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Jordan Derivationson Rings

Orapin Wootijiruttikal and Utsanee L eerawat

ABSTRACT

An additive mapping d : R—=Riscalled aJordan derivation on aring Rif d(a?) = d(a)a+ ad(a)
for dl a€ R Two genera forms of d"(aba) and d" (abc+cha), where a,b,c € Rand n € [], are
established. Itisalso shown that if d isaJordan derivation on acommutativering Rand P isasemiprime
ideal or prime ideal of Rwhere R/P is characteristic — free, then d(P) C P if and only if d" (P) C P for

al positive integersn = 2.
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INTRODUCTION

An additivemappingd: R— Riscalled
aderivation on Rif d(ab) = d(a)b + ad(b) for al
pairsa b € R. An additive mappingd : R— Ris
caled aJordan derivation if d(a?) = d(a)a + ad(a)
holdsfor al a&€ R. Obviously, every derivationis
a Jordan derivation.

Herstein(1957) showed that if d is a
Jordan derivation on a ring R such that
characteristic is not 2, then d(aba) = d(a)ba +
ad(b)a + abd(a) and d(abc+cha) = d(a )bc +
ad(b)c + abd(c) + d(c)ba + cd(b)a + cbd(a) for
dlabceR

In 1998, Creedon investigated aring of
characteristic — free, semiprime ideal on ring and
proved that, if d isaderivation on aring Rand P
is a semiprime ideal of R, such that R/P is
characteristic — free and d (P) C P, for any fixed
positive integer k, then d(P) C P.

In this paper we will consider d as a
Jordan derivation on aring Rand establish general
formsof d"(aba) and d"(abc+cha) for all positive
integer n.

We also show that if d is a Jordan
derivation on a commutative ring R and P is a
semiprimeideal or primeideal of Rwhere RIP is
characteristic —free, thenwe haved(P) C Pif and
only if d"(P) C P for al positiveinteger n = 2.

MATERIALS AND METHODS

For the proof results we need the
following lemmas.

Lemmal. [Herstein, Lemma3.1] Let Rbearing
such that characteristic is not 2 and let d be a
Jordan derivation on R. Then for all a, b, cE R
the following statements hold :

(i) d(ab+ ba) = d(a)b + ad(b) + d(b)a+ bd(a),
(i) d(aba) = d(a)ba +ad(b)a + abd(a),
(iii) d(abc + cba) = d(a)bc + ad(b)c

+ abd(c) + d(c)ba+ cd(b)a + chd(a).

Lemma 2. [Creedon, Lemma4] SupposePisa
semiprime ideal of aring Rand L is a left ideal
satisfying L"C P, for some positiveinteger n. Then
LCP
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RESULTSAND DISCUSSION

Theorem 1. Let Rbearing suchthat characteristic
isnot 2. If d isa Jordan derivation on R, then for
all a, b € Rand for each positive integer n,
d"(aba)

-3

i+j+k=n
i,j,kg§0,32,...,n}

n i PR
(i i k)d (2)d! (b)d*(a)

PROOF. The proof will be finished by induction
onn.
If n=1,theresultisjust by Lemma 1l
(ii) in materials and methods, soweassumen > 1
and assume that d"(aba)
n i j k

= E ( ) )d (ayd’(b)d*(a).

ivjiken K

ijkg012,..,r}

Since d™(aba) = d(d"(aba)), d™*(aba) =

a >
i+j+k=n
i,j,kg0,1,2,...,n}

- D ( _ )d (a)d! (b)d¥(a).
i+j+k=n+1 ) k
i,j,kg0,42,...,n,n+1

n i PR
(i j k)d (a)d! (b)d“(a)

the proof is complete. #

Theorem 2. Let Rbearing suchthat characteristic
isnot 2. If d isa Jordan derivation on R, then for
all a,b,c € Rand for each positive integer n,

d"(abc+cha)

n i vt K
= iﬂ;(:n (i j k)[d (@)di () (c)
ij kg01,2,....n}

+d'(©)d! (b)d* (a)]

PROOF. We linearize the result of Theorem 1 by
replacing a by a+c to obtain
d"((at+c)b(atc))

-3

i+j+k=n
i,j,kg§0,12,...,n}

( n )di(a+c)dj(b)dk(a+c)
ik

n i ' k
( ! )d (a)d! (b)dX (a)
i+j+k=n ok
ij,kg0,L2,....1}

n . .
d'(a)d! (b)d*
-3 [ | @d e

ij,kg012,....n}

+E(i

i+j+k=n
i,,kg012,..,n}

n i ' k
j k)d (c)d’(b)d*(a)

n .
d'(c)d’ (b)d*
-3 AN HICHIOIN

i) k0.12,....1}
- d(abo)
+ E (i

i+j+k=n
i, kg0,1,2,....n}

+ .
. E (I
i+j+k=n
i,j,kg0,4,2,...,n

+ d"(cbc).

n i PR
: k)d (a)di (b)d* (c)

n i ' k
j k)d (c)d'(b)d*(a)

On the other hand, d"((a+c)b(a+c))

= d"(aba + cbc + cbha + abc)

= d"(aba) + d"(chc) + d"(cba+abc)
Comparing the two equations, we get

the result. #

For the next results, we need the
following lemmas.

