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ABSTRACT

In this paper, D, 4, G, and IV optimality criteria are developed by using prior probability
assignments to model effects. Hence, one and three center point for response surface designs for
three design variables (K = 3) in a spherical design region are considered over sets of reduced
models for weak and strong heredity. These two specific classes of reduced models are formed by
removing terms based on hierarchical structures. The spherical response surface designs are central
composite design (CCDs), Box-Behnken design (BBDs), small composite design (SCDs), uniform
shell design (UNFSDs), and hybrid 310, 311A, 311B designs. The results of weak and strong

heredity models provide reliable interpolation estimates of weighted optimalify criterion values for

other choices of p;, P, P,,and p,.

KEYWORDS: design optimality criteria, spherical response surface design, reduced models.

1. INTRODUCTION
New types of D, 4, G, and [V optimality criteria for response surface designs for three

‘design variables (K = 3) in a spherical design region are developed by using prior probability
assignments to model effects. Thus, one and three center point for central composite design
(CCDs), Box-Behnken design (BBDs), small composite design (SCDs), uniform shell design

(UNFSDs), and hybrid design 310, 311A, 311B are considered over a set of reduced models.
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By studying the optiinality criteria, the adequacy of a proposed experimental design can be

assessed prior to running it. In addition, if several alternative designs are proposed, their optimality

properties can be compared to aid in the choice of design. Also, the experimenter needs to be aware

that although a design may be best among several designs by one optimality criterion, it may
perform poorly when evaluated by a different criterion. Hénce. the choice of design will also
depend upon the choice of the evaluation criterion.

Design optimality criteria are primarily concerned with “ptimal properties” of the X'X
matrix for the design matrix X . The D, 4, G, and IV design optimality measures used in this

paper and calculated over a set of reduced model of the second-order model can be written as:
]
X x| ’

D -efficiency = 100 |
tracel N(X'X)™]

, A -efficiency = 100

G -efficiency =100

SO 2
PE . IV -criterion = No‘“w

max

where X is the design matrix, p is the number of model parameters, N is the design size,
G, is the maximum of f'(x)(X'X) ™ f(x) approximated over the set of candidate points, and

o}, is the average of ' (x)(X' X) ™' f(x) over the design space. For D, A,and G efficiencies,

larger values imply a better design, while for IV criterion, a smaller value implies a better design.
The four new D, 4, G, and IV criteria that use prior probability assignment to the model

effects will be referred to as weighted design optimality criteria. The terminology and notation of
Chipman [1] and the set of reduced models for weak heredity and strong heredity of Borkowski [2]

are adopted.

2. INHERITANCE PRINCIPLES FOR REDUCED MODELS

Because design selection based on an optimality criterion is highly dependent upon the
approximating response surface model, we will get different design optimality criterion values

from different models. In practice, this means the experimenter selects a design that is based on a
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mode! proposed prior to a data collection. When data are collected and the model’s parameters are
fitted. it is often determined that many parameter estimates are not statistically significant. Thus, a i
reduced model relaining only significant terms is adopted, Therefore, a robust design should be
considered over the set of potential reduced models and not over a single model.

Chipman [1] and Chipman and Hamada [3] studied classes of reduced models. Two
specific classes of reduced models are formed by removing terms based on hierarchical structures.

These models are based on the following two heredity concepts.

I. Weak heredