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Remarks on Weierstrass 6-semigroups

Jiryo KOMEDA

Abstract. A numerical semigroup means a subsemigroup of the additive
semigroup Ny consisting of non-negative integers such that its complement
in Ny is finite. A numerical semigroup H is called an n-semigroup if the
minimum positive integer in H is n. A numerical semigroup is said to be
Weierstrass if it is the set H(P) which consists of pole orders at P of regular
functions on C\{P} for some pointed non-singular curve (C, P). This paper
is devoted to the study of Weierstrass 6-semigroups H. Especially we give a
Weierstrass 6-semigroup which is not the set H(P) for any ramification point
P over a double covering of a non-singular curve.
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1 Introduction.

Let C be a complete nonsingular irreducible algebraic curve of genus g > 2
over an algebraically closed field k of characteristic 0, which is called a curve
in this paper. Let K(C) be the field of rational functions on C. For a point

P of C, we set
H(P) := {a € No| there exists f € K(C) with (f)e = aP},

which is called the Weierstrass semigroup of the point-P. We note that H(P)
. is a numerical semigroup. Hurwitz’ question in [3] was whether every numer-
ical semigroup H is Weierstrass. It had been a long-standing problem. Buch-
weitz [1] finally showed that not every numerical semigroup is Weierstrass.
On the other hand, there are a lot of positive results. We are interested in
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the following result: For any n < 5 every n-semigroup is Weiersrass (See
Maclachlan [10], Komeda [6]. Komeda [7] for n = 3, 4,5 respectively).

We are interested in Weierstrass 6-semigroups. In Section 2.we review
the results on Weierstrass 6-semigroups in Komeda-Ohbuchi [9]. One of these
result is related to the Weierstrass semigroup of a totally ramification point
on a cyclic covering of the projective line with degree 6. Another one concerns
ramification points on a double covering of a trigonal curve. In Section 3 we

-study 6-semigroups whose monomial curves are specializations of some affine

toric varieties. Such a numerical semigroup is said to be of toric type. We
know that every semigroup of toric type is Weierstrass by Komeda [6]. We
give semigroups of toric type which are not the Weierstrass semigroups of a
ramification point on a double covering of a curve.

2 The Weierstrass 6-semigroup of a ramifica-
tion point on a covering curve

An n-semigroup H is said to be cyclic if it is the Weierstrass semigroup of
a totally ramification point on a cyclic covering of the projective line with
degree n. If n is prime, Kim-Komeda [5] gives a computable necessary and
sufficient condition for an n-semigroup to be cyclic. In this section we survey
the results on 6-semigroups in Komeda-Ohbuchi [9]. To state them we need
a new notion about a numerical semigroup. For an n-semigroup H we set

SEL) = {nsis s Snt

where s; = Min{h € H|h = mod.n} for each . We call S(H) the standard
basis for H. :

Theorem 2.1. Let H be a 6-semigroup with
S(H) = {6,67’1’1.1 + 1,6mg + 2,6m3 + 3, 6my + 4, 6ms + 5}
Then it is cyclic if and only if we have

My + mg = ms + my, My +ms = may +my and my + mg 2 my + ma.
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Moreover, Komeda-Ohbuchi [9] treats the Weierstrass semigroup of a ram-
ification point P over a double covering f : C — C. In fact, the paper [9]
shows the following:

Theorem 2.2. Let H be a Weierstrass semigroup of genus r 2 0, i.e., there
ezists a pointed curve (C, P) such that H(P) = H: For any oddn 2 2¢(H)+1
we set H, = 2H + nNy where c(H) = Min{c € Ng|c + No C H}. Then there
exists a double covering f : C — C with a ramification point P over P such
that H(P) = H,.

We note that every 3-semigroup is Weierstrass. Hence, we get.the follow- |
ing:
Corollary 2.3. Let H be a 3-semigroup with S(H) = {3,3l + 1,3y + 2}
and n an odd integer larger than 2c(H). We set H, = 2H + nNy. Let C be
the curve defined by an equation of the form

y3 = (5'3 5 C11) Wi (fC —_C1 252—z1+1)($ T 021)2 Sy (39 ey 2¢1—.!2)2

and 7 : C — P! the morphism sending a point @ to (1: z(Q)). We denote
by P the point of C such that m(P) = (0 : 1). Let f : C — C bea
double covering with the ramification point P over P in Theorem 2.2. Then
H, = H(P).

Proof. We have H(P) = H (For example, see Kim-Komeda [4]). By Theorem
2.2 we get the result. o

When H is a 3-semigroup, using Theorem 2.1 we give a criterion for the
6-semigroup H, in Theorem 2.2 to be non-cyclic.

