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The Effect of Cross-Immunity in a Multi-Strain Epidemic Model
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ABSTRACT

A multi-strain SIR (susceptible-infected-recovered) epidemiological model was studied and

rigorously analyzed. A new parameter called cross-immunity among strains played a key role in the

dynamic behavior of the model. The model had a local, asymptotically stable, disease-free equilibrium

(DFE) whenever the maximum of the associated reproduction numbers of the two strains (denoted by

Ry) was less than unity. It was shown that the model could have infinitely many co-existence equilibria

if infection with one strain conferred complete cross-immunity against the other strain and the associated

reproduction number of each strain exceeded unity. On the other hand, if infection with one strain

conferred partial cross-immunity against the other strain, disease elimination, competitive exclusion or

co-existence of the two strains could occur.
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INTRODUCTION

Many epidemiological models have been
studied to account for the sustained oscillation in
the number of infected hosts (for example, Aron
and Schwartz, 1984; Schwartz, 1985). However,
these models have focused only on the dynamics
of single strain epidemics. It is known that
individuals who recover from one strain become
permanently immune to that strain, and may
become partially or temporarily immune (or both)
to other strains (WHO, 1986). In other words,
individuals who recovered from one strain could
enjoy cross-immunity against another strain. In the
case of echovirus epidemics, for instance, there
are almost 30 serologically defined sub-types
(echol, echo2, etc.), and the major types change
year by year. A recent nationwide outbreak
occurred in 1991 in Japan with the major type

being echo30. In 1992, however, very few echo30
infections were reported, and instead, echo9
caused most of infections (IAS report,
1984-1997).

Several mathematical models have been
developed in the literature to gain insights into the
transmission mechanism and control of diseases
produced by multiple strains or serotypes of the
same pathogen. Such diseases include influenza
and malaria. The kind of relationship (cross-
immunity, co-existence or super-infection) that
may exist among different strains or serotypes has
been analyzed by several authors (for instance,
Andreasen et al., 1997; Kamo and Sasaki, 2002;
Adams and Boots, 2007). Feng and Velasco-
Hernandez (1997) investigated the competitive
exclusion principle in a two-strain dengue model.
Esteva and Vargas (2003) consider the co-
existence and relationship between two serotypes
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of dengue virus by analyzing the factors that allow
the invasion and persistence of different serotypes
in a human population. Sharomi and Gumel (2008)
presented a deterministic HIV treatment model,
which incorporates a wild (drug sensitive) and a
drug-resistant strain, for gaining insights into the
dynamic features of the two strains, and for
determining effective ways to control HIV spread
in this situation. The current study also considers
the transmission dynamics of a multi-strain
epidemic model.

In this paper, an SIR (susceptible-
infected-recovered) model that incorporates two
strains was designed and qualitatively analyzed.
The objective was to gain insights into the
dynamics of the two strains and to explore
scenarios for the effective control of the new
parameter, cross-immunity.

MATERIALS AND METHODS

Model formulation

The total population at time ¢, denoted
by N(t), was sub-divided into nine mutually-
exclusive sub-populations of humans: susceptible
to both strains (SS(t)), infected with strain 1 and
susceptible to strain 2 (15(1)), infected with strain
2 and susceptible to strain 1(SI(t)), infected with
both strains (II(t)), recovered from strain 1 but
susceptible to strain 2 (RS(t)), recovered from
strain 2 but susceptible to strain 1 (SR(?)), infected
with strain 2 but recovered from strain 1 (RI(?)),
infected with strain 1 and recovered from strain 2
(IR(t)) and recovered from both strains (RR(?)),
represented in Equation 1.

