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Some Basic Properties of Almost-Prime Left Ideals in I'-Semirings
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ABSTRACT

The purpose of this paper was to introduce the notion of almost-prime left ideals in I "-semirings

by studying prime and weakly almost-prime left ideals in I'-semirings. Some characterizations of

almost-prime and weakly almost-prime left ideals were obtained. Moreover, the relationships between

almost-prime and weakly almost-prime left ideals in " —semirings were investigated.
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INTRODUCTION

The notion of I'-semirings, was
introduced in 1995 (Murali Krishna Rao, 1995)
that is, a semigroup S is called a I" -semiring if
I' is a semigroup and there exists a mapping

SxI'xS§—S
satisfying some certain properties. (Dutta and
Sardar, 2002a), gave the meaning of left and
right operator semirings for a given I -semiring.
Moreover, some relationships between I -semirings
and their left and right operator semirings have
been illustrated (Dutta and Sardar, 2002b).

It is natural to extend the concept of
quasi-ideals in I '-semirings and this was done by
Chinram (2008) as a generalization of quasi-ideals
inI" -semigroups. The I" -semirings introduced by
Dutta and Sardar (2002¢) and Chinram (2008) are
different.

In I' -semirings, the properties of their
ideals, prime ideals, semiprime ideals and their
generalizations play an important role in the theory
of their structure; however, the properties of an
ideal in semirings and I"-semirings are somewhat
different from the properties of the usual ring

ideals (Dutta and Sardar, 2000).
BASIC RESULTS

This section refers to Sardar and
Dasgupta (2004), Jagatap and Pawar (2009), and
Sardar and Mukhopadhyay (2010) for some
elementary aspects and quotes a few definitions
and examples which are essential to step through
this study. More detail can be found in the papers
in the references.

Definition 1. (Sardar and Mukhopadhyay, 2010)
Let (S, +) and (I, +) be commutative semigroups.
Then, we call S a I' -semiring if there exists a
map SxI"XS—S written (x,y,y) by xyy, such that
it satisfies the following axioms (Equations 1-3)
forallx, y, z €S and y,ael:

xy(y +z) =xyy + xyz and (x+y)yz = xyz + yyz (1)
x(y + o)y =xyy +xop (2
(epy)az = xy(yoz) (3)

Clearly, every semiring S is a I -semiring
but not conversely. For this, let us consider the
following example.
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Example 2. (Jagatap and Pawar, 2009) Let O be
the set of rational numbers. (S, +) be the commutative
semigroup of all 2x3 matrices over Q and (I, +)
be the commutative semigroup of all 3x 2 matrices
over Q Define 4oB = usual matrix product of 4,
o and B for all 4, BeS and for all a.eI". Then S is
a I'-semiring but not a semiring.

Definition 3. (Jagatap and Pawar, 2009) A
nonempty subset 4 of S'is called a left (respectively
right) ideal of S if 4 is a subsemigroup of (S, +)
and rya€A (respectively ayreA) for all ae4, re
S and for all yeI'. If 4 is both left and right ideal
of S, then A4 is known as an ideal.

Definition 4. (Sardar and Mukhopadhyay, 2010)
A left (right, two-sided) ideal 4 of a I" -semiring
S'is said to be a left (right, two-sided) k-ideal of S
ifa, a +x € A4, then xeA for any xeS.

Definition 5. (Sardar and Dasgupta, 2004) Let S
be a I -semiring. A proper ideal P of S is said to
be prime if for any two ideals H and K of S, HT K
c P implies that either Hc Por K < P,

Definition 6. (Sardar and Dasgupta, 2004) A
subsemigroup 4 of (S, +) is a quasi-ideal of S if
(STA)N(ATS) c A.

IDEALS IN [' -SEMIRINGS

The results of the following lemmas
seem to play an important role in the study of
I"-semiring; these facts will be used so frequently
that normally we shall make no reference to this
lemma.

Lemma 6. If Sis a " -semiring with identity, then
ayb=aab foralla, b € Sandy, a I
Proof. Let S be a ['-semiring and e be the
identity of S, and leta, b € Sandy, a €I therefore
we have
ayb = ay(eob)
= (aye)ob

= aob.
Hence ayb = aab.

Lemma 7. Let S be a I -semiring with identity
and let ae S. If 4 is a left ideal of S, then Aya is a
left ideal in S, where yeT.
Proof. Let S be a I -semiring with left identity
and let aeS. Now consider
sya+rya= (s +r)ya

€ Aya

and

ST(dya) < (ST'A)ya
c Aya
forall 7, s € A and y, o € I'. Therefore Aya is a
left ideal in S.

Corollary 8. Let Sbe a I -semiring with identity
and let aeS. If 4 is a right ideal of S, then ayA4 is
aright ideal in S, wherey € I'.
Proof. It is similar to the proof of Lemma 7.
Lemma 9. Let S be a I" -semiring with identity,
and let 4, B be a left ideal of S. Then (4:T": B) is a
left ideal in S, for each left ideal B of Sand (4: T":
B)={aeS: al' B c A4}.
Proof. Suppose that S is a I -semiring with left
identity. Let seS and let @, b € (4: I': B). Then
al’'B < A and bI'B < A4 so that
(a+b)[B= al'B+bI'B

cA+A4

= A4
and

(sya)T'B sy(al'B)

c sy4

c A
for all y € T'. Therefore a + b € (4: I': B) and
ST'(A4:T: B)c (4: T: B). Hence (4: I': B) is a left
ideal in S.