Proposition 2.4. Let H be a 3-semigrovp with S(H) = {3,301 + 1,313 + 2}
and v an odd integer larger than 2c(H). We set H, = 2H + nNp.

i) If n = 3 mod 6, then the 6-semigroup Hy, is cyclic.

ii) Let n = 1 mod 6. If 2l; = ly, then the 6-semigroup H, is cyclic. Other-
wise, H,, is not cyclic.

iii) Let n = 5 mod 6. If Iy = 2ly + 1, then the 6-semigroup H, is cyclic.
Otherwise, H, is not cyclic.
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3 6-semigroups of toric type.

In this section we are interested in a Weierstrass 6-semigroup which is not
_ the semigroup H(P) of a ramification point P over a double covering f :

C — C. By Lemma 2 in Komeda [8] we see that H(f(P)) is a 3-semigroup
if and only if H(P) is a 6-semigroup.

Lemma 3.1. Let f : C — C be a double covering with a ramification
point P such that H(P) is a 6-semigroup. Let S(H(f(P))) = {3, a1, a5} with
a; =1 mod 3 for eachi and S(H(P)) = {6, by, by, b, by, bs} with b; = j mod 6
for each j. We denote by t the number of ramification points of f. Then we
have the equality

by by bs a1 [0‘42:' t
<0 ) el e w2l R e
[6J_+{6}+[6 [3]+ Fls i

where for any real number r we denote by [r] the largest integer which is less

than or equal to r.
Proof. By Riemann-Hurwitz formula we get

3 [] 2= (5] 5D -2)

By Lemma 2 in Komeda [8] we must have by = 2a; and by = 2a,. Hence we
get the result. a

Using Lemma 3.1 we can find a 6-semigroups which is not the Weierstrass
semigroup of a ramification point over a double covering. To give such a 6-
semigroup we introduce a new notation. For a numerical semigroup H we
denote by M(H) the minimal set of generators for the semigroup H, which
is uniquely determined.

Proposition 3.2. Let H be a 6-Semz‘group with S{H) = {G,bl,bg,bg,btl,bs}'
~and M(H) = {6,b;, b3, bs} where b; =1 mod 6. We assume that H satisfies
one of the following:

1) by = by + bs, by = by + bs,
ii) by = b3 +b5, b= 255, by < 2bs,
,iii) by = 251, b4 = bl +b3, 55 < 251,
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iV) b = 2by, by = 2bs, b3 < by + bs.

Then there is no ramification point P over a double covering such that
H(P)=H.

Proof. Assume that there were a ramification point P over a double
covering f : C — C such that H(P) = H. First, we consider the case i).
By Lemma 3.1 we have

5o 5]+ - 232 o) o

‘where ¢ is the number of the ramification points of f. This equality implies
that :

which is a contradiction.
Second, we consider the case ii). By Lemma 3.1 we have

by by bs i bs + bs 2bs ; t
- (- 2 e
which implies that
bl _[2s] ,
Bl 6 95

Since‘bl < 2bs, the equality is impossible.
Third, we consider the case iii). By Lemma 3.1 we have

b b3 bs| _ [2b1 by + b3 t
R IR e R e
In view of bs < 2b; the equality cannot hold.
Forth, we consider the case iv). By Lemma 3.1 we have

BBl Bl

In view of by < b1’ 4 by this is a contradiction. O

To find another kind of Weierstrass 6-semigroup H we construct an affine
toric variety whose special fiber is the monomial curve Spec k[H] as in the
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proof of the following theorem. Such a numerical semigroup H is said to be
of toric type.

Theorem 3.3. Let H be a 6-semigroup with M(H) = {6, by, bs, b5} where
bi = 1 mod 6. Assume that by + b3 < 2bs and b3 + b5 < 2b;. Then H is of
toric type, hence it is Wezerstrass.

Proof. Since by + by < 2bs and bs + bs < 2by, we have 2b; < by + bs. There
is a generating system of relations among by = 6, b1, b3 and b5 as follows:

201 — b3 — b
Ofgbo — ()!353, C}!lbl e —1%50 + bg + b5,
2bs — by — b by + bs — 2b
asbs = %ba + by + b, 1—;”‘—3bn + 2b3 = by + bs,
2bq :
where we set g = —=, oy = 2,03 = 2 and o5 = 2. Let pgy : k[X] =

k[Xo, X1, X3, X5] — k[H] be the k-algebra homomorphism sending X; to
t%. We denote by J the ideal generated by

