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Abstract

Regression analysis is one of the analyses to predict some variable y which is infli-
cnced by the data based on other variables Ty @y = Ly jATC AS

prediction
ay t+aypr 4 -+ (lp.'l'p

This analysis is used as the factorial experiment with regard to examine the variables!
contributing the prediction. In this study, we construct the calculation method of the
llnear multiple regression equation and the multiple correlation coefficient needs this
prediction. Furthermore we carry out the prediction and the investigation based on
the data of 30 students players of Baseball club in Tokai University as an application

example.

Key Words and Phrases prediction; factorial experiment: linear multiple regres-

sion equation; multiple correlation coefficient

1. Introduction

When we derive the relation equation between some variable y(criterion variable)
and the variables r, xy, - , Zy(explanatory variables) influenced y, we predict the
value of y from the values of z,, zy, - - - IO evaluate the influence of each z. We call
a simple regression analysis and a multiple regression analysis in case of the number
of y is more than 2. Here we describe thoe multiple regression analysis in case of the

number of explanatory variable is p.
In order to predict the value of the criterion variable y from the explanatory variables

Loy ey we suppose the following relation between y and z;, zo, - - - , Tp by using

a huletion foas.

Wi = f(-"'liwr’_?n"' ..T",“;) Ar @i (l’ = 152)“' ,TI.),
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where e; is the error term that can not explain by the values z;;, Ty, - - - s Ly of the
explanatory variables. The form of the function f, e.g. the relation between y and
Ty, Xy, , T, Is generally unknown.

In the multiple regression analysis, we consider the linear equation of z,;, z:, - - - ,

as f(ry, Ty, -, 1) and suppose the following linear multiple regression model
yi:a0+a]1:1i+"’+ap$pi+ei1 {7::1527'“7”‘)1

where ay, a,,- - ,a, are the regression coefficients and aq is a constant term.
In this study, we derive the multivariate regression equation in Chapter 2, the mul-

tiple correlation coefficient in Chapter 3. Furthermore we apply this analysis to two

examples in Chapter 4.

2. Multiple regression equation

The multiple regression equation is used to predict the criterion variable from the
explanatory variable or examine the relation(correlation) between the criterion variable
and explanatory variable. Here we detail about linear regression from linear regression
and nonlinear regression in the Multiple regression equation.

Now we give an criterion variable y and the n data(observations) of p explanatory
variables ry,.ry, .-+ ,r, in Table 2.1.

Table 2.1 Criterion variable and explanatory variable

Criterion variable | Explanatory variable
Data.No. .
y W e Ty
Y1 DT s Ip1
2 Y2 T2 Iz - Tp2 -
¢ Y it Moyt T
n Un Lin T2n " Lpn

Then we construct an equation(prediction equation) to express the relation between
Ly &gy, oy and y to predict the value of y from zy, 25, -+ ,z,. Usually we suppose
the prediction equation as

Yi = Qo+ @yry + oLy + -+ @I+ e (0=1,2,--- ,n) (2.1)

Here we explain how to derive the prediction equation from the given data in Table
2.1. In other words, we show how to calculate the coefficient of variable a;,a, -+ ,q,
and the constant ay from the data in Table 2.1. Table 2.1 is rewritten by
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Table 2.2 Prediction errors

Data.No.

€

s

e1 =y — (a0 + a1z11 + aszo; +
ez =1 — (@p + a1Z12 + a920y +

ei = ¥ — (@0 + a1Z1; + aszo; +

€n = Yn — (@0 + 01215 + anZy, +

e ap2p)
R apa:-pz)

Tt GpTp)

B ,+.. apg;pn)

in terms of the prediction error. Based on (2.1) and Table 2.1, We calculate the values

dqg, Gy, -+ -
squares method)

n n g
Z E? = Z{yi = (CL{_) + a1xy; + asTo; + - - -
1=1 i=1

then
S11° Sy1. vt Sip
B Sy e B
e monl Syp Spp e
aj ) (J T
AT D e
So1) 582 g 8oy
PplaeSpa s Gy

where the covariance matrix of z1, z,, - - -

LJ‘

lf3"0 o 37 e (&lil Slghis ol &‘p-fp)-;

Saas
811 S12 511 Sip
So1 Sa29 Sol S2p
Ch SR DT G TR
Spit iSpor i il B e Sy

219

,@p of ag, ay,- -+ | a, to minimize the sum squares of prediction error(the least

A apmp‘i)}gv

o) (2.2)

(2.3)
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where

1 mn ke i :
S = Eg(iji—i‘j)(mgi—ﬁi”, (j,l:]_)z’... ?p)

awd the covariance of y and z,, 24, -+ , , are

] & 3 i
Pl S Z(?ﬁ — )21 — Z1),
=1

1 1 . o, B
Sy2 = E (ye =r y)(‘l’ﬂt .12'2)? (25)

=1

n
1 : b

Svp E (i — U)(zpi — Tp).