Corollary 10. Let S be a I"-semiring with identity,
and let 4 be a left ideal of S. Then (4:y: r) is a left
ideal in S, where (4:y: r) = { aeS: ayr € A}.
Proof. This follows from Lemma 9.
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Remark Let S be a I -semiring and let 4 be left
ideals of S. It is easy to verify that (4:I":C)
(4:T":B), where B < C.

Theorem 11. Let Sbe a I -semiring with identity,
and let 4 be a quasi-ideal of S. Then (4: I": B) is
a quasi-ideal in S.
Proof. Assume that A4 is a quasi-ideal of S. By
Lemma 9, we have (4: I': B) is a left ideal in S.
Then
STA:T:B) N (A:T:BIS)c 4:T:B)n
(4:T: B)

c (4:T:B).

Hence (4: I': B) is a quasi-ideal in S.

Theorem 12. Let S be a I -semiring with identity,
and let 4 be a left k-ideal of S. Then (4:I":B) is a
left k-ideal in S.
Proof. Assume that 4 is a left k-ideal of S. By
Lemma 9, we have (4: I': B) is a left ideal in S.
Leta,a +x € (4:T: B). So that al'B < 4 and (a
+x)['B c A that is
alBc A
and
al’'B+xI'B C A.
Then, we get xI'B < 4. Hence (4: I': B) is a left
k-ideal in S.

ALMOST-PRIME IDEALS IN I' -SEMIRINS

We start with the following theorem that
gives a relation between an almost-prime and a
weakly almost-prime left ideal in I" -semirings.
Our starting point is the following definition:

Definition 13. Let A be a left ideal and B be a right
ideal of S. A left ideal P is called almost- prime if
AT'B < P implies that A — Por B P.

Remark It is easy to see that every almost-prime
left ideal is prime.

Definition 14. Let 4 be a left ideal and B be a
right ideal of S. A left ideal P is called weakly

almost-prime if {0} # AT'B < P implies that 4 —
PorBcP.

Remark It is easy to see that every almost-prime
left ideal is weakly almost-prime.

Lemma 15. Let S be a [ -semiring with identity
and Pbe an ideal of S. Then P is a almost-prime left
ideal of § if al'(STH) c P,thena € Porb € P.
Proof. Let P be an almost-prime left ideal of a
I" -semiring S with identity. Now suppose that
al’(ST'b) < P. Then by hypothesis, we get
(STa)[(bI'S) < (STa)I'ST(LI'S)

STCa)(STHI'S
ST(al(STH)I'S

c (STPI'S

c PI'S

c P
that is (STa)[(bI'S) c P. Thena=eya € STac P
orb=bye e BI'Sc P.Hencea € Porb € P.

Corollary 16. Let Sbe a I -semiring with identity
and P be an ideal of S. Then P is a weakly almost-
prime left ideal of S if {0} # al'(ST'h) < P, then
aePorbeP.

Proof. This follows from Lemma 15.

Theorem 17. Let Sbe a I -semiring with identity
and let a, b € S, yel'. Then a left ideal P of S is
almost-prime if and only if ayb € P implies that
aePorbeP.
Proof. LetPbealeftideal ofal -semiring with
identity. Now suppose that ayb € P, where a, b €
S and yeI'. Then by hypothesis, we get
(SCa)y(bI'S) < ST((ayb)I'S)

c ST(PrS)

c STP

cP
So by the definition of almost-prime, we have a
€ Porb € P. Conversely, assume that if ayb € P
implies that @ € P or b € P. Let 4 be a left ideal
of S. Suppose that AT'B < P, where B is a right
ideal of S such that B — S - P. Then there exists b
€ B such that b ¢ P. Now we get ayb € P. So by
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hypothesis, a € P, for all a € 4 implies that 4 <
P. Hence P is almost-prime left ideal in S.

Corollary 18. Let S be a I'-semiring with identity
and let a, b € S, yel'. Then a left ideal P of S is
weakly almost-prime if and only if 0 # ayb € P
implies thata € Por b € P.

Proof. This follows from Theorem 17.

Theorem 19. Let S be a [ -semiring with left
identity and let 4 be an ideal of S. If 4 is a almost-
prime left ideal of S, then (4:I":B) is a almost-prime
left ideal in S, where BCS-A.
Proof. Assume that 4 is a almost-prime left ideal
of S. By Lemma 9, we have (4: I': B) is a left ideal
inS.Letayb € (4:T: B), where a, b € Sand yel.
Suppose that b ¢ (4: ': B). Since ayb € (4:T': B),
we have (ayb)I'B < A. So by hypothesis,
(STa)y(bT'B) = ST((ayb)T B)

c ST4

c A
By the definition of almost-prime, we have a = eya
€ STac A or bI'B c A implies that al'Sc AT'S
A. Hence (4: T': B) is a almost-prime left ideal in
S.

Corollary 20. Let S be a I' -semiring with left
identity and let 4 be an ideal of S. If 4 is a
weakly almost-prime left ideal of S, then (4: T':
B), is a weakly almost-prime left ideal in S, where
BcS-4.

Proof. This follows from Theorem 19.

Corollary 21. Let S be a I -semiring with left
identity and let 4 be an ideal of S. If 4 is an almost-
prime left ideal of S, then (4:y: 5), is an almost-
prime left ideal in S, where s € S-4 andy € T
Proof. This follows from Theorem 19.

Corollary 22. Let S be a [ -semiring with left
identity and let 4 be an ideal of S. If 4 is a weakly
almost-prime left ideal of S, then (4: y: ), is a
weakly almost-prime left ideal in S, where s €
S-AandyeT.

Proof. This follows from Theorem 18.
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