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ABSTRACT

There are two types of iterative differential equations. iterative ordinary differential equation and
iterative partial differential equation. In this paper, we will concentrate on iterative ordinary differ-

ential equation on the semi-infinite domain [0,%0). Podisuk® proved the existence and uniqueness of the
solution of the iterative ordinary differential equation in the closed interval [0,a]. Podisuk® also
proved the existence and uniqueness of the solution of the simple iterative ordinary difterential
equation on the semi-infinite domain [O.c:o). In this paper. we will give a proof of existence and
uniqueness of the solution of the iterative ordinary differential equation on the semi-infinite domain

[0.).
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1. INTRODUCTION

The first order iteration ordinary differential equation of degree m on the semi-infinite domain [O.w)

is in the form
Y(x) = £ p(x), 37 (x)s Y™ (X)) (1)
with the initial condition
»o)=c (2)
where c is a positive real number, m is a positive integer greater than 1 and
¥ (x) = (¥(x)

Y2 (x) = p(y*(x)) = y(p(p(x))

ym(x) o y(yl!l—](x))

The first order simple iterative ordinary differential equation of degree m on the semi- infinite
domain [0.0) is in the form
Yi(x)=y"(x) (3)

with the initial condition
M0)=c 4)
Podisuk'” introduction the first order iterative ordinary differential equations of second order
Podisuk® proved the existence and uniqueness of the solution of the first order iterative ordinary

differential equation of degree m in the closed interval [0,a]. Podisuk’ proved the existence and
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uniqueness of the solution of the first order iterative partial differential equation of degree m in the
closed interval [0,a] and-Podisuk® proved the existence and uniqueness of the solution of the first

order iterative ordinary differential equation of degree m on the semi-infinite domain [0,00).

2. THEOREMS

Theorem 1 (Podisuk®)
Let f(X,2;,25,.. 2,y ) be defined and continuous on the domain [0,a]x R™ . say D . and let
[fixicn sy s s K
[£(Z21, 220002 ) = [ (651,22 e B )| S M |21 =By |+ M |23 =B |+ 4. M, |2, = B,
fariall (221,25, s 2a (% 7y iz, Jlink PDiiand KoM, oM .o M lin R
P, =M, +KMy+K*My+.+K"'M, )
S, =M, +(K+1)M, +(K2 Ly L)M4 Fot (KK Kt |)M,,,
T

If aS, <e“" then there exists at most one solution to the problem

m
V(x) = Fxp(x), 12 (x) 7 (%) " (X))
with the initial condition y(0)=c.

o PJH + SHI =

Theorem 2 (Podisuk")

If aT, <1 and f satisfies the conditions of theorem I then there exists at most one solution to the

problem in theorem 1.

Theorem 3 (Podisuk®)
Let c+ak <a.

a[fu, +(K +1)M, +(K2 +K+ 1)/&13 TS Gl et I)Mm} <1

and

Snst (0= ¢4 [ LU 0-FF 0o Y (O
0

YapifX) =C+ If(r-.vz_.,m..vi,,m......va’_';imys’.';‘(.vz..H.(rmdr
0

X
J"m+|_n+| (x) =k If([~y:1|+|_n+1 (t )" ym+|_n (ym+l_n+l (.f)},.... y.::;]l.nﬂ (ym+l.n+f (”))df
0

n=0.1.2.3.... where ¥, (x).¥s0(X).... a1 o(x) are fixed functions of class C' map [O.a] to [0.a]

such that |y]'.0(x)| <K

st (XY K .
It the above condition holds and f satisfies the conditions of theorem 1 then the above sequences
converge uniformly to the unique solution of the problem in theorem 1.

