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Symbolic Integration for Line Integrals II

Utsanee Leerawat and Vichian Laohakosoll

ABSTRACT

The version of Liouville Theorem for line integrals is furthered from elementary to EL-extensions so as to
include not only elementary but also special functions such as error functions and logarithmic integrals.
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INTRODUCTION

The problem of line integration is sometimes
referred to as  the problem of multivariate
integration. Roughly speaking : if fi(xy,...Xp),...,
f(xq,...,X,) are functions of n variables over the
field of complex numbers and if there exists a g
such that

Ve=@g0Xpd g0 Xg) = (Fpennnnfy),

then the line integral [(fydx,+.+ f,dx,) is
explicitly integrable into certain special forms.

A multivariate generalization for line inte-
grals of the Weak Liouville Theorem (Caviness and
Rothstein, 1975) states that:let G be a differential
field that is regular elementary over the differential
field F of characteristic zero. Let a be in F™. If there
exists b in G such that V(b,...,b) = a, then there
exist constants cy,...,c,, in F and elements dy, dy,...,
d,, in F such that

m
a=V(dg...,dg)+ D (Cirenns ) V(dj,ennd)) / (di.odf)
i=1
For the proof of this theorem, B.F. Caviness
and M. Rothstein made use of a new derivation V
on R", where R is a commutative ring with identity,
which is defined as follows: let Dy,...,.D, be deriva-
tions on R; define

V(al,...,an) = (Dlal,...,Dnan)

for all (ay,...,a,) in R™.
In Leerawat and Laohakosol (1992), a gener-

alization of Liouville Theorem for line integrals,
from elementary to generalized elementary exten-
sions, was presented. Thereupon, it was remarked
that another generalization, to the socalled EL-
elementary extension (Singer et al, 1985) that
includes more special functions such as error func-
tions and logarithmic integrals, seemed possible.
Here, we affirmatively make complete this remark.

Section 2 contains preliminary definitions
and some lemmas basic to the proof of the main
result.

In section 3, we give the main results of the

paper.
MATERIALS AND METHODS

A derivation of a commutative ring with
identity R is a mapping D of R into itself such that

D(x+y) = D(x) + D(y) and
D(xy) = xD(y) + yD(x) forallx,y inR.

A differential ring is a commutative ring
with identity and an indexed family {Dyiel} of
derivations of the ring. A differential field is a
differential ring that is a field. The constants of the
differential ring are (‘\[ ker D;.

A differential extension field of a differential
field F with a family of derivations {D;i€l} is an
extension field K of F together with a family of
derivations {D'/iel} of K indexed by the same set
such that the restriction of each D'; to F is D;.

Consider R" = {(a,,...,a,)/a; is in R for i =

1
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1,..,n}. R" is a commutative ring with identity when

addition and multiplication are defined as follows:
(@p5-5ap) + (by,...,by) = (a1 +by,...,a,+b,) and
(@p,-»ap)(by,...,bp) = (3;by,...,a.b,)

for all (a,,...,a,), (by,...,b,) in R™.

R" contains a subring p — {(a,..,a)/a in R}.
n-tuples

For brevity, write a for (a,...,a).
Moreover, the mapping a — a clearly defines an
isomorphism of R onto R.

Let F be a differential field with derivations
Dj,....D,. Define V(ay,...,a;) = (D;ay,...,.D,a,) for all
(aj,...,a,) in F". In any differential extension field E
of F,we also use the same symbols D,,...,D, for
derivations of E.

Let C be the subfield of constants of F. Let A
and B be finite indexing sets and let

E= {G,(expR,(Y))a € A},

L = { Hp (log S (Y))/B € B},

be sets of expressions where:
1. Gg, Ry, HB are in C(Y) foralla € A, B € B,
2. forallB € B, if Hy (Y)= Pg (Y)/Qg (Y) with
Pg, Qp in C[Y] and Qg # 0, the deg Pg <deg Qg,

3.forall B e B, Sg= 5, ™ with my  Z*, and

Sp €C(Y).

We say that a differential extension K of F is
an EL - extension of F if there exist a tower of fields
F=F0CF1 C...CFn=K
such that F; = F;_{(8;) where for eachi=1,...,n, one
of the following holds:
(i) 6, is algebraic over F;_,
(i) V(8;)/8; = V(u) for some u € F; ,
(iii) V(8;) = V(u)/u for some nonzerou € F; ,
(iv) for some o € A, there are u and nonzero v

in F;_; such that V(8,) =G, (v)V(u) where v = exp
Ry (u),

(v) for some § € B, there are u, v in Fi-1 such
that V(9;) = HB (V)V(u) where v = log Sﬁ (u) and

SB (u) #0.

