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ABSTRACT

This paper deals with the advancing contact between a rectangular plate simply supported on the two
opposite edges and free on the others and an internal line sagged support located along the center under
uniformly distributed load. The finite Hankel transform method is used and the correct singularity is
introduced at the tips of contact. The problem is formulated as dual series equations and reduced to an
inhomogeneous Fredholm integral equation of the second kind in term of an unknown auxiliary
function which can be solved numerically by using Simpson’s rule. The deflection, bending moment,
and support reaction of the plate are expressed in the analytical form and presented graphically.
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1. INTRODUCTION

Contact problems of plate under the lateral load have been studied in the past [1-5] which are the
receding contact between plate and unilateral supports. The nature of this contact type is that the extent
of contact depends on the geometry and elastic properties of the plate only. It is independent of the
level of loading. and the support reactions are proportional to the applied load. For a plate resting on
sagged supports. Dundurs et al. [6] examined the advancing contact of rectangular plate wiih the
application of finite Hankel transform. The results show that the extent of contact depends on the level
of loading and the support reactions are not proportional to the applied load. Although the both types of
contact are opposite together. the singularity at the tip of contact is still to be in the order of an inverse
square root in the shear.

Therefore. the objective of this paper is to investigate the analytical solution of advancing
contact between a rectangular plate and a partially internal line sagged support. The different of this
paper compared to the previous paper [6] is that the sagged support is located at the inner of the plate
but those the sagged supports are at the plate edges. The problem formulation is based on the Levy-
Nadai approach [7] in the form of dual series equations and finite Hankel transform is used to convert
the dual series equations to an inhomogeneous Fredholm integral equation of the second kind. The
physical result presents the deflection, bending moment, and support reaction of the plate with varying
length of contact along the internal line sagged support.

2. FORMULATION

To simplify the analysis, the scaled plate configuration is shown in Fig. 1 whereas the actual length of
rectangular plate is @ and is scaled by the factor 7/ a . The equation governing the deflection w of

the plate under the uniformly distributed load ¢ in the transformed coordinates (x,y) is given by

D(w +2w

2 xxxy XXy

+W‘.t:\‘_\:\') T qa‘1 /ﬂ4 s (1)
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where D= ER’ / 12(] - ) , E = Young’s modulus, v =Poisson’s ratio, and / = plate thickness.

| e | 2C | (4 |

Fig. I Geometry of Scaled Rectangular Plate with an Internal Line Sagged Support

Due to the two-fold symmetry of the deflection. the boundary conditions need to be
considered only on the lower left quadrant of the plate. and can be written as

W,y TV, = 0; O<sx<nm/2, y=b, (2)
W, (2 V)w’w.r:O; O<ixism/2. v=0>h, : (3)
w,, =0; 0sx<x/2, y=0, (4)
w=d:w, =w, =0, e<x<n/2, y=0, (5a.b.c)
Wi (2= v) w,,,=0; 0<x<e, y=0. : (6)

where O = the initial gap between the plate and internal line sagged support.
Based on the Levy-Nadai approach [7], the deflection satisfying the boundary conditions of

simply supported edges at x =0, 77 and the governing equation (1) is taken as

q— i °m’ +Am cosh (my)+B”'mySinh(my) Sin(mx)' (7)
D wis.. +C,, sinh (my)+ D, my cosh (my)

where the constants A4 C and D are determined from the boundary conditions (2). (3). and

(4), that yield

m* m &

o 4v[Bcosh - U”Si“hﬁ]
S o |:(3+V)smhﬂcoshﬁ (1-v)A]

U7 o]
m [(3+V S]nh ﬁCOShﬂ V)ﬁ:l
l 4y sinh 3
m [(3+V)smh Bcosh B — V)ﬁ:l
D, [2+(3+v)sinh’ !5’] .
_[(3+v)sinhﬁcoshﬂ'(]*")ﬂ’
el (10)

m m

where 77" and /3 are defined by (I +V)/'(1 —v) and mb . respectively.
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The boundary conditions (5¢) and (6) are mixed and can be written as in the form of dual
series equations,

i m’P, sin (mx) =0, e<n<l, (11
m=1.3.5... 2 ;

i m*P, (1+ F, )sin (mx) = i G, sin(mx), 0<x<e, (12)
m=1.3.5-... m=1.3.5....
where

- 4 (3+v)sinh Boosh B—(1-v) B+v(n"sinh S - Beosh B)]
LR z°m [(3+v)sinhﬁcoshﬂ—(l—v)ﬁ]
- [(1 —v) B +(1+v)n"+(3+v)cosh’ ﬁ]
& [(3+v) sinh Bcosh B—(1-v) ,6']
e [(3+v)sinhﬂcoshﬁ—(l—v)ﬁ] - i
i [(l—v)ﬁ3+(l+v)n"+(3+v)cosh2ﬁ:|’ :
_ 4{(3+v)sinh Scosh 5(1 —v) f+v[n"sinh B- Beosh B3]}
n 7n [(1-v) B +(1+v)7" +(3+v)cosh’ B]
Using the method of finite Hankel transform, the first dual series equations (11) can be
automatically satisfied by introducing P, in the form as

(13)

3

2

m

nips = J.tgé(l)J, (mt)dt; m=1,3,5,..., : (16)
0

which occurs an inverse square root shear singularity at the tips of contact [6]. The functions ¢ (/) and
q y p

J,( ) are the unknown auxiliary function and Bessel function of the first kind and order I.

respectively.
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Fig. 2 Auxiliary. function @(2) in Integral Equation
By integrating (12) once with respect to X and substituting F,, given in (16) with using the
identity [8],
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3, tmpslpm)=g' =3 () e

1

% (17
o .[[exp (7s)+ 1:|_l I, (ts)cosh (xs)ds, x+t<n,

0

where [ ( ) and [, ( ) are the Heaviside function and modified Bessel function of the first kind and

order 1. respectively. Therefore, the second dual series equations (12) can be reduced in the form of
Abel’s integral equation as

jﬁ%dz_h(x) Ol e (18)

in which, with t =er,

0

h(x)=€I_‘-¢5(er){1—r2+2er£22h?(m ;E [4(ser)- e dr

+Qezjr¢ er i F,’,,J, mer) cos( n) dr (19)

0 =13

Ul

-2 Z G OOS , 0<x<e.
=135,
The solution of (18) is found in the form

! h(x

71' dt '[\“‘ _x
Substituting (19) into (20). then the final result is reduced to an inhomogeneous Fredholm integral
equation of the second kind

a’x, O<t<e. (20)

CD(p)-t—j-K(p,r)tI)(r)dr:f(p), O<p =, @1
in which :
o(p)=6(ep). B(r)=0(er). o
K(p,r)=2e r{ i mF,J, mer).] (mep)
m=13.5... (23)

js exp(7s) +l R (ser)1, (sep)ds},
0

fillg)=2 3 G Ji(mep), (24)

m=1.3.5...

where F and Gm are defined by (14) and (15), respectively. An integral equation presented in (21)

can be solved numerically to obtain an auxiliary function ®(p) by using. Simpson’s rule as shown in
Fig. 2.
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Fig. 3 Deflection along the Unsupported Portion of Internal Line Sagged Support

The deflection along the line outside an internal line sagged support is determined by

substituting (16) into (7) and utilizing the identity [8]
r )
X (2 2312
l -[—(f 36 )

Saiarel
C -2 . 4 S| 25
m=-J (mt)sin(mx) = +tsin™ | % L, x+t<m, (25)
111-';5. l( ) ( ) (%) :
EI, Xzl
8
which the final form becomes
—fp ®(p)dp
a'e’
w(x,0) q 26)
J{é«/ — &2 + pPsin '( ch(p)dp
S e wlie 0 =d sl
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Fig. 4 Deflection along the Free Edge at y = b

The deflection given in (26) is illustrated as in Fig. 3. The deflections along the free edge and along the
center line normal to the internal line sagged support can be obtained by substituting y =h and

x = m/2 into (7), respectively, yield

qa4 . i '
w(x,b) — _IZ; S +B,mysinh(mb)
m=i, aas Sinh(mb)
+qﬂ

L
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Fig. 5 Deflection along the Center Line Normal to the Internal Line Sagged Support

m—|

w(7i2,y)= Q%_ i +B,mysinh(my)  H(-1)2, 0Sy<bh, (28
sinh (my) :
'| —mycosh(my)

in which A .B, and C, are defined in (8). (9). and (10), respectively. The results are shown in

and

4
e A, cosh(my)

"

Figs. 4 and 5
The bending moments along the internal line sagged support and along the direction normal to

the internal line sagged support are determined by substituting (7) into the formulae,

2 82 2
M.Y=——”—2D w‘—;v—+valf ; (29)
a ox oy
= 2 2 2
M, =_7T7 D[Z?+v2"f] (30)
a’ Y x

Therefore. the bending moments can be expressed as

@0

> vS, sin(mx)

M_\. (?x."O) s m=||.3.5..“ 3 ) 0 <x< FTI,Z, (3”
as::
9 + [k (x.p)®(p)dp
0

where
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(1+v)xH (ep—x)
Zep(ezp2 x )”2

K(x,p)=¢’p : (32)
+2v Y. H,J (mep)sin(mx)
p=1:350
« 4|, 4vsinh B+ 7’m’G, [2+(3+v)sinh2 ﬁ]
= - 51033
N rom 2[(3+v)sinh ﬁcoshﬁ—(]—v)ﬁ] o
1+ F )| 2+(3+v)sinh’
1+H, = ( ”'_)[ Bev ﬁ] ; (34)
(3+v)sinh Bcosh B—(1-v)f
3 :
g f

x/r
Fig. 6 Bending Moment along the Unsupported Portion of [nternal Line Sagged Support
and
jﬁi——mzA (1-v)cosh(my)
'’ s
M‘(y_r,y] L (1=v) mysinh (my) >
22 oy | +2cosh(my) 35)
qa rw m=135.... r (] L v) Sinh (my)