N(t) =SS(2)+ SI(t)+ 1S(t)+ 11(t)+ RS(1)+
SR(t)+ RI(t)+ IR(t)+ RR(t) (1)
The susceptible population is increased by the
recruitment of individuals (by birth or immigration
and assumed susceptible) into the population at a
rate A. This population is decreased by infection,
which can be acquired by effective contact with
the infected population with strain 1 at a rate f3; or

with strain 2 at a rate 3,, and by suffering natural
death at a rate u. Thus, the rate of change of the
susceptible population is given by Equation 2:

d[dStS—] = A= (Biy) +B2y2) SS - uSS @

where: y, =1S1, + 111, + IR,

2 =8I+ 1, + Ry,

The population of infected humans with
strain i is generated by the infection of susceptible
humans with strain i at the rate ;. This population
decreases due to recovery at a rate y;, super
infection with strain j (at a reduced rate of3; ; where
j=1,2;i=jand 0 = 0 =< 1 is the modification
parameter associated with the degree of cross-
immunity between strains 1 and 2. It should be
noted that if o= 0 (perfect cross-immunity), then
infection with one strain will never be infected by
the other strain; if 0 < o< 1, then primary infection
with one strain confers partial immunity against
the other strain. Finally, if o = 1, then primary
infection with one strain does not alter
susceptibility to the other strain). These
populations are reduced by natural death at the
rate u. This gives Equations 3 and 4.

d[d]tS] = B1y1 SS — 0Boy,IS — (7, + WIS 3

A = By S5 prowisi- (v wst @
The population of humans infected with
both strains is generated by the super-infection at
the rate of3;, before recovery. It is reduced by
recovery from strain i at the rate y;, and natural
death at the rate u and is shown in Equation 5.

dl)

- OfBy1SI+ Ofy IS — (71 + y+wll )

The population of individuals who have
recovered from strain 1 but are susceptible to strain
2 is generated by the recovery individuals infected
with strain 1 at the rate y,. This population is
reduced by super-infection with strain 2 at the
reduced rate of3, and by natural death at the rate
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w. It is assumed that recovered individuals acquire
lifelong immunity against re-infection with the
same strain, so that individuals in this class do not
acquire infection with strain 1 again, and thus
produces Equation 6.

ARS) _ 15— oy,RS— uRS ©)
dt

Infected individuals who recovered from
infection with strain 2 move into the associated
recovered class at the rate y,. This population is
reduced by super-infection with strain 1 at the rate
of; and by natural death at the rate u (Equation
7).

ASRY _ y, S1— 0yiSR— uSR ™
dt

The population of individuals who
acquire infection with strain i but recovered from
strain j (with i = j) is generated by infection with
strain i of individuals who recovered from strain j
at the rate of;, and by recovery from strain j of
individuals with both strains. This population is
reduced by recovery from strain 7 at the rate ¢, and
by natural death at the rate u (Equations 8 and 9).

AURY _ 58,y,SR+ 1oll - (7, + WIR ®)

AX ~ oS + il (12 wRI ©)

Infected individuals with strain i who
recovered from strain j move into the class of
individuals who recovered from both strains at the
rate y;. This population of individuals who
recovered from both strains is reduced by natural
death at the rate w. It is assumed that individuals
who recovered from both strains acquire life long
immunity against re-infection. This gives Equation

10.
ﬂ§ﬂ=mM+nm_mm (10)
1

The model is qualitatively analyzed
below.

Analysis of the model

The basic dynamic features of the model, defined
by Equations 2 to 9 and hereafter called the Model,
will be explored in this section. Since the
population of individuals who recovered from the
two strains (RR) in Equation 10 does not feature
in any of the other equations of the Model, then
d[RR]/dt is not included in the Model. The
following can then be claimed.

Basic properties of the Model
First, note that the region of biological interest
T ={(SS, IS, SL, I, RS, SR, IR, R) ER3: SS+ IS
+SI+11+RS+SR+IR+RI< A/ u}
is positively-invariant and attracting for the Model,
since the vector field on the boundary of I" does
not point to the exterior of I'.

Hence, it is sufficient to consider the
dynamics of the flow generated by Equations 2 to
9inT. In this region, the model can be considered
as it has been epidemiologically and mathematically
well posed (Sharomi and Gumel, 2008).