Theorem 4 (Podisuk®)

m

There exist a unique solution to the problem »'(x) = y" (x) with the initial condition y(0) =% :
Note that the initial condition y(0) in theorem 4 must be in the interval (0.0.ZS]and if m— o then

Lix
the solution y(x) —> —+—.
y(x) i
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By the solution of the problem (1) and (2), we mean a function y € c! [0.00) satisfying (1) and (2)
in [0,00). Thus the problem (1)-(2) is equivalent to the problem of finding a continuous solution of the

integral equation

X
@) =t [FEI0.7 0,5 Wy O (5)
0
The following theorems will be the main result of this paper.
Theorem 5
Suppose

(a) f is defined and continuous in
D= {(x,y,qyz.....y,,,) :x20,0< (1 V250V ) <oo}
(b) there exist positive constants K, L. M. s and a real-valued non-negative function g continuous in
[0, 5] such that 2L < M and
] ’f(x._v,.y-_,.....y,,, )| <K for
0=y = max{M.M = L+max{g(.r):0 Sx< s}}.j =1.2.3....m
2. for arbitrary real-valued function y,(x),j=1,2,3,...,m defined and continuous in [O.oo)

fulfilling the equalities
0Ly, (x)<h(x),x20,/=123,..m

where h(x)=g(x)+ M -L for xe [O.S] and A(x)= M for x> s. we have

- =L< jf(r,y, (2 (), Y3 (), ()t < g(x)  for xe [0, s]
0

J‘f(t.yl(.f).yz(f).y;(r)‘....ym(t))drSL for =
0

Under these assumptions, for every real number ¢ such that L <c¢ < M — L there exists a solution
(5) of class C' on the interval [0,00).

Proof.
Let B be a linear space of real-valued function u define and continuous for x = 0 ‘such that

sup{lu(x)’ exp(—x):x = 0} <,
Define normon B by
lul=sup{’u(x)'-exp(—x):x20}. (6)
The space B with norm (6) is complete. Define the space 4 by
- ,4={ueB| 056w hix)s ol xZO}.

The space A with norm (6) is nonempty. convex. closed and bounded. Let T:.4 — B be define as
follows; for ue A .

(Tu)(x)=c+ jf(t,u(t),uz(t),z:j(t),...,u"'(t))dt for x20. 7)
0
Foreach we 4. Tu is continuous and
0<(Tu)(x)<c+g(x) Jor xE[O,s]
0<(Tu)x)<c+L - for xe[0.s]

Since c+g(x)< M —-L+g(x) and ¢+ L< M .wehave 7(4)c A.thus T maps A4 into 4.
We put V' =T(A). We need to prove that T is continuous with respect to norm (6).
Let {u,,} be a sequence of functions such that u, € 4.u, - uas n— . We put v, =Tu, and we

shall prove that v, > v=Tu as n— .
Now we have
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[y () = v(x)| € ﬂ Lt (D2 O Ot () = F (200 1), us(t),...,um(t))ldt (8)
0

For x=0. n=0,1,2.3.... and

|, () = v(x)| € K |x—1| 9)
For x>0, =0and n=0,1.2,3..... :

Let A be a positive real number. In the interval [0, /1] , the sequencc{u,,} converges uniformly tou so

that for each 1 > 0 there exists a number N(7,4) such that |u,(x)—u(x)| <7 forn > N (n,4)and
for x €[0,s]. In particular, for each > 0 there exists a number N(17. M) such that |u, (1) ~u(t)| <7 for
n> N(q.ﬂ) and fe [O,Iﬂ .where M = max{M,c+rnax{|g(x)| 0gx< s}} . Now since f
being uniformly continuous in the set of [0, 1]x [U,H] x[O,E] XX [0, ﬁ] for each £ >0 there
exists o > 0 such that if Iy‘, my_]1 < J,]y\,' <ﬁ|;:‘ <oand n=0,1.2,3,....m then

< Efoer[O,&].

!f(-x-:yl’y2’y3"“’ym)_f('xsylﬂybyh'"’ym)
Let £ >0 be arbitrary then there exists o >0 such that if
|u,,(x)—u(x)| <o.n> N (0. ).

|n,,(u():)) - u(u(x))l <o,n> Ny (o, M Tk
Lun(u,,(x)}—u,,(u(x))| <o.n> sz(%.ft).
|u,,(z.'z(x))—z.'3(x)‘ <o,n> Ny (o, /\71),

|:r;?(x)—zf,,(::3(x))| <.o.n> N_«,z(%.ft).

|:r::' (x)—1u, (;,mul (x))| <o.,n> Nmm(—%, A),

then for x € [0.4].n> N, =max{N,.Ny;.Nyy..... N, | We have

Y mm

|_f(.r.u”(x).u,zr(x}..... ) e Gl ) ()l (u(x)))' =2
m

Flxau, () (x) s w0 () — f(xau, ()12 (X)uenns u,';'_z.zt,':"z(uz(x))) i
U n 1 m

\f(x.u,,(x). U2 (X)senathy, (1" (X)) = (o1, (x)lz:ff(x).....u'"(x))‘ i
. m
Thus we have