2b) —by—bg

D S G e GRS D ¢

2bs—by —by by 4bs —2b3
XGOS TR S e X
To show that H is of toric type, first we have to prove that the ideal Iy =
Ker ¢y is equal to J. By Herzog [2] we may take as generators for the ideal
Iy one of the following types:
(I) F = X=X X[* X{", where 4, j, k and [ are distinct, and v; > 0, p; > 0,
w2z 0 =0,
(II) F = X" X;” — X}* X{", where 1, j, k and [ are distinct, and ; > 0, v; > 0,
i > 0, > 0.
Let F € Iy be of type (I). If v; > «;, then we may decrease the weight of " or
reduce this case to the case (II) where we define the weight on the polynomial
ring k[X] = k[Xo, X1, X3, X5] as follows: the weight of X; is a; and for any
non-zero ¢ € k the weight of c is zero. Let i = 0 and vy = ap. Then we

may assume that F = X2 — X1 X! because Xg° — X2 € J. Moreover,
2b) ~bg—bs 2bg—b1 by

since X2 — X, ° X3Xsand X2-X, ° X;X; we may assume that
F = X2 — X1 X5, which are absurd because of 2b3 < b; + bs. If i # 0 and
v; = a;, by a similar method to the case ¢ = 0 we get a contradiction. Let
F € Iy be of type (II). We may assume that 7 = 0. If j = 1,5, this is absurd.
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If j = 3, we may decrease the weight of F. Hence, we get Iy € J, which
implies that Iy = J.

We set
2b 2bp — by — b
do1 = ?3, dyn=1,di1=1,dpp=1,dp= —16—3i’

2bs — by — b3

5 :
The following three relations in the generating system form a fundamental
system of relations:

dso=1,dsp =1,ds51 =1, dog =

dorbo = (da1 + daa)bs (1)
(di1 + deI)bl = dpabo + da1bs + ds1bs (2)
(dsy + ds2)bs = dosbo + di1by + dazbs (3)

because the remaining relation in the generating system is described as
t(2) + *(3) where f(n) means the equation whose right side (resp. left side)
is the left side (resp. right side) of the equation (n). We attach the vec-
tors a; = e;,ap = €3,a3 = e3,by = e4,a5 = e5 and ag = €5 € Z8 to
do1bo, daibs, d11by, diob1, dogbo and dsabs respectively, where e; denotes the vec-
tor whose i-th component is 1 and j-th component is 0 if j # ¢. Hence,
the vector a; = (1,—1,0,0,0,0) is attached to dszbs. Moreover, we attach
ag=(0,-1,1,1,—1,0) and ag = (—1,0,0,1, —1,1) to ds1bs and dozbo respec-
tively. Let S be the subsemigroup of Z¢ generated by aj,...,aq. To check
that S is saturated it suffices to show that :

9
Z R+a1 n ZS g S:
i=1
9
where R, denotes the set of non-negative real numbers. Let a € Z Rya; N

i=1
9

78, We may assume that a = Z)\i-a@- e Z° with 0 £ \; < 1, all . Then we

i=1

get
a=(/\1+}\7—/\9,)\2—)\7—/\3,A3+)\3,)\4+A3+/\g,)\5—/\g—Ag,)\s‘Jr‘/\g).

We denote by p; the i-th compenent of a. It suffices to show that for ps =
—1 or pus = —1 the vector a belongs to S. Let us = —1 and us = —1.

187




KMITL Sci. J. Vol. 5 No. 1 Feb. 2005

Then Az + Ag = 1+ Ag and A\g + A\g = 1 + )5, We may assume that a =
(0,-1,1,1,-1,1).=ag + ag € S. Let py = —1 and pus = 0. We may assume
that a = (0,-1,1,1,0,0) = ag +as € S. Let up = 0 and pus = —1. We may
assume that a = (0,0,1,1,-1,1) = ag + a; + a3 € S. Thus, the semigroup
S is saturated, which implies that Spec k[S] is an affine toric variety. Hence
H is of toric type. By Komeda [6] the 6-semigroup is Weierstrass. O

By Proposition 3.2 and Theorem 3.3 we can show that there is a Weier-
strass 6-semigroups which is not the Weierstrass semigroup of a ramification
point over a double covering.

Corollary 3.4. Let H be a 6-semigroup with S(H) = {6,b;, by, b, by, bs}
and M(H) = {6,by,b3,bs} where b; =i mod 6. We assume that H satisfies
bi+ b3 < 2b5 and by + bs < 2by. Then H is not the Weierstrass semigroup of
a ramification point over a double covering, but it is Weierstrass.

Proof. Since by + b3 < 2b5 and b3 + bs < 2b;, we have

bg=bg+b5 andb4=b1-+-bg.

By Proposition 3.2 and Theorem 3.3 we get the result. O
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