The following result will be our tool for the
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proof of the main theorem.

Lemma 2.1 (Singer et al.,1985). Let k be a field
containing the algebraic closure of the rationals and
let X and Y be indeterminates. Let A(Y) and B(Y)
be relatively prime elements of k[Y]. Furthermore,
assume A/B is not an nth power in k(Y) for any
positive integer n. Then the polynomial B(Y)X™ -
A(Y) is irreducible in K(X)[Y] for all positive
integer m.

Lemma 2.2 (Singer et al.,1985). Let k be a field, X
and Y indeterminates, and A(Y) and B(Y) rela-
tively prime elements of k[Y]. If a and b are ele-
ments of k with a # 0, then A(Y) - (aX+b) B(Y) is
irreducible in K(X)[Y].

Lemma 2.3 (Rosenlicht, 1976). Let k be a differ-
ential field, of characteristic zero, K a differential
extension field of k with the same constants, with K
algebraic over k(t) for some given t € K. Suppose
that cy,..,c, are constants of k that are linearly
independent over Q, that uy,...,u,, v are elements of
K, with uy,...,u, nonzero, and that for given deriva-
tion D of K we have

n

ZciDui / u; +Dv ek

i=1

If for each given derivation D of K we have
Dt € k, then u,...,u, are algebraic over k and there
exists a constant ¢ of k such that v+ct is algebraic
over k. If for each given derivation D of K we have
Dt/t € k, then v is algebraic over k and there are
integers my, my,...,m;, with m, # 0, such that each

u;°t™ is algebraic over k.
RESULTS

For notational convenience, throughout the
remaining discussion, EL-extension and all associ-
ated symbols, namely, A, B, G, R, HB’ Pﬂ, QB’ SB
and §B take the meaning as described in section 2
and will not be explicitly prescribed.

Theorem. Let F be an algebrically closed differ-
ential field of characteristic zero with derivations
D;,...,.D,. Let C be an algebraically closed subfield
of constants of F. Let E be an EL-extension of F
having the same subfield of constants. Let y € Fn. If
there exists b in E such that Vb =y, then there exist
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bi’ Cia dia in C, vi in F and Wi Xia yiB, ZlB in F,
such that

Yy = V(yg)+ Z bV(v;)/v; + Z ZE;QV(E;u)Qa(ziq)

iel aeA iely
+2 X digV(y;s) Hp(zig) »
where A, B, J, [, and JB are all finite indexing sets,

Xjo, = €Xp R, (W) and zg= log SB (yiB )
SB (yiB) #0forall o, B and i.

and

The proof of Theorem is by induction on the
transcendence degree of E over F and can be seen to
follow immediately from the following Lemmas.

Lemma 3.1. Let F be an algebrically closed differ-
ential field of characteristic 0 with derivations
D;,...,D, and C being its algebraically closed sub-
field of constants. Assume that S5 ¢ C(Y)" for all

positive integer n > 2
Let 6 be transcendental over F and satisfy

[ V (6) = ub for someu € F.

Let E be a finite algebraic differential exten-
sion of F(0) equipped with extended derivations
Dy,...D,. Assume that the field of constants of E is
C. Let y € F™. Assume that there exist

1.b;eC,vyeE,v;e E\{0} Vie],
2 el w,x,€eE\{0}Viel ,aeA,
3-di;3 eC, Yip» Zip € E\{0}Vie JB’ B €B,
such that
(1)t = V(¥p) + D BiV(y) /v +

ieJ

Z Z Eiav(ﬂia) ga(.’ﬁia)*‘

aeA idy

Z Z QiﬁV(XiB) Hg(zp)

BeB el

where J, 1, and Jg are finite indexing sets,

Xig =€XpR, (W;, )Viel ,oe A and

Kasetsart J. (Nat. Sci.) 27:376-381 (2536)

ZiB= log SB (le)and SB(YIB)-'FO Vie JB ,ﬁ € B.

