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Bessal Function in Galois Fields
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ABSTRACT

Analogues of Bessel functionsin function fields of nonzero characteristic areinvestigated. Certain

basic properties, are derived. It was found that

(i) their domain and range are contained in the whole universe,

(if) basic recurrence relations hold,
(iii) they are not one - to - one,

and (iv) they arelinear and have generating function.
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INTRODUCTION

The following terminology and notation,
see Goss (1996), are standard throughout the entire

paper :

Fol X] theringof polynomialsover theGalois(finite)

field of characteristic pwith p being prime, g being
apower of p.

Fq(x) the quotient field of Fq X] .

degor || (or |-|..) the nonarchimedean valuation
(at ) normalized so that | x | = qdeox = g,

Fq(X.) the completion of Fy(x) (at <) with respect

to ]| , thiscompletefield isisomorphicto Fq(l),
X

thefield of formal Laurent seriesin 1

X
Fq(X..) 915 the algebraic closure of Fy(X)...

clos

Q the completion of Fq(x)_™ .
For,me N, let[ m] x4 _x ,[ 0] =0
Lo=1,Lm=[m] [ m1] ...[1]
Fo=1,Fn=[m [ma 1§

In the classical case, see eg. Boas (1983),

Bessel’ sequationisalinear differential equationin

the form

2y (O)+y” (O+E)y() =0
where n is areal constant caled the order of the
functiony(t) , whichisasolution of thisdifferentia
equation. It isfound that the function

I (_1)r t 2r+n
()= Eo T(r+1)T(r+n+1) (Ej @

satisfies the Bessel’s equation and is called the
Bessel function of the first kind of order n. The
domain and range of Jy(t) inthereal caseis| R, the
entirefield of real numbers. Bessel’ sequationinthe
classical case have been studied extensively and
whose solutions have been well tabulated. These
functions arise naturally in the problems about
electricity, heat, hydrodynamics, elastricity,
mechanical motions, optics, etc.

The objectives of thiswork are

(i) tofindanaogy of thesefunctionsinthe
nonzero characteristic case in Q

(ii) toderivedifferenceequationssatisfied
by them
and (iii) toinvestigatetheir inversesif exist.
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MATERIALSAND METHODS

Carlitz (1960) defined thefollowing seriesasan Q-
analogue of Bessel functions

o (_1\I
= § O @

r=0 FI"I+T Fl’q

Carlitz (1960) showed that agenerating function of
Jn(t) is

S w1 3,(t) = wte(W)

N=—oo

where I (t) = (=)L)
. uq_r

and Gu) = X ——
r=0 Frq

I Valuation (see Geijsel (1979))

For,EeFqy[ x] , definedeg E := degreeof E,

deg 0 = -co.
Extend deg to by deg (E) = deg E—deg F
F

whereE, Fe Fg[ x] , EO.

It is known that the completion
(Fq(x), deg) of (F4(x), deg) existsuniquely together
with aprolonged valuation deg. Thefield (Fg(X)..,
deg) can be uniquely extended to the algebraic

closure, (Fq(X)fl"S,deg) but the later field is not
complete. The completion Q of (Fq(x)c'°s deg)

with respect to thisvaluation and their final fieldis
both algebraically closed and complete and series

as universe for al over arguments.

I Functions

Carlitz (1935) introduced the so - called
Carlitz y - function asaQ- analogue of exponential
function

\|I(t): E (_1)rtqr =
r=0 T

where the product extends over all nonzero
Ee Fy[ x] . Thefunctiop(t)is entire and linear.

RESULTSAND DISCUSSION

(i) Analogue domain and range

The function defined in (2) is a true Q -
analogue of Bessel’ sfunctionasdefinedin (1). The
domain of Jy(t) in (2) is Q , the whole universe,
whichisthesameasintheclassical case, whilethe
rangeis contained in Q.