Disease-free equilibria (DFE)

The DFE of the Model
is given by Equation 11:

E'=(A/u,0,0,0,0,0,0,0,) 11)
The linear stability of the Model can be established
using the next generation operator method. Using
the notation in Van den Driessche and Watmough
(2002), it follows that the basic reproduction
number, denoted by Ry, is given by Equation 12:

Ry =max{R,, R,} (12)
where: R; and R, are the associated reproduction
numbers for strain 1 and strain 2, respectively,

A A
given by R, = _BA and R, = L
ulys + 1w

w(yy + w
Hence, using Theorem 2 of Van den
Driessche and Watmough (2002), the following
result is established.
Lemma 1 The DFE, E°, of the Model is locally
asymptotically stable (LAS) in I" if Ry < 1, and
unstable if Ry> 1.
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The threshold quantity, R, is the basic
reproduction number of the disease (Anderson and
May, 1991) and represents the average number of
secondary cases that one infected case can generate
if introduced into a completely susceptible
population.

Existence and local stability of
boundary equilibria
The non-trivial equilibria of the Model, where at
least one of the infected variables is nonzero,
cannot be clearly expressed in closed form. The
approach in Velasco-Hernandez (1994) was used
to explore the possibility of the existence and
stability of non-trivial equilibria. By inspection,
the possible equilibria of the Model are:

1) Strain 1-only boundary equilibrium (E7),

E; =(SS},1S[,0,0,RS[,0,0,0).

2) Strain 2-only boundary equilibrium (E;),

E; =(SS,,0,S8I5,0,0,SR,,0,0).

3) Co-existence equilibrium or equilibria (the two
strains coexist) (E}5),

(SSi2. IS12. SIia, Iy, RS12, SRia, IR 13, RIp).

Solving the Model at steady state gives
Equation 13 .

. A . :
SShe— A s, P g
Biyi +Byy,+u OBy, +(y +1)
RS =115ty sIhy—— P22 g5
Of,y, +u OBy +Y 2 +u
e _G(ﬁlyl*SIfz+/32y;SI:2) RI: _OﬁzyZRSEmHE
2 Y1ty tu ' 2 Yotlu
R11*2=0ﬁ2)’;R512+7’1H12 SR, = V2 ST,
Vatu Oy +u
IRE:Oﬁ]y' SR12+72”12. (13)

vitu
It should be noted that the expressions for y; and

v, in the endemic steady state, denoted by y;
and y, are given by Equations 14 and 15.

yy =IS;, +11}, +1R;,, (14)
vy =SIy+II), +RI},. (15)

Substituting the expressions in Equation 13 into

Equations 14 and 15 gives Equation 16.
(M+/31OY1*+[3203’; )ﬁlAyl

Ul(ﬁloyf+u)(ﬁ1yf+ﬁzy§+u)
(M"'ﬁﬁﬁ"'ﬁzoy; )ﬁsz2

Us(Br0vs +ua)( By +B2ys+)
(16)

V=13 ya)=

Yo =y (¥{ ¥5)=

where: Uy =y + u, Uy =y, + L.

The equilibria of the Model can then be
obtained by finding the fixed points of the system
(Equation 17):

7)

o (x)=(¢1(y1 ’)’2))’

[ ()’1* ’J’;)

where x=(yl ), as follows.

*

Y2
Existence and stability of strain 1-only
boundary equilibrium (E;)
Setting in Equation 16 gives the following general

form of the strain 1-only boundary equilibrium
(denoted by) in Equation 18:

E;=(ss], 18], 0,0,RS], 0,0,0). (18)
- 13 . ISI*= ﬁlA-}:l ,
By +u U1(ﬁ1)’1 +N)
7’1/3’114)’1* ]
AuUl(ﬁlqu'H)

The following theorem can be claimed.

where: SSI*

RS, =

Theorem 1. The Model has a unique strain 1-only
boundary equilibrium, E|’, whenever R, < 1 <R.
Proof. Let R, < 1. It is easy to show that for R, <
1Sy, RS;) — (0, 0) as t — oo. Further, it is
clear from Equation 16 that ¢, = (y;", 0) = 0 Thus,
a fixed point of ¢; = (y1, y;), = is obtained
by solving Equation 19