. |f(x.u,,(x).u,.‘;(x).u,':(x)‘..., u,’,"(x))—f(x.u(x).uz(x),u‘"’(x).....u"’(x))l < i-&-£+£+...+i =& (10)
m m m m

Hence |1'”(x) - 1'(x)|.exp(—x) < g.d.exp(—x) (1)
lor xe [().A] and n2N.. And for x> s. we have |v,,{x)fv(x)| <2M and therefore. if A =25 we get
|11, (3) = v(x)|- exD(~x) < 20 -exp(~x) (12)
for x= A and for each n.
Let u be positive real number. There exists A 2 0 such that 2A -exp(—x) < g for x2 1 and

We can assume that A > s.For this A and for each & >0.we can find N such that for #»= N and
X€ [0‘/1].

|v,,(x) - 1'(x)| -exp(—x)<e-A-exp(-x)<&- A (13)

Putting & = % . we have |1*”(x)—1'(x)|-exp(—x) <u for n=N and x20.Thus T is continuous.
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Now, let {v,} be a sequence of functions in ¥ . For each n .we have |v, (x)| < M and

v, (x) =¥, (1)] < K |x—t|. Hence by Arzela-Ascoli theorem , we can find a subsequence {v,’,}
converging uniformly in [0,1] to a continuous v'. Similary we can find a subsequence {1,2,} of{v,',}

which converges uniformly in [0,2] to a continuous function v2. Finally we can find a subsequence

m

{., b } of {v'”_] } which converges uniformly in [0, m]to a continuous function v". Hence . the

n

sequence {v o } converges uniformly in each closed subinterval [0 : 00') to a function vel

: : 5 aM
such that v € v" in [0,m]. Let £ > 0be arbitrary positive real number. We put & = ]n(—}

£
we have
sup 1'(x}—'\',’,'(x)\-exp(—x) < sup 1'(.r)—1’:,’(x)‘+2M -exp(—k). (14)
x20 0<x<k .
Thus for n large enough, we get
sup v(x)r-v::(x)l-exp(-—x)S£+£=£. (15)
x20 PR

Hence V' is compact. Thus by Schauder fixed point theorem. we obtain a solution (5).

Next lemma will help us prove the uniqueness of the solution of the problem (1)-(2). Let
K'.L'.M" be positive constants and let a be the solution of the equation M a" =exp(-L'a").
Let ¢ be a real number such that |¢| < a and w a real-valued function continuous in [0,00) such that

Jw(x)| < icl +x Jfor xe [0.00). (16)

Lemma
If v isa function continuous in [0.00) such that

Ay X
wx) < L [vode+m* J' (1)) for  x20 (17
: 0 0
then v(x)=0 for x=0.
Proof.
Let a be arbitrary real number in the open interval (O,a*). Hence M a < exp(uL‘a). For

K" =1.we obtain v(x)=0for xe [0,a) and by continuity of v,

rx)=0 for xe [{).a“] (18)
Let #, =a'~’c|. We have 0<b <a and we have v(w(x)) =0 for x € [0.{7l ] Hence for
xe[b,,b,+a'], .

v(x) £ /i -Tj.v(r)d! +M" | v(w(n)dr = Jir I\’(i)df +M Iv(w(!))d! (19)

0 0 0 hy
thus v(x)=0for x e [b,,b, +a*] then v(x)=0 for xe [O,bI +a‘].
Putting b, = 8, , —|c|. we can show. by the same method. that v(x)=0 for x e [O,b5 +a'J and thus

v(x)=0 for x=0.

Theorem 6
Suppose that M. M, M; ... M, N,c be constants such that |c| <a where a” is a solution of the

equation M,a’ =exp(-Ma'),M = M, + M, +M;+..+M,. If fisdefinedin D theorem 5.
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ot MY =Vl

SMllyl _y1l+Mz

|f(X,yl, Yz!--'ayn)_f(xayv_y—zﬂ'"’yn) y2_y2

Elﬂd lf(x!.vi ) ,_Vj;_____y”, )i < 1 for every (x' b4l 2 Va2 y3.....ynr )' (X. Y- Yas V3o
exists at most one function defined and continuous for x =0 fulfilling (5).

