Inthefirst case, the objective function with
time cost factor isinvestigated. Sincethe objective
of the fermentation process is to produce as much
product as possibly under production-time con-
straint, the given objective can be written into an
objective function as:

ty
P = Pltg)-e [ (12)
to

The Hamiltonian equation for this process
can then be written as:

H = —£+(Kxu—£u+xpnjx+
Y xs
Ag(Sf—S
[—kxx+xv+ s(sy )—xPP}F (13)
V V V
where the costate equations are:
: oH
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The transversality or final conditions can
also be written as:

M) = 0 (18)
Xg(tf) =0 (29
_ 9 _

The optimal control sequenceisthen cal cu-
lated from Equation (21) in which the sign of ¥ is

used to indi cate the period of maximum, minimum

or singular feed rate.

‘—9_"':_7vxx+;L +7‘S(Sf_s)_7~PP
oF i v v v
(21)

if ¥<OthenF=0

if ¥ > Othen F = Fnax

if ¥ =0then F = Fgpng

During the singular period (¥ = 0), the sin-
gular feed rate is determined by differentiating
Equation (21) until feed rate (F) reappears in the
equation. Thefirst derivative of W is:

¥ _ - st X(Sr—=S) ayuX(Sr-9)
dt VY \%
rpm X(S,-S
pT ( f ) (22)
\Y/
which implies that,
x ’
iu —AxW =Ap' =0 (23)
And the second derivativeof Y is,
a2y
—5 =0 24
&2 (24)

The singular feed rate can then be obtained from
Equation (24) using Equations (1) to (4), (14) to
(17) and (23) as:

7 )LS
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(25)
Where " and “ are the first and second de-
rivatives with respect to the substrate concentra-
tion. Comparing Equation (25) to the mass balance
equation of substrate concentration in Equation (2),
the following equation is obtained:

As
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(26)
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Equation (26) isthe singular substrate con-
centration trgjectory during the singular period. The
singular feed ratefor the secondary metabolite pro-
cess can therefore be seen as feed rate that main-
tains substrate concentration following the trajec-
tory in Equation (26).

During the singular period, Equation (21)
equals zero:
+hy + hsl(Sy - 9) _heP

\Y \Y,
=0 (27)

Since thisis a free fina time problem (the
final operating timeis not fixed), the Hamiltonian
(H) becomes zero and Equation (13) during the sin-
gular period (Equation (27)) then becomes;

_KXX =¥

H= —8+[lxu—£u+kpn)x =0
Y xs
(28)
or

X = - £ (29)

As
—Ax UL—ApT
(Y UW=AxHU=~Ap )

Xs

Substituting Equation (23), which is the
condition for the singular period into Equation (29)
resultsin;

X=__ We (30)

(t'u—np)

Equation (30) shows the relationship be-
tween the substrate and biomass concentration at
the different operating cost factor (€) during the
singular period. The profile of substrate concen-
tration (Equation (26)) and the singular feed rate
(Equation (25)) during the singular period then
become:

OSsng _ w(m'p—mp) (31)
dt (T’ —m"u)

foo Vo [(ux WEeom))
= (Sf - ssmg) (Yxs ’ (n'u” - n"M,)

It can be seen that the singular substrate
concentration isnot constant asin the primary me-
tabolite process (Vanichsriratana, 1997), but fol-
lows the profile in Equation (31). Note also that
the optimal substrate concentration profile is
bounded by two conditions where dSgpg/dt = O.
These conditions are:

L _ 0L _

S 33
W= a9 (33)
and
(W —un’) = 0 or % =0 (34)

Therefore the optimal substrate concentra-
tion profile will start with the concentration that is
suitablefor the biomass production (Equation (33))
and gradually changes to the one that is suitable
for the product formation (Equation (34)). The
changing rate of the substrate concentration pro-
file from biomass production to product formation
will depend on the value of the cost factor that is
used in the objective function.

Case 2. Objective function without Cost Factor

The circumstance is, however, different
from the other case where the given objectivefunc-
tion does not take the operating cost into account
(e =0). Thegiven objectivefunctioninthiscaseis:

P = Py (35)

Following the same procedure, the Hamil-
tonian equation in (13) during the singular period,
given the objective function (35), becomes:

H = ()\.Xu—ku*’}\,pﬂ:)x =0
Y xs
or

ﬁsu—xxu—xpn =0 (36)
XS

Andthesingular feed ratein thiscase (from
Equation (25)) becomes:

Fsng = (+ﬂ (37)

Sf - Ssing) Yxs
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Equation (37) showsthat the substrate con-
centration is kept constant at Sgng during the sin-
gular period. The singular substrate concentration
(Ssing) can be obtained from combining Equation
(23) and (36) which resultsin:

Ap(un'—urm’) = 0

Since Ap is not zero, thisimplies,

(un'—um’) = 0

or

d(m/p) =0 (38)

ds

The substrate concentrationistherefore kept
constant at the level which maximises the ratio of
the specific product formation rate over the spe-
cific growth rate. Note that this level of substrate
concentration is not necessarily the level that
maximises the product formation rate (i.e. ©” = 0).
With the ratio of high production rate over low
growth rate, the process will take long operating
time due to the slow growth rate and result in high
product concentration at the end of the batch. This
condition is obtained from the fact that we have
considered only maximising product concentration
and did not put the cost of operating time into ac-
count. This can be considered asan ideal condition
for maximising secondary metabolite production.
However, most of the processwould operate under
some production-time constraint considered earlier
and excessive long operating time might not be
applicablein industry.

CONCLUSION

The present of cost factor (€) in the objec-
tive function has effects on the optimisation of the
secondary metabolite production process. When the
cost factor (€) is present in the objective function,
the optimal substrate concentration was bounded
by two conditions. Oneisat the maximum specific
growth rate and the other is at the maximum ratio
of the specific product formation rate and the spe-
cific growth rate. The fermentation process, there-
fore, starts with the condition that is sutiable for

the biomass production and then changes to the
condition that is suitablefor the product formation.
The changing rate from biomass production to prod-
uct formation depends on the value of the cost fac-
tor that is used in the objective function.

When the cost factor (g) is not present in
the objective function, the process is operated at
the condition where the ratio of the specific prod-
uct formation rate and the specific growth rateis at
the highest. Thisresultsin high product concentra-
tion at the end of the batch but the process will
take long operating time due to the slow growth
rate and may not be desirable.
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