=1
Thus we can express the prediction equation as

Yy =ag+ a&1Zy + - + a1, (2.6)

by using ay. .-+ Lay, a4 in (2.2),(2.3). We call this equation as the (linear) multiple
regression equation and @y, as, -+, @, as the regression coefficient for the explanatory
variables #y, .y, -+ 1, of the criterion variable y.

This equation applies the straight line to the points of n data inlaid the two-
dimensional orthogonal coordinates of z-axis and y-axis in the case of p=1, while
this equation applies the p-dimensional hyperplane to the points of n data inlaid the
orthogonal coordinates of (p-+1)-dimensional space consisted of y-axis, x;-axis, z,-axis,

-, ry-axis in the case of general p.

3. Multiple correlation coefficient
When we let the prediction value of the criterion variable 1; to obtain the multiple

regression equation(2.6),
}, gy A m.r“+('L-_}.1.‘2,-+---+&p:ﬂpi (1.: 1,2,"' ,Tl.).

We call the correlation coefficient(we write r,y) between y; and Y; as the multiple

correlation coefficient between y and zy, ,, - - -, z, and write ry.3..p, that is,

Table 3.1 Criterion value, prediction value and prediction error

[ Criterion | Prediction value | Prediction error
% Y Vi e
fold
M Y e1 =1 — Y
e 5 ¥y ey =1y — Ys
| Yn };L En = UYn — }/n

[£5]
2
.
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Syy

V' SyySYy

Tyy = = Ty.12.p5

where
s n

1
S = Z(yi —7)?, (variance of y),

i=1 :
1« S
WY oo K#Yf—: . fY'n
{ Syy nél( ) (variance of Y)

N

If we use the determination

Syy Sy1 Sy2 "'t Syp

Sk a8 S0 e Sl
S — Chs DT e D e e T e

Spy  Spl Sp2 Spp

we can represent(3.1) as

where s;, is the cofactor of 1 x 1 component of determinant S,that is,

SIS e S

Sojntgoalitat et Sy
511 =

Sp1 Sp2 "t Spp

Then 74.12.., satisfies
0Sry2p S,

while 1, satisfies =1 £ 7y £ 1.

1 n
Syy =~ Z(yi —7)(Y; = Y), (covariance of y and Y).
i=1

(3.1)

(3.2)

(3-3)

(3.4)

Here we consider the reason why (3.4) is correct and why the multiple correlation
coefficient (r,.12..,) is the scale to represent the strength of the relation between the

variable y and the variables z,,Zq, - ,T}.
(Give a decp significance of multiple correlation coefficient)

we realize some things as follows;

When r,.1a.., = £1,5 1, & = 0. Thus the prediction error isallO at &, =& =+ =

€p

= () and all the point of data are on the regression surface of the (p+ 1)-dimensional

space. The value of S, & takes a larger value with 7,.15.., approaches 0 from 1 and
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the points of the data leave gradually from the regression surface. We call that the
multiple correlation between the variable y and the variables £, Z2, -+, Zp is powerful
if 7,.12.., approaches 1 in the meaning of the points of the data line up along the
regression surface, while we call that the multiple correlation between the variable y
and the variables z1,zo, - -+ ; &, is weak if 7,.15.., approaches 0 in the meaning of the
points of the data leave and disperse from the regression-surface.

Similarly to the correlation coefficient, we notice that the what the multiple corre-
lation is powerful means the points of the data line up along the regression surface.
Usually the value of ry.12.., dose not approach 1, while 7,.15.., has strongly the curved
surface correlation in the case of points of the data do not line up along the surface
but line up the curved surface. In this case, we must notice that we can not guess the
strength of the relation by the value of the multiple correlation coefficient.

Notice We call the squares of the multiple correlation coefficient;

2 9,
2 s A I e e 0
y12p = 7 =
SyySyy  SyySyy Syy
n

r

varience of prediction value

2 varience of value of criterion variable

i=:

as the coefficient of determination or the contribution and we use this as the scale
to represent the virtue to apply the regression surface to the data. We consider the

magnitude of the sum of the squares(residual sum of the squares) of the prediction
error as the scale to represent the virtue to apply the regression surface to the data.

n
1 E :—2
= €;
n <

=1

i8 Syy(1 — Ty12.p), T, 15 USed as the scale.
Also we can consider Ty.12.., square root of the coefficient of determination as a
scale to represent the virtue to apply the regression surface to the data.

By the sum of the squares of

4. The example and a point of view of the analysis results

Example 1

Table 4.1 shows the data of the record for the throwing a ball y(m), grasping
power z;(kg), back muscle power zs(kg), height z3(cm), weight ry(kg), of 30 play-
ers(university students) of the baseball club. Then derive the multiple regression

equation for z1, za, Z3, T4, of ¥.