¢1=01,0) =y 19)

It follows that y|" is the root of Equation
20

yi (UiBiyr + (Uu-p; A) =0 (20)
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It is clear that y;"= 0 and yf=—ﬁ£(1—R1) are
1

the roots of Equation (20). Clearly, y,* = —ﬁﬂ(l—R1 )
1
is positive (negative) if R; is greater than (less

than) unity, respectively. Further, it should be
stated that for E;’ to exist, it is necessary that strain
2 does not (that is, R, < 1). Thus, a unique strain
1-only boundary equilibrium exists whenever
Ry <1<R,.
Theorem 2. The strainl-only boundary
equilibrium, E;, of the Model is LAS in T
whenever R, < 1 <R;.

Existence and stability of strain 2-only
boundary equilibrium (£;)
Similarly, setting y; = 0 in Equation 16 gives the
following general form of the strain 2-only
boundary equilibrium (denoted by E5) in Equation
21:

E,= (SS;“, 0,15,0,0, SRy, 0,0) (21)

" A
where  SS, =———,
Bryr+u
S]; = /52‘3)72 :
Bryr+u
SR; - y 2/32A3‘;2 .
MUz(ﬁﬂQ +M)
Thus, the following theorems can be
claimed.

Theorem 3. The Model has a unique strain 2-only

boundary equilibrium, E,, whenever R, < 1 <R|.

Proof. It is clear from Equation 16 that

¢ = (0, y5) = 0 Thus, a fixed point of ¢, = (y7,

¥,") is obtained by solving Equation 22
$=0,y) =y (22)
It follows that y, is the root of Equation

23.

V2 (Uafays + (Upu- A )) =0 (23)

It is clear that y; = 0 and y, =—ﬁi(1—R2) are the
2
roots of Equation 23. Clearly, Y, =—ﬁi(1—R2) is
2
positive (negative) if R, is greater than (less than)
unity. For E, to exist, it is necessary that the

strain 1 does not (that is, R, < 1). It follows that a
unique strain 2-only boundary equilibrium exists
whenever R; < 1 <R,.
Theorem 4. The strain 2-only boundary
equilibrium, E;, of the Model is LAS in T’
whenever R; < 1 <R,.

Existence and local stability of co-
existence equilibria
Here, the interest is in the solutions of the Model
for which the two strains co-exist. The following
special cases is studied based on various
combinations of the cross-immunity parameters
(0).

Consider the case when infection with
one strain produces complete immunity against the
other strain, so that o = 0. Then, the expressions
in Equation 16 can be re-written as Equation 24:

G MR g MRy
(/51)’{ +ﬁ2}’2+M) (ﬁ1}’1 +ﬁ2)’2+.uj

(24)
It follows from Equation 24 that
Biyi + By =u(Ry — 1)
By + Bays =u(R; - 1) (25)
Since the left-hand sides of the system (Equation
25) are always positive, it is necessary that R, > 1
and Ry > 1. If Ry = R,, then the system (Equation
25) is inconsistent, and there is no positive co-
existence equilibrium in this case. Hence, for the
system (Equation 25) to be consistent, it is
necessary that Ry = R, > 1 It is worth mentioning
that in this case, a continuum (infinitely many) of
endemic equilibria will arise (this phenomenon
was also observed in a study of TB dynamics by
Castillo-Chavez et al. (1999). That is, setting
R, = R, = R > 1 implies that B,y + Boys =

BRD ey HRD).

1 2
This result is summarized below.

WR - 1), so that 0<y; <

Theorem 5. The Model has a continuum of
positive co-existence endemic equilibria, denoted
by E, (n e Z,), whenever the following
conditions hold



568
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1
(i) 0<yy <Dy 57 L= 2022),

B> By

and there are no co-existence equilibria otherwise.