Proof .
Let p(x)and z(x) be two continuous functions fulfilling (5) for x = 0.Now

. Vy) € D thenthere

l:(x)l < M + x for
x> 0.we have

PO = O+t My P (O= 2" (0]

[y = =) < [y 30y = =00+ M
0

<M, '_ﬂ Y1) = =0+ My [l o-w|di+.x i, l_ﬂ_v"’(t)— = (1) a
0 0 0
But

Y20 = 22 (0] < [P = )]+ 0 - 2=0)
i_v-"m_ :-‘m| < |y = O]+ [P EON = PN+ EEO)EEEEON

() ! o]y -y o) e - E ) ()"0
Thus

|v(x) = =(x)| < L ﬂy(:) — =(0)|di + M, j]y(;(z))_— ()| di+ et M, ﬂy(:'""‘ (1)~ ="(0) d
4] 0 0

where L = M, + My +2M5 +3M, +..+ (m=1)M,, . Now if we put y(x) =|p(x)—=(x)| and

w(x) = z(x). thenall assu.mptions of previous lemma are satistied thus v(x)=0 for x=>0. Thatis

yix) = =z(x).
The details in the proof of the theorems and lemmas in Podisuk® suggest us to come up with the
other proof of the existence and uniqueness of the solution of the iterative ordinary differential
cquation in the semi-infinite domain [0, %0).
First look-at the function R(x. y(x). yz (X). o ¥™ (%)) of the form
24 pay(x)M (7 (N ™ (' (20)
where k; .k; «....k,, are positive integers and k=k; Tl ...tk

Assume that

1. 0 < px) = ‘2—
2 0SREE y(x).yl(x).....y'“(x))sé for0 € x < % :
1 g
If we let y(,(.\')=z and y,(x) =E+ J.y,-{(f)drfor j=12....,m which yL(x):y,,(x). Then we
0

<— for OSXS]E and

have y,(x) converges uniformly toa unique function y(x) and y(x) -:lz-
y(x) <i—l Thus if we let y (.Jc)~i then

G TR < 4

v(x)——!—+-i[R(Iy (). 5 (1) "*(r))dr<l+.].ldr—l+f
g 7 ] Yolt) Yo l)s.os Vo o ) A5

0

ey IR reiae @l Heee |y 1
But Re+= ety | =r=liaptt NS =+ = or( < x < — thus
(4 2 4 B ) ’ [4 2] % (4 2)) 4 2f 2)
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X X
1 5 1 lisiEne ey
(XY= —+ VR Yo (D Y5 (Do ¥y (NS —+ || =+ =t =—+ =4,
nE=q Oj(ymyo() SHOFES Oj[4 2}1 T

By the same argument, we can see that y,(x) converges uniformly to unique function
X

y(x)in C' [O%} where y(x) s%-% and by the same argument as in the proof in Podisuk®, we

have y(x)e C'[0.0). Thus we have the following three theorems which we will state without

proof.
Theorem 7
If the above conditions are satisfied then there exists at most one solution of the problem
Y()= R, 7 (x), 7 (1), ¥ () @1
with the initial condition
W) =c (22)

where OSCSl.

£

Theorem 8
i
Let O(x) = Zl.Rf(x,y(x), yz(x),...,y”’(x))'.vhereR, (2, (%), ¥ (x),..., ¥ (x)) satisfies the above
= J
conditions then there exists at most one solution to the problem
Y'(x) = Q0(x) (23)

with the initial condition
y0)=c (24)

where OScsl.
4

In case ¢ =0 we have theorem 9.

Theorem 9
Let F(x,y(x), yz(x),...,y'"(x)) = £(x)+ O(x, Y(x), Y2 (x),0s ¥ (x)). If / is a position function

on [0.00) with

0< f(0) <% (25)
Osf(O)sl for xe[o.l} (26)
2 2
then there exist at most one solution to the problem
y(x)= F(x,y(x),yz(x),...,y'"(x)) (27)
with the initial condition
»(0)=0. (28)

Note. R and f in theorem 7 and theorem 9, respectively, may be negative. In this case we will

have the unique solution y(x) of the problem in (~w,~) as you can see in example 6.

