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ABSTRACT

As the same as planar dlipse in Euclidean plane, spherical ellipse on the unil
sphere is determined by two parameters: two foci and a string with certain
lengzel. Spherical ellipse is also the intersection of dn clliptic cone centered at the
urigin aml the unit sphere. Spherical ellipse has three parameters; focus, major
axis, and minor axis, In this paper, we will introduee the fourth parameter,
asviptotic angle. There are seven relations between these fonr parameters,
Duality s a key word to understand these relations,
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1. INTRODUCTION

In this paper. let us investigate the spherical ellipse (spherical conic) and the
relations hetween four parameters of the spherical ellipse. First, lel us review
the planar eltipse on the flat plane as Fig. 1. This ellipse is geometrically detined
by two parameters. that is, two foci (e, 0) and €7 —e, 05 and the string with
Jength L such as the locus P satisfving P + C'P = L. Point A{a. 0} is called
the major axis, and point 20, ) is called the minor axis, [t is well known that

Figure 11 Ordimary Planar Ellipse

the string length L is equil to the donble of «a (set o point P on the ellipse at
A the Pythagarean relation a® = 6% + ¢ (set a point P on the ellipse al
Bi: This ellipse is algebraically detined by the equation

.!"_) t’,‘.’
—+ = =1
a2 P

The purpose of this paper is to Hud oue the similar relations on the spherieal
ellipee. We will introduee the fourth new parameter o, and there are seven
interesting and anweing relations between them.

9. YPHERICAL ELLIPSE

Let s considder the spherical ellipse on the moit spliere. As the same as the planer
cllipse. o sphierieal ellipse is geometrieally defined by two parameters. that is,
two fuet (€ and €9 and the string with legsth L osnel as the locus P osatistving
are Dongthi C Py 4 ape Tengeh (P = L In this cose, this string is eomposed of
twe ares on the unit spheve. Figo 2 shows o spherieal ellipse on the anit sphere
contered at the north ]‘n_rln- N0 L, Set Aisine. 0 cosal. B0.sin h.oeos b,

atd Cisiwe, L eosel as one of the end points of major. minor axes. and foel,
respectivelywin < b oo Note that a = are lengthiN A 1s
eptal to the central angle ¢ NOA As the sume as the planar ellipse. the string
lesgeh £ 35 the double of o, In addition, the spherical triangle S BN s o

U R R ]

righit-anglad triangle, luner
cusn = cusboose il

from the spherieal cosine law fuor sides [2Jipp8di. However, it is ditienlt to
itnagine this spherical ellipse from the geometrieal definition by the foei wnd the
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Figure 2: Spherical Ellipser on the Tnit Splure

stiing, Algebraically. this spherical ellipse defined as the interscetion uf thie unit
splure and an dlliptic eone as i the follusing theoren [1] ipp.312;.

Theorem 1. Spheical eliipse is given as the intersect jon af the unit sphere
S . B i X e e = 1
4 g2 4 22 = 1) and @ cone centered ot the ovigin determined by the follvwing

et foes

@
st = R s e 21
tawt“a tan= b

Proof. Let Piv.y i be o foint un the spherical ellipse ad Co—sine, 1), Cus e
L another foeus, Then,

e QIR = e e, S LCOP = /L~ 0 raine+ s cosel,

am S0P = —rsine 4+ 3 cuse, sin £CMOP \.-"-1 l—vlf — ISl e+ f con S

cusi 0OF 4+ 200P) = cos 20 implics that

FTeUST e PRRINTie = eos2a = T IES i sin e s cos el il — [ —rsine + 2 cos =0k

Seuaring the both side of e above eciation,

o

oL i : R
— Qe a(” ant o= 27 vin el ool 20 = | - 207 8inT e+ T ean i

Commenpiently, we wi

0

=1

sinfasant e oaRt o ron e

Nowonsing coxe = cosbeose and #2 4 G+t =

' 2

=22 gt

) T -
ST sinT e oas?h

A el wee et

Lan= o
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ot
h

f
it 17 = 1) and one of three cylinders deteymined by

Henss

2l

—y— by = | i3

sinca st h

T S :

T 5 =i ) P4

ST af st e | CosT b

el i

" “‘ S+ — =l e i)

cus” atan” bisinTe o8t d

Froof. Tsiug Equativn (2) 2o+ ianib = 22 P4yt 427 =

and Equation (1] cosa = ewsbewse, these equations are easily derived fram
S 3 . P By ¥
eliminating the term =%, g%, and 27|, respectively. 0o

Ecpuation {3} means that the orthogonal projection of the sphierical ellipse ta
wv-plane is an ellipse in the unit cirele (See Fig. 3 (left)). In the same way,
Equation (4) means that the projection to xz-plane is an cllipse intersecting
with the unit civele (See Fig. 3 icenter)). Hence the projected image is a part of
the ellipse. And Equation (%) also means that the projected inwge to yz-plane
is a part of a hyperbula (See Fig, 3 (right)).