+m’C,,

_+(1 —v)mycosh(my)

m-1
x(—l) 2, Usy<h
It is seen that the bending moment given in (31) is nonsingular at x = e. The bending
moments are presented graphically as in Figs. 6 and 7.
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Fig. 7 Bending Moment along the Center Line Normal to the Internal Line Sagged Support

Although the problem has the singularity in order of an inverse square root in shear at the tips
of contact, however. it is integrable. The support reactions can be determined from

3 3 3
mDlidw o'w
V.= | —+(2-v)—5 | ‘ (36)
e Ox0y k\
3 3 3
7' D| ow o'w
Vo= | —+(2-v)—— | 37)
; a | oy dx oy
By substituting (7) into (36) and after performing some manipulations. the support reaction along the
J -axis can be expressed as, and the numerical result is shown in Fig. 8,

i
{Kﬁf’ )+ l"(,'f,”(y)me1 J‘p(D(,o)J,(mep)dpJ. 0<y<bh, (38)

I” (0.v =
in which
KW (¥)=-(1-v)cosh(my)
© +(1+H,){(1-v)mysinh (my)+2(2-v)cosh (my)} (39
—(1+ £, ){(3-v)sinh (my)+(1-v)mycosh (my)}.

2[I+(l - v)cosh (my):[

4vsinhf +1°m’G,, [2 +(3+v)sinh’ ﬂ:l
w{ 2[(3 +v)sinh Bcosh 8- (1 —v)ﬁ} }
x[(1-v)mysinh (my)+ 2(2-v)cosh (my)]

3 2
2 Ga (3 s (my) + (1) my osh (my)]

(40)
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Fig. 8 Support Reaction along the  -axis
Similarly. the support reaction along the internal line sagged support can be determined from (37)
which is

KQSCT}O):Z{ZG Sin(m)J’JT(va)@(P)dP}‘ e<xs<Z, (4D
where
- +°]S [exp(7s) +]T 1,(sep)sinh(xs) ds
I(x.p)=€p o) o . (42)
= i mF, J, (mep)sin(mx)
and the result is illustrated in Fig. 9. =
20 ¢
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Support Reaction along the Internal Line Sagged Support
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3. RESULTS AND DISCUSSION

The inhomogeneous Fredholm integral equation of the second kind governing the problem solution
presented in (21) can be treated numerically using Simpson’s rule of numerical integration. The
improper infinite integral in the kernel given in (23) was determined by a 16-point Gauss-Legendre
quadrature formula which the integrand of infinite integral increases monotonically up to some
maximum value and then decays exponentially. The infinite series in the kernel and the function
F(p) given in (24) were calculated to a relative error of 0.00001, i.e., the series were terminated
when the ratio of the absolute value of the last term to the absolute value of the summation of all
previous terms became less than 0.00001. The numerical results was restricted to only for the case of a
square plate of actual length a or scaled length 7 and the Poisson’s ratio was taken as 0.3.

The deflections along the unsupported portion of internal line sagged support, along the free
edge, and the deflections along the center line normal to the internal line sagged support are illustrated
in Figs. 3, 4 and 5, respectively. It is noted that for the case of e/ 7z =0.1 in Fig. 3, the defection is
very small which cannot be plotted on graph. The bending moments given in (31) and (35) are plotted
on Figs. 6 and 7, respectively. It is seen that the bending moment along the internal line sagged support
is not singular at the tip of contact which is different from the case of an internal line no sag support.
For the case of e/ =0.1, the bending moment presented in Fig. 7 is closed to the case of
eln=02.

Figs. 8 and 9 show the support reactions along the ) -axis and internal line sagged support,

respectively. At the tip of contact between plate and sagged support, it is seen that the support reaction
is singular. Fig. 10 presents the deformed shape of a square plate with the contact length 2c/7=0.4
under the uniformly distributed load which is bounded by the region 0<x<xm/2 and

O=<y=m/2.

b
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w{x{)J /g

5

Fig. 10 Deflection Surface of a Square Plate with Contact Length 2¢/m=04

4. CONCLUSIONS

The advancing contact problem of a rectangular plate simply supported on the two opposite edges and
free on the other edges with an internal line sagged support located at the center is examined. The
problem is formulated as dual series equations and can be reduced to an inhomogeneous Fredholm
integral equation of the second kind by choosing the proper finite Hankel transform which satisfies the
inverse square root singularity in the shear at the tip of contact. The integral equation can be solved
numerically to obtain the discretized unknown auxiliary function using Simpson’s rule. The advantage
of present method is that the singularity is isolated and can be treated analytically. The physical
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quantities namely, the deflection, bending moment, and support reaction are expressed in the closed
form and the numerical results are given graphically.
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