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Abstract

In this paper, the distribution e2t§(k) where « is a complex constant
and §(*) is the Dirac -delta distribution with k-derivatives and t € [0, c0) is
to be applied in solving the solution of differential equation in the circuit
theory.

1 Introduction

We know that the flow of electric current I in a simple series circuit with induc-
tance L, resistance R and capacitance C' is given by

d 1

L—I(t —Q(t) = E(t

% 1) + RIG) + =Q(6) = B®)

where t is the time, @ is the total charge and E is the impressed voltage. Since

I(t) = £Q(t), then we also obtain the second order equation

d? 1
L0 + REQW + 5Q(0) = B()
It is not difficult to find the solution Q(t) of the equation and the charge Q(t) is
always an ordinary function which is continuous for t € [0, o).

But in this paper, we study the case E(t) is replaced by the electromotive
force Y"1, ¢ (t) where 6(t) with its derivatives is the impulse function and c
is a constant and 8% = §. Now we consider the equation

d? d
L5Q() + R200) + 5 Q(t ché(k (1)
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It is found that the solution of the equation (1) need not be an ordinary function,
it may be the distribution that is the solution in the space D of distribution
whose supports are bounded on the left. All types of those solutions depending
on the value of m are as tle following cases :

Il then there exists the solutions of the equetion 1) that belong to
the space Dr,. ;

2. If 0 < m < 2 then all solutions are ordinary functions tkat are continuous
for t € [0,00) and it also follows that if m > 1 the current I{#) is not an
ordinary function bu; it is the distribution in the s ;pace D, that mean the
current I(t) is not continuous and it occurs in very short time intervals.

If m = 0 then the current I(t) is continuous function for ¢t € [0,00) that
mean the current I(t) flows continuously for the tirae t € [0, co).

In solving the solution of the equation (1) that is the chargs Q(t), we use the
method of convolution of 2®6®*) with some distributions to apply and also the
Laplace transform is needed. Before g gomg to that point, the followmgr properties
of e**6(F) are first introduced.

2 Some Properties of ¢®§®*)

Property 2.1 e**§®) = (D — a)*§ where D = £ and e*td%) is o tempered
distribution of order k witi support {0}.

Proof By the definition of distribution and ¢

< o), 5 < 60 eol(t) >
. k

=<0, ('_l)k Z kcu(eat)(V)(Qg(t))(k“u) >

v=0

for every ¢ € D and also e*¢(t) € D where D is the space of continuous function
of infinitely differentiable with bounded supports.
Hence

k
< 6 ep(t) > = (=1)F Y " *C, o =1)(0)

=0

k
S <5
v=0

=< (D — )8, >
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where D = -dz'. It follow that e®d® = (D — a)*6.

Since 5“3 is a tempered distribution by L. Schwartz [1], hence so is (D — a)*
and it follows that e®*¢™*) is a tempered as required.
Now

e?t6®) = (D — a)*6
k
= N ra el
v=0

this mean that e®'6*) is a finite linear combination of Direc-delta distribution
and its derivative up to order k. Hence, by A.H. Zemanian [2](Theorem 3.5-2,
p98)e®t6(*) is of order k with a point support {0}

Property 2.2 (The conwolution of e*6%) with som. distributions)

1. (e2'6®) « f = (D — @)*f where D = 4 and f is some distributions in the
space D of distributions.
9 [(emtg(m)) Sy (eantg(kn))] % f = (D e, al)h S -(D il an)kﬂf

where oy, ..., oy are complez constants, D = 4 ond ky,. .., ks are positive inte-

=T
gers and f € D'.

Proof 1. Since (e**6®)) x f = (D — &)" * f, by Property 2.1.
Hence

k
(e*t6®)) % f = Z(—l)”kcpa"ri(k_”) * f
=0

(_1)1/ kcuau(é(k-u) % f)

M- =

0

N
= |l

Il

(__1)1/ kCVQUf(k—u)
=0
=(D—a)*f since 6% « f,= F®,

2. Since (e**6(%)) is a tempered, then we can take the Laplace transform to the
convolution (e21t6(F1)) x ... x (ent5(%=)) that is

T {(galté-(kl)) e (e”“té(k“))} L (ealté(kl}), e-_.;t i (e(‘ﬁut(g(_kn)).‘ efst>

Vo

=< f(s—a))le ¥> <d(s-a)e >
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Take the inverse Laplace transform, we obtain
(€2t 61)) ... & (e2n85(F)) = (D — @y)Fr - - (D — @)%,
and similarly, as 1.,
(et s dlestae i i (DL a)e (D @)

That completes the proof.