()R, =R, =Ry> 1, (i) O<y, <

Note that conditions (ii)—(iv) are needed to
preserve the non-negativity (positivity) of y;" and
v, in Equations (16). The next theorem verifies
stability of the positive co-existence endemic
equilibrium of the model.

Theorem 6. The positive co-existence endemic
equilibrium of the Model, given by Ej5, is LAS
whenever R > 1 where R = max{ R|,R,}.

RESULTS AND DISCUSSION

Simulations were used to illustrate some
of the theoretical results obtained in this paper. A
set of parameter values, A = 10000, u = 1/67,
y1="7,=0.1428, 6 =0.15 and varying B, ,, were
chosen for this purpose. The simulations were
carried out as follows. Figures 1(A) and 1(B)
depict simulations for the case where R, < 1 <R,
showing the persistence of strain 1, while strain 2
dies out. Numerical simulations for the case R; <
1 <R, are depicted in Figures 2(A) and 2(B), where
strain 1 dies out and strain 2 establishes itself at
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steady state. In summary, the model undergoes
competitive exclusion, with strain i driving out
strain j if R; > 1 > R; The aforementioned results
for the boundary equilibria were consistent with
those reported in Esteva and Vargas (2003). Figure
3 illustrates the existence of such a continuum of
co-existence equilibria when the two reproduction
numbers (R; and R,) are equal and greater than
unity. The phenomenon of having infinitely many
co-existing equilibria has been observed in other
epidemiological settings, such as in the study of
the dynamics of multiple strains of TB (Castillo-
Chavez et al., 1999) and HIV (Sharomi and
Gumel, 2008).

Further simulations of the Model were
carried out to illustrate the effect of cross-immunity
on transmission dynamics by varying the value of
the cross-immunity parameter (o). The results
showed that the number of people infected with
strain 1 (IS + II + IR) and strain 2 (ST + Il + RI)
increased with increasing values of o, compared
with the case o =0 (Figures 4(A) and 4(B)). Note
that the peak of the number of cases was recorded
for the largest value of o used in the simulation (o
= 0.8). Thus, these simulations showed that both
strains co-exist, with the system converging to the
endemic steady state E,.

4000
(B)

3000
2000r
1000r

0)

0 50 100 150 200
Time(days)

Figure 1 Time series plots for the Model with 8, = 3.1545 x 107, B, = 2.2884 x 1077 (so that R, =
0.9721 < 1 < R;=1.3400). (A) Population of individuals infected with strain 1 (IS + II + IR);
(B) Population of individuals infected with strain2 (S + II + RI).
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Figure 2 Time series plots for the Model with 8; = 2.2418 x 107, B, = 4.4610 x 107 (so that R; =
0.9523 < 1 < R,=1.8950): (A) Population of individuals infected with strain 1 (IS + II + IR);
(B) Population of individuals infected with strain2 (SI + II + RI).
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Figure 3 Model simulations showing the continuum of positive co-existence equilibria with ;= 8, =
9.3041 x 107 (so that, R; = R, = 3.9523): (A) strain 1 (IS + II + IR); and (B) strain 2 (SI + II

+ RI).
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Figure 4 Model simulations showing effect of cross-immunity on the dynamics of the two strains with
Bi=B>=9.3041 x 1077 (so that, R, = R, = 3.9523): (A) strainl (IS + II + IR); and (B) strain 2
(ST + II + RI).
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CONCLUSION

for the
transmission dynamics of a two-strain disease was

A deterministic model

designed and analyzed. Some of the main
theoretical and epidemiological findings of the
study included:

(i) The Model (defined by Equations 2
to 9 above) had a locally-stable disease-free
equilibrium whenever the associated reproduction
number was less than unity.

(ii) When infection with one strain
confers incomplete immunity against the other, the
Model exhibited the phenomenon of competitive
exclusion, where strain i drives out strain j
whenever the associated reproduction number R;
> 1>R;, where (i, j =1, 2, i # j). The two strains
will co-exist, when R; > R; > 1.
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