Lemma 3. Let P beanideal of aring R such that
characteristicisnot 2. If d isa Jordan derivation
on R, thenfor all a€ P andfor all positiveintegers
r wehaved'(a €P forall s=r+1r+2,...

PROOF. We will proof by induction on r.
Obvioudly, forr=1d(@) €P. If s= 2, d(a*) =
d(aas1a). Using Lemmal(ii) in Materials and
methods, with b = a1 we obtain d(aas1a) = d(a)
asla + ad(asta + aasld(a). Since a € P,
d(aa1a) € P. Henced(a%) € P for all s= 2. Next,
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weassumethatr = 2andd'(a%) €P foralr=2,...,n
and s=r+1,r+2,.. Sinced™(a™?) = d*l(aa"a),
by theorem 1 we have d"1(aa"a)

n+1\ ; ;
= D ( . )d' (@)d! (@")d¥ (a).
i+j+k=n+1 ok
i,j,kg0,42,...,n,n+1
Therefore d1(aa"a) € P because a € P. Hence
d*(a™?2) € P. Let n+2 = t, u € [] and suppose
that d™(a%) € P for all s= t+1,t+2,...,t+u. Since
dn+l(at+u+l)

n+1y\ . ;
- D ( N )d' (@d!@""*)d* (a)
i+j+k=n+1 ) k
i,j,kg0,1,2,...,n,n+T
and a € P, then d™1(at*'*1) € P. Hence d™1(as) €
P for s> n+1. Thus we conclude that d'(a% € P
foral s=r+1,r+2,.. #

Lemmad4. Let P be an ideal of R such that
characteristicisnot 2 and let x&P. Supposethat d
isa Jordan derivation on R. Then d"(x") —n!(dx)"
€ P for all positiveintegersn.

PROOF. By definition of prime ideal, the result
holdsfor n= 1. 1f n = 2, suppose d"(x") —n! (dx)"
€ P. Since d™1(x™1) = d"1(xx*1x), by Theorem 1
we have dm1(xx+1x)

1\ .
_ (nf' )d'(x)d'(x”‘l)dk(x).
i+j+k=n+1 1 k
i,j,kd0,12,...,n,n+1
Sincex €PR,
n+1\ ; Coa
[ e 00d 6Bk
i+j+k=n+1
k012, ..+
_ n-1,,n-1
‘(1 o l)d(x)d (x"1Yd(x) + P.

Thus d™1(x"1) € (n+1)n [d(X)

dr1(x1)d(x)] + P, and so d™(x™1) € (n+1)!
(dx)™ + P. Hence d™1(x™1) - (n+1)!(dx)™! € P.
Inductively we have d"(x")-n! (dx)" € P. #

Theorem 5. If d is a Jordan derivation on a
commutativering Rand P isa semiprimeideal of
R for which R/P hascharacteristic-free, then d(P)
CPifandonlyifd"(P) C Pfor all positiveinteger
n=2.

PROOF. Suppose that d"(P) C P for al positive
integer n=2. Lemma4 saysthat d"(x") —n!(dx)" €
Pfor al xeP. Sinced"(x"/&P, we seethat n! [d(x)]"
€ P. Hence, [d(x)]"€P. Consider the ideal
<d(x)>+P of R, we have (<d(x)>+P)" C P.
Therefore, by Lemma2in Materialsand Methods,
we see that (<d(x)>+P) C P, and hence d(P) C P.
The reverse implication is obvious. #

Thefollowing theorem can be provenin
asimilar way.

Theorem 6. If d is a Jordan derivation on a
commutative ring R and P is a prime ideal of R
such that P=R and R/P has characteristic-free,
then d(P) C P if and only if d"(P) C P for all
positive integer n=2.

CONCLUSION

Results of the studying show that:

1. If d"isaJordan derivationonaring R
such that characteristic is not 2, then

1.1 d"(aba)

-3

i+j+k=n
i,j,kg§0,12,...,n}

n i i gk
(i j k)d (a)d! (b)d“(a)

1.2 (abc+cba)

-3

i+j+k=n

i,j,kg0,1,2,...n}

(i jn k)[di(a)dj(b)dk(c)]

+ d(c)d(b)d¥(a)]
for al a,b,c € R and for any positive
integer n.
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2. If d isaJordan derivation on a
commutativering Rand P isasemiprimeideal of
R (or primeideal of R such that P=R) for which
R/P has characteristic-free, then d(P) C P if and
only if d"(P) C P for al positive integer n=2.
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