3 The Application of e§*)

Recall that the equation

1L o+ rq Zcm(‘”m 2)

di? dt

—

Now (2) can be written as the form

2_3? 2 Ll wm
(D YDy LC) Q(t)—L;Ck(Sk(t)

sl eid e
where D = &, or

' R B0 ( R [R? o
(D"'(‘ﬁ'wzm—z‘z—é)) o m‘w) L§6k5

For simplicity, let
.
S oo VA T je

| R 1
=y \/41 . :
By applying the property 2.2(2) to ('2) with k) = kg —landia) =, g = wo
then (2) can be written as the form

and

[(e6M)) x (e#*61)] 4 LZcm‘“ t) (3)

Actually, e¥? and e“2¢ are the solutions of homogeneous equation of (2) with the
right-hand side vanishes. '
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Now we can find the charge Q(t) in (3) by convolving both sides of (3) with
the inverse of (e1t6M)) x (e2%6V)). By making use of the convolution algebra,

Kananthai A. [&] has proved that the inverse of (e“1t6(1)) * (ew2t6() is

1
Wy — Wy

(eult = ewzt}H(t)

where H(t) is a Heaviside function, that is

1 forte|0,00
H(t) = ort € \ foa);
0 fortei—o0,0).

(e*1t — e“2*)H(t), we then obtain the

Now convolving both sides of (3) by
charge

w1 —w2

Q(t) = (+—l—(e“’lt — s ) (%gc 65 () ) (4)

W — Wa

which is the solution of (2). By computmg directly

= 1 ; o wit 4
@) = ) ;ck(wl)e H(t)
m k-1
i re(k—1-r1)
I_L(wl—wg) §T=Ock w) o (t)
o, 1 i : - k W2t (f
—-f*-——'L( 5 | wz) ;Ck(wg] H f)
1 m k-1
s : re(k—=1-r)
L(w; — wo) ,cg 5as gl (®) (5)

Now consider the following cases :

(1) If m > 2 the the right-hand side of (5) contains the Dirac-delta distribution
and its derivatives. That means that the charge @Q(t) is not an ordinary function
but it is tae distribution in the space Dg.

(2) If 0 < m < 2 (m = 0,1) then for m = 1, from (5) we obtain

Git) = oo [coe® tH (t) + crwie H(t) + c16(t)]

—— [coe  H(t) + crwpe H (%) + c16(t)]

1
i S sl wit it st wat
coH(t) [e ' e“?!] + T wz)clH(t) w1t — woe?]
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That Q(t) is the continuous function for ¢ € [0, co).
For m = 0, then

Qt) = }ﬁ-)— [coe  H () — coe* H(2)]
s COH(t) wit W
T Trw T

and also is the continuous function for ¢ € [0, c0).
Now consider the current .'(t), we know that 7(¢) = 2Q(t), hence by .(4)

dt
il : o
I(t):wl _?2;,}' ((e* N H ( Zc;é“‘(f)]
L [(wie”t — wye”?) H(t) + (et — e*21)5 L Zm:
s LS

1 [ i 2t
ok it (5] { E Y (k)
== o . |_(cule Wo ke l de

Since H'(t) =6 and (e¥? -- e2t)§ = 0.
By computing directly,

JF e wl bl Em k wi t
& L(w; — wy) i (1) 1y
5 m k-1
2 1 7 o(k—1-1)
+ - ) %
i R ()
oy = k _wat
e e p ASHit
T m e
i m k=1
2 S
S e : Tk=1-r)rpy 6
Ty 2o 2 el 870 ©)

Now consider the followin; cases : :

(1) If m > 2 then we sce that the current /(t) contains the Dirac-delta distri-
bution and its derivatives, that means I(¢) is not an ordinary function but it is
the distribution in the space Dg. It follows that the current I(¢) is not continuous
and it occurs in very short time intervals.

(2)If0<m < 2 (m=9,1) then for m.= 1, (6) becomes

coH(t) _aH()

C1
U= L(w; — w_gj L(w, — ws)

35.

[wie®t — wye?t] + (wie“tt - wZe?"] +
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It follows that the current I(t) is the same the case (1).
For m = 0, (6) becomes

coH (t)

— Ld1f_ wat
I(t) . ———L(w; =) [wle woe?t]
CoaHg) AR L wz}

(
oL\ A2 LO) wler e e

/R — 4%

by substitution for w;,ws.
That I(¢) is continuous function for t € [0, oo) It follow that the current I(t)
flows continuously for the time ¢ € [0, ¢0).
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