Then there exist

1.3, bieC,VyeF, Ve F/{0}Viel,
2. Tio € C, Wig,, X € F\{0} Vie I ,a €A,

3. H,B € C, yiﬁ’iiﬁ € F\{O} Vie .TB,B Gﬁ,
such that

@)1 = V(Tp)+EV(0)/8+D bV(Y;/¥;)+
iel
Z_ Z_giav(gia) G, (X)) +

acA id,

2. 24pV@F,) Hy(Zp)
Lo ib

beB i€ly
where K,ﬁ,j,fa and ‘TB are all finite indexing sets,

Xia = eXpRy(Wiq) Viel,, a €A and
Zig = log Sg(¥ig) and Sg(Vig) * 0V ieJy, BeB.

Proof. We may assume that for all « in A, R ¢ C,

because if R(x0 € C for some o € A, then for

eachi € I“o s Xig, € C. Hence G“o (xi%) e C.

Thus Z(_:i%V(_“_/i%)g% (Xjq,, ) is of form V (v)
iy, —

where v € E.

By Lemma 2.3, X;, = p;, Gyi“, SB (yiB )= g GSiB R

for some rational integers r;q, , s;3 and elements pj

qig in F and that the w;, and the z;3 are in F. Note

that we can arrange so that r;; and s;p are actually

integers. To see this, let r;,, = t;;, /m and s;3 = ;g /m,

where t,, , l; and m are integers. Let 8 =0!™
Hence V(B)=(u/m)/6 and Fc F(0)c E(0). If
we replace E by E(é) and 6 by 6, we still have
fields of the appropriate form and furthermore, x;,
= Piy O tio, and S (vig ) = gig g lip , where t;, and
lip are integers.

Take the trace, T, over an appropriate Galois
extension of F(6) to F(8) on both sides of (1) to get
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()= My =V(Tyy)+Y. bV(Nv;)/Ny; +
MZ Z Eiav(ﬂia)ga(&a)'*
Z Z QiﬁV(IZiB) Hp(zp)

where N denote the corresponding norm and M €Z.
We now consider the coefficient of 6% in each
component on the right hand side of (3).

Since Tv, € F(0), the expression of V(Tvq) which
is in F"is V(¥,) for some ¥, in F.

Since Nv; F(6), the expression of )_b,V(Nv;) / N;
which is in F" is Zb V(k;)/k; +ZZbln .,

where the k; € F\{0} and n;; € Z. Next, write

Y e V(Wig)Galxi)= 2 + 2
l'iu:o T #0
If r;, = 0, then G (X, ) are in F. Assume that rj,# 0.

The expression of Z Z € V(Wig )Gq (X))
l'ia %0

which is in FO is Z Zc_’ o Wig) where the
Tie 20

¢';, are constants. Therefore the expression of

ZZC V(W;, )G, (Xjo ) Which is in F" is

Z Zc V(WIG)G (xla)+ Z zc V(——ICL

g = I #0

Fmally, we consider Z Z d. V(Ty )HB(zlﬁ)

WnteZZ ZZ PIDIE

Sip #0

If s;p = 0, then le are in F, and hence ) & Fn.
siﬁ=0

Assume that s;g # 0. Write S(Y) = Ag (Y) By (Y)

where Aﬁ ’BB in C[Y}, BB # 0 and Aﬁ and BB are

relatively prime . Each y;g satisfies

q$i“6m“’si"BB(Y) ~Ag(Y)=0.

By Lemma 2.1, q{g“’e“‘iﬁsiﬂ By (Y)-Ap(Y) is irre-
ducible over F(6).
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SiB qi"[;iﬂemiﬂsiﬁ +eip

So we see that Tyip =mg Mig , Mygs; ’
uquiB 3] ipoip +viB

where Mmig € YA siB’ Eig> Kig> Vip € C.

It is straightforward to see that the expression of

VB. which is in F? is 0. Hence the term of

i

2.2 digV(Ty, ) Hy(zp) which is in F"is
MYy digV(y;5 ) Hp (Zip)-

=0

Sip
Equating terms in each component of (3) with
respect to 80, we obtain the correct sum of y .

Lemma 3.2. Assume all hypothesis of Lemma 3.1,
except for equation (*). Instead of (*),  satisfies
V(8 ) € F" and assume that for
all B, e B, if Hp(Y) = Pp(Y)/Qp(Y) with Pg,Qp in
C[Y], and Qg # O, then deg Py < deg Qq. Then
there exist

1.3,b; €C,¥V, €F,V; eF\{0} Viel,

2. G €C, Wi, Xiq €F\{0} Viel ,acA

3. iy, €C,ip,Zp €F\{0} VieTg,BeB

such that

Y =V(To)+a V() + ) b V(F;)/¥; +
i€l
Z_ Zglav(ﬂiq )gq (.)E]a)"'

aeA i€,

>, 2 digV(y, ) Hp(zZip)
ip B

BGB |€JB

where A. B, 1, I,ad J, are all finite indexing
sets,

Riq = eXpRy(Wiy) Viel,, a €A and

zZjg = log Sp(¥;p) and Sp(¥jp) #0 Vi efB, B B.

Proof. Proceeding as in the proof of Lemma 3.1, we
get the X, yjg areinF, R, Wie) = Mg 8 + Pioy
Zg = liBO+qu where A, , XiB €C and p;, , Qg €
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F and

(D= My =V(Tyg)+ Y. bV(Nv;)/Ny; +
il

MY D o V(IW;, )G, (Xig ) +
oA i€,

M3 Y digV(Ty,) Hy(zp)
BeBiely

where M € Z.
We now consider each component in the
right hand side of (1). For each derivation D,

(2)-- D(Tvy)+Z b; D(Nv{/Nvi+ZX¢;, D(Tw;)G(xjq 1+
+ MZZdlB D(Y1[i )H (ZiB ) e F.

Since NVi € F(O), Z bl D(NVi)/NVi = z bi Dkl/kl +
an expression belonging to F(6)\F[6], where the k;
arein F.

Next, consider Z Z Cio D(TW)G (x;).

acAiel,
Write
Z Z Ciq D(TW;) G(xj) = Z Z Z Z
aeA i, Aig#0
If Ay =0, then Tw;, = Mw;

Assume that A;, # 0. Write R, (Y) = A, (Y)/Ba (Y)
where A, and B, are relatively prime in C[Y] and
B, # 0. Each w;, satisfies A, (Y) - (A0 + p;o)
B, (Y)=0. By Lemma2.2, A (Y)-(X;o® + Pioe)Bo(Y)
is irreducible over F(0). So

Tw,, =m, ( Biu (Mig®+Pig ) +8ig ]
i iat Hie (Xie® + Pie) + Via

where 8;., €, Mio» Vig € C and my, € Z*.

Therefore, we conclude that

D> ¢ D(Tw) G (x)
=M ZZ ciaD(wia)G(xia) +
Ay =0
+D(Wo)+ZEiD(W1)/(W1)+
ieJ

1
+ an expression belonging to F(B)\F[6],
where the & € C, the W;e F and J is a finite
indexing set.
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Finally, consider Z de D(yig) Hp (zip).

BeB iely
Write
2. 2dipDyip) Hp (zip)= 20 20 + 20 3
,ﬁ-o Ajg#0
Clearly, _zz € F. To deal with the sum corres-

Aip=0

ponding to Xiﬁ;t 0, recall that

deg (numerator Hﬁ) < deg (denominatior HB)

So Hy(Y) = 3 a;(Y - o) +qg, where ay;, o,
qp € C.

Hence

D, 2.digD(yig) Hp (zig)= 3 3.dig D(yip) ap +

Ajp=0 Aig=20
+ an expression belonging to F(O)\F[6].

From (2), we can conclude that

(3)-- D(Tvg)+ Y b;D(k;)/K; +
M D > ciaD(Wig )Gg (Xig ) +
A’iG.:O
D(Wg)+ Y &D(W;)/ W; +

M 3> digD(yip)Hp(zip)
A’iﬂ =0
M_sziBD()'iB )qp +
kiB;tO
+ an expression belonging to F(O)\F[0]  F.

Since Tv € F (6),

D(Tvp) = ¥i6 + ¥; D(8) + D(Vo) +

+ an expression belonging to F(O)\F[6],
where the ¥; € Cand vy F.
Substituting D(Tvy) into (3) and then by (1), since
My € F7, only coefficients of 80 can survive leading
to the result of Lemma.

Example. Let F be the algebraic closure of C(x, y,
log x), (C denote the field of complex numbers).

TakeDl=% and D2 =%.

Recall that the logarithmic integral is defined by
li(u) = IB-(-—U—)—, where D is a derivation on a field
logu

containing u.
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Let z=1lix2+y),E=F(z) and
Y= (2x /log(x2+y) s 1/1og(x2+y)) € F?

Note that

(i) E is an EL-extension over Fwith E=J and L =
{ VlogY},

(ii) the subfield of constants of E and F with respect
to D] and D2 is C,

(iii) z satisfies Vz=1y.
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