(5]
(3]
(3]
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Table 4.1 Data for 30 players(university students) of the baseball club

Data | Criterion variable Explanatory variable
No. | Throwing a ball | Grasping power | Back muscle power | Height | Weight
1 82.0 52.0 170.0 180.0 74.9
2 90.0 59.0 196.0 170.0 | 68.0
3 39.0 57.0 219.0 164.2 68.0
4 85.0 53.0 192.0 180.0 71.5
) 90.0 61.0 ©200.0 177.5 75.4
6 100.0 59.0 240.0 176.5 74.5
7 100.0 48.0 205.0 | 173.0 76.4
8 89.0 47.0 150.0 172.0 66.6
9 90.0 54.0 185.0 180.0 76.4
10 90.0 570 190.0 172.0 | 69.1
11 91.0 62.0 200.0 180.0 | -80.5
12 95.0 62.0 247.0 185.0 84.2
13 82.0 53.0 240.0 172.0 73.4
14 95.0 56.0 190.0 182.5 82.2
15 36.0 58.0 250.0 183.0 84.3
16 69.0 74.0 180.0 178.0 84.5
17 90.0 44.0 147.0 164.0 55.9
18 95.0 54.0 125.5 175.0 82.4
19 93.0 48.0 155.0 177.0 78.0
20 100.0 56.0 166.0 172.0 | 68.3
21 92.0 52.0 145.0 171.0 65.0
22 101.0 52.0 150.0 174.0 75.3
23 90.0 50.0 166.5 179.0 82.1
24 95.0 59.0 180.0 184.0 | 81.7
25 83.0 50.0 176.0 176.0 74.2
26 86.0 62.0 250.0 177.0 | 825
27 81.0 52.0 © o 208.0 181.0 7.9
28 75.0 51.0 178.0 176.0 68.9
29 108.0 62.0 196.0 184.0 78.4
30 105.0 55.0 180.0 184.0 78.4
Tatal 2717.0 1659.0 5767.0 5299.7 | 22585 |
Mean 90.6 55.3 192.2 176.7 | 753
(Answer)

We use (2] in the References for the calculation and suppose the significant figure as
three place. The value of varience-covarience matrix and sy, Sy2, Sy3, 544, on the Table

4.1 are
35.076  76.796 11.699 20.721

76.796 1431.928 58.593 80.572
11.699 58.593 29.335 28.532
20.721 80.572 28.532 45.196

Sy1 = —5.3, Sy2 = —52.8, Sy3 = 5.1, Syq = 1.8.
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We obtain the following simultaneous equations.

35.076a, + 76.796d, + 11.699a5 + 20.721a, = —5.3, .
76.796a, + 1431.928a, + 58.593a3 + 80.5724 = —52.8,
11.699a, + 58.593a, + 29.335a3 + 28.532a4 = 5.1,
20.721a, + 80.572d, + 28.532a3 + 45.19664 = 1.8.

If we solve this simultaneous equations, we obtain the regression coefficient.

&1—

—0.155, @y = —0.041, a3 = 0.356, a, = —0.041, ao = 47.140.

Thus we can express the linear multiple regression equations and the multiple corre-

lation coeflicient as

Y = 47.140 — 0155331 o 00411’2 + 03561’3 =) 0041$4, Ty.1234 = 0.2621

respectively.
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Example 2
When the value of the explanatory variables z, s, z3, Z4, are given by the Table

4.2 for the student number 31, 32, 33, calculate the criterion variable (y) and the
prediction value (Y') by the multiple regression equation in example 1.

Table 4.2 Criterion variable and explanatory variable

Data:No. Criterion variable | Explanatory variable
Y L1 T3 T3 Ty
81 ? 58.0 170.0 176.0 80.5
32 7 56.0 190.0 185.0 72.5
33 7 50.0 160.0 173.0 78.5

(Answer)
The prediction value of ys1, ya2, ¥s3, are calculated by using the multiple regression
equation (4.2) as
Exact value ys1 = 93.0, Y32 = 99.0, yaz = 94.0.

Prediction value Yz = 90.605, Y3, = 93.637, Yi3 = 91.27.
I wonder the prediction method like this comes together with the problem how much
the prediction value calculated by this example has the confidence. Here we calculate
the multiple regression equation that is the prediction equation by the only data of
n=30 in a descriptive statistics point of view. However, we usually consider that
the number of n is quite many in prediction and the data of these as the random
sample drawn randomly from the population in an inferential statistics point of view.
Then we can evaluate randomly the confidence of the prediction value and construct
that confidence interval. Also we can discuss the confidence of regression coefficient

similarly.
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