We may use the same type of the above proof to prove the existence and uniqueness of the
system of n first order iterative ordinary differential equation of degree m on the semi-infinite

domain:
V)= £ (5900, 52 (0,000 () (29)

with the initial condition
y(0)=c (30)
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where
n(x) Yi(x) ¢
Dl 5(x) @
poe| 2 i 2
Yu(X) y;,(x) Cy

7 (x. () Y2 (X); s Y (x))

f(x, y(xlyz(x).....y'"(x)) = /2 (x“ y(x),yz:(x)...., y'"(x))

J (x, Yx), Y2 (x), s y”’(x))

Then we obtain the following two theorem.

Theorem 10 Suppose
(a) f; is defined and continuous in

B4l 8] | Y
: B4F) Y22 Y2 :
D= (%3 YgseYm )i =] T2 Y2 =T [ Y =| 77 |sand0S x,0< y; <01 jEml<k<n
Kin Yan Yo
fori=il2500n
M, L
; i : M, L, 5
(b) there exist positive K,.s and vectors M =| .= [.L=| ~ where M, and L, are positive
"'an L.H‘
constants, i =1.2.....n and a real-valued non-negative function g, (x) continuous on
g(x)
X
[0,5].g(x)= glf ) such that 2L, <M,, i=1.2,....n and
8, (X)

L. Lf}(xd’l|.y|2_-'-1)’1n.y2|.y22.---‘J’zn‘---ayml,ymz.---=ym)| <K; and

'“ﬁ(x-}y]]‘yl2.""yln.y2l_y22‘"'1y2n,""ymi,yml"'!ymn)“5K where K = max {K;}

1<i<n
for 0 £ Vi S max {M,-,M,- — by +max{g,(x) e s}}i =2 s =2 o
" 2. for arbitrary real-valued functions y,(x)(i =1,2,..,n,j = 1,20 defined and continuous on
[0.c0) fulfilling the inequalities 0 <y, < A(x)Xx=0,i=1,2,...n,j=1,2,..,m) where -
h(x)=g,(x)+ M, - L, for xe[0.s] and A (x)=M, for x>s. we have

for xe€ [0. s] and

[0, Oy 0] < L
0
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for x> s for i=1,2,....,n. Under the above assumptions, for every real number c; such that
L, ¢, €M, - L.i=1.2,...n there exist a solution of (29)-(30) of the class C' on the whole half-axis

xaxi{)

Theorem 11 Suppose that M,,M,,...,M,, be constants and ¢ is the n dimensional vector such that
lle]| < a where ais a solution of the equation

(My +2M; +3My + ...+ (m—1)M, )a = exp(-M a)
Sy ey
Sa(x ¥ Vasees V)

M = M+ My + .t M IE f (500000 V0) = : and

fm(x*yl-'y2"“'ym)
L5915 Vasees Yo hi = 1,2, n is defined in D of theorem 10 and

"f(x-yhyz--'--ym)_f(x-;lsz.""!;;) <M, ||y| _;H+ M ||y _E“""""" M,

|/ (X 31. 735000070 )| € L that is K =1 for every (Xs Y13 V2 seees Yo (X V13 V2svs Y )€ D then
there exist at most one function defined and continuous for x = 0 fulfilling (19)-(30).

Vm _E and

3. EXAMPLE

Example 1. find the solution in the interval [0.c0)of the equation

y(x)= %+{—+xy2(x), ¥(0)=0.

Let y,(x)=0 then from the first sequence of theorem 3 we get

(%) = 0.25x +0.0833333x

Yy (x) = 0.25x+0.104167x +0.00442708x° +0.000186012x” + higher power terms
5(x) = 0.25x+0.104167x" +0.00553385x” +0.000449371x” + higher power terms
Y4 (x)=0.25x+0.104167x° +0.00553385x" +0.000489053x” + higher power terms.

We can see that y,(x) will converges.
175 [

1.5

1.25

Va(X)

0.5

0.25

0 0.5 a 1.5 z
X

Figure 1 contains the graph of y,(x) for Example 1.

Example 2. Find the solution in the interval [0,%0) of the equation

'(x) = 4(0.25+ x7 ) y(x)y* (x)
with initial condition y(0)=0.2.