- r qn+r
Proof From Jy(t)= Y (_1)—tn ,
r=0 Fh R4
r qn+r
Since deg [(_D—th = g™"(deg t—n-2r)
FI’1+I":I’q

——oo , for each fixed t, as — oo,
and so thedomain of J(t) isQ. Thefact that Jn(t)
islinear follows immediately from

n+r

(=)' (tg +1p)"
n
Fn+rF|g

(=D’

Foir R

n-+r n+r
q q
!+t )

(if) Recurrencerelations

The following table give a comparison of
recurrencerelationsintheclassical and Q- analogue
cases

Proof of recurrent relations

—n+r S
o (_1\+d o (_1\N1+S:q
Since J_(H)= ¥ (i — = Z( Y _E
r=0 F—n+I’FI‘q s=0 FSF|9|+3
= 3,7t
this proves (1).

. oo (_1)rtqn+r n+r
Since J_n(xt)xJI ()= ¥ —=—+[x%  -x
=0 R P

n+r

_ 2 (=)

T
r=0 I:n+r—lFr

= JInk(t)
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Tablel Comparison of recurrence relationsin the classical and Q- analogue cases.

Classical

Q- analogue

(1) Fn() = (L")
@ Ina®+ha®) = %anm

In1(O)-In+1(t) =271 (V)

(3) (t"\}(1)" = t\h-a(t)
(t"\J(1))” = —t"Jha(t)

(@) Tn®= IO+ 30

5) Tn®=3p4(0)-TI(0)

n

(1) JIoa(t) = (DNIH T

@ Jnﬂ(t)—(xq” —xjanmuﬁ_l(t) -0

n+1

Jn(xzt)—(an +x) Jn(xt)+x% In(t) = 3,90

(3) ATI0= 3% (1)

(@) In(x)=x%" In(t) = et

(5) In(xt)xIn(t) = I, (1)

whichis (5).
Since AJn(t) = In(xt)xJn(t) = I3 (1)
then by induction

-1
AT I =AML 3, (xt)—xd AT I )

r-1 -1 -1
Jr? (Xt)—Xq ‘]r?—r+1(t)
(Inr+20X)XInra(t) 2

_ r
=J nq—s(t)

whichis (3).
since J_(xt)=x9" J(t)

oo r
g U ()
r=0 Fn+rFrq

n+r
o (1 I'tCI

;1( ) qn+l
= ForrFrlg

n+r+l1
o (—1 r+1tq
P =0
=Y Foirafr

whichis (4).
Subtracting (4) from (5), we get

n

Jn (- [xq - X]Jn(t) +J3 =0

which isthe first equation of (2).

Since (Jp(x2t)—xJ n(xt))—xqn (In(xt)=xJIn(1)

n
= I (x)—xT 34 (1) (by (5))
=-Jnd(t) (by(4))
which isthe second equation of (2) and is also the
difference equation by Ju(t) .

(iif) Inverses

Both inthe classical andQ- anal ogue cases,
the Bessel’ sfunctionsdo not haveinversesbecause
they are not one to one.

(iv) Other
Table 2 gives a comparison of three other
properties

Proof of the generating formula
Since y(tG(u))

= 5 o)

r
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Table2 Comparison of three propertiesin the classical and Q2-analogue cases.

Classical

Q-analogue

(1) Linearity : not true
(2) Differential equation

23 ()+T p (D) +({t2n2)J () =0
(3) Generating function

(1) linearity : true

(2) Difference equation
Inx(xT +x)3n(xt)+ X In()=-r(t)

(3) Generating function

1 1 2 = g
en(3{u-2))= 5 o W)= 5 w3,
u N=—co N=—co
r
o (_1)rtqr o d s )4 ACKNOWLEDGEMENT
y(tG) = X Y —
r=0 Fr s=0 4 . .
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s=0 n=-s Fs+nqu
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= ; (_1)nuq g qn =
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oo
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CONCLUSION

Analogues of Bessel functions are
constructed and certain properties are derived. It
was found that

(i) their domain and range are contained
in the whole universe,

(if) basic recurrence relations hold,

(iii) they are not one - to - one,
and (iv) they are linear and have generating
function.
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