: ' A r

S I A
L s : L
L f

Figure 3: Projections to xy-Plane, xz-Plane, and yz-Planes

3. THE FOURTH PARANMETER d

Now let us introduce the fourth parameter o as the angle hetween the asvinptote
of Equation (51 and z-axis, where the equation of the asymptote is y = £ tand
as in Fig. 4diright). Then Equation (5 is written as a simpler forn:
420 )
SLfo - e )
cosatan®d | custa

and this esypnpiotic angle d is defined ag
tand = tanb/sine. i6)

Let D be o point on the unit sphere as Di0,sind. cos d){3ee Fig. 4ivight]).
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Figure 4: Projections to xy-Plane, xz-Plane. and ye-Plane with Asymptotic
Curve

Let us focus on the asymptatic curve which is the intersection of the asviuptote
and the unit sphere. The projected images of this curve to xv-plane and xz-plane
are ellipsesiSce Fig. 4ileft, center):
2 ‘
2 + —yr—H =]
sin® d

v
1

Aupsiel et
cos? d

Moreover. These ellipses look like similar to projected images of spherieal el-

lipses. In fact. it is true

Proposition 1. The projected images of the asymptotic curve to ry-plape and
2z-plane ere similar to the projected images of spherical ellipses. respectively,

Proof. It is enough to show that 1 @ sind = sina ; sind and | ¢ cosd =
sina/sine : cosb, Using Equation (1) cosa = cosbeose and Equation (6]
tand = sinetand,

sind sinb tan b Lan b
sina 'l — cos- beost o v I eos2biicesde A oy
tan o sin o
V4 tan® o 1

[n the smoilar way,

cosd  sind  sinb/ sing cosh

1 tand  tanb/sine  sina/sine t

It s interesting that asvptotic curve looks like outside ot sphurical ellipse in
Fig. dileft), however. asymptotic curve looks like inside of spherical ellipse in
Fig. dicenter).

4. SEVEN RELATIONS
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Noww let s summarize l]VJ!,‘ reliations between o paranuelers o, e aand o, Sonme
of relations are alreads founded, For exaanple. sinb = sind<ina and cusbsin e'=
comalsine in the proot of Propesition L In tobal, there are sesen relations,

T ; S ;
Theorem 2, There are four wlations betiteen three of four paaneters:

et = cusbecone 17
tand = sine-tand i~
tane = cosd - tana (e
sinof sina =sinh, RN
Cthere g three relations be

sile = cused - wina i1l

= cose-sind - tane P12

sink = tane-tad - cose. 13

Proof. Eaquation (7] is the very Equation (1) which is the Prthugoren theo-
venn i spherieal geometrss Equation (81 is the very Equation (6] which is tle
cletingtion of the tourth parmueter . Equation (10 is showed o the proof of
pl‘-.l]h.'-\'ltiuu 1. Equation (9] is derived from Equations {7), (8], and (10):

sine tand{tand sinh sindsina

L e = = - = = = cundd lan o,
cos e cosed cosh tandeosa tandoosa

Equation (111 is also showed i the proot of Propodtion L Equation (127 is
derived from Equations £7) and (8):

s“Anb sind sina S5
i h= "0 = — cosesindtau.
cosb  cosacose

I the similar way, Egnation (13 is devived from Eguations (77 and (103

= tl'u]l",ﬂll(l,':‘f.'.‘i(!. 0

. I p TSl
sinb=tanbeos b= sinetund
o

0S¢

It is amazing that all combinations of trigonometie funetions(sin, cos. tun) and
[y parametersia. b, e, di exist once in Equations (7). (). (91, aned (107, In the
satne way, all combinations exist onee in Ecpuations (11, 0121, and (13).

5. DUALITIES

To understand the previous seven relations, lel us consider the polar spherieal
cllipse of the spherical ellipse.

Theorem 3. Under the interpretations as follows:
a—b ¢—d sin— cos. tan — cot,

. P y ek - b - /
Equations {7) end {10} are duel, and also, Eguations (8] and [(9) are dual.

;
!
Furthevmore, every equation of Equations (1), {12) end {13} is self-dual.
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Froof. Tt is easy tu check these duality in each equativn. To understand the
reasun, we have to consider the polar shperical ellipse. The polar spherieal
cllipses is the interseetion of the polar cone of the conel Equation (211 and the
unit sphere. The polar cone is the set of normal line of & plase which is tangent
ti the cone. Equation 12) of the cone ) is written in the quadratic forn;

Lt o Qi) T
(s 1] Litan®h 0 YiEl=10;
: i} 0 1 2

The tangent plane ab (rg. wetal £ Gais

10 tan? q 1603 S P
T i) Litan®h 0 v =0
0 (1 ¥ 3

Denee anorninl of this planeis (e g0 = (g ftan? o wo/ tan= b, 2. (1o, g 2 =
o a D] Lo . - .
Gy lan ac gy tan b, 1) is i O, that is,

: L tan® o 0 0 71 tan?a
irptant e grtanth 3y i 5 it b 0 g tan?b | =0,
Sy 0 1 %
tan? a 1] iy feasy
1 Vo s 0 tan“b 0 Wo=0.
i} { 1 >t

Therefore, the equation of the polar cone is
1! 4

0]
- Yy a

2 =
cot“a  ewth
Lot ja' & ¢ ') be the parameters of this polar cone,  Since coth = cota.
tana’ = cot b and tanl’ = cota. that is, o’ + b= 4 0 = w/2, Then.
cosa’  sinb

=" =-sind.

cose! = — -
cos i sl a

In the sane way.,
e T T )
sind’ = 5 = T = cose,
sina’ cos b

These equations implies that ¢ +d = & + ¢ = 7/2. In this way. the polar of the
polar eone is the cone, and this is the reason why these seven relations have the
I o

dnal property. O
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