369



KMITL Sci. J. Vol.6 No.2a May — Dec, 2006

By letting y,(x)=0.2, we have
y,(x) = 0.2+0.04x +0.0533333x°
»3(x)=0.2+0.0416853x + 0.00435413x> +0.0556086x" + higher power terms

(%) = 0.2 +0.04179504x +0.00456606x> +0.00056079x° + higher power terms
We can see that y,(x) will converges.

2 ()

0.5 a1 L.5 2
X

ol

Figure 2 contains the graph of y;(x) for Example 2.

Example 3. Find the solution in the interval [0.00) of the equation

1 3
Y(x)=32+ 2@ 7 () + 4y ()5 ()
with initial condition y(0)=0.25.
By letting y,(x)=0.25, we have
»(x)=0.25+0.0703125x +0.00781 25x°

¥3(x) =0.25+0.083449 + 0.0224389x% + 0.00144319x" + higher power terms.
We can see that y,(x) will converges.

Figure 3 contains the graph of y,(x) for Example 3.

Example 4. Find the solution in the interval [0.0) of the equation
Y'(x) =y} (x)
With initial condition y(0) =0.09.
By letting y,(0)=0.09, we have
Y (%) =0.09+0.09x
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5 (x) = 0.09+0.098829x + 0.0003645x*
y5(x) = 0.09+0.09977755x + 0.0004833313x +1.31734x10~° x° + higher power terms

4(x) = 0.09+0.09988110x + 0.0004758x> +1.78313126x10™° x° + higher power terms.
We can see that y, (x) will converges.

200 +

50 f

OF; . : A i A R
0 50 100 150 200 Z80 300
X

Figure 4 contains the graph of y,(x) for Example 4.

Example 5. Find the solution in the interval [0.00) of the equation
Y'(x) = Y2 ()1 + x + xy* (x))
with initial condition y(0)=0.01.
By letting y,(x)=0.2, we have
Y (x)=0.01+0.01x+ 0.00505
¥y (x)=0.01 +0.0101005x +0.00515177 + 0.0000515219x" + higher power terms

¥3(x)=0.01+0.0101015x+0.0051533 1x% +0.0000527451+ higher power terms.
We can see that y, (x) will converges.

20

0 5 10 15 20
Figure 5 contains the graph of y,(x) for Example 5.

Example 6. Find the solution in the interval [O, oo) of the equation

Y0 = 90y ) -
With initial condition y(0)=0.25.
By letting y,(x)=0.25. we have
¥(x) =0.25-0.25x+0.03125x* - 0.333333x°
P2(x) = 0.25-0.25x + 0.023306x> +0.342502x° + higher power terms
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¥;(x)=0.25-025x + 0.0229453x° +0.342314x> + higher power terms.
We can see that y, (x) will converges.

1.5

2l

=15 -1 -0.5 o . 0.E 1 1.5
Figure 6 contains the graph of y;(x) for Example 6.

3. CONCLUSION

We may prove the existence and uniqueness of the above problem for the infinite domain (~o0,0).

We may use the numerical method introduced by Podisuk—Suchatvejpoom-C‘haisanilT to find the
numerical solution of the first order iterative ordinary differential equation of m degree

Y0 = £ (3, 2 () ¥ () (31)
with the initial condition
»0)=c. (32)
However. we have the new way to find this numerical solution, we call * The polynomial
Approximation Method™ . by letting the approximated polynomial of degree k be
V(%) =g + @+ ax* .t axt. (33)
We get the value g, by putting x=0 in y,.(x) in (31) and substitute the value of x by the value of x
at mesh points xj.X5.....X; € [O.a] then we obtain k equations which we may solve for a,a;,....q;.
Then use y,(x) to find the approximated value of the solution of (29)-(30). For example. for the
problem '(x) = 32 (x)— 0.25y(x).x € [0.1] with the initial condition y(0) =0.25.
It we let y.(x)=a +a|x+a2x2 with the mesh points x, =0.x, =0.05and x, =0.1 the we obtain
ay =0.25,a, =0.25and a, =0that is y,(x)=025+0.25x. It still remain, finding the application in
the real world problems using the iterative ordinary different equations. The author is thinking about

the problem of Growth and Decay problems which will be helpful in the area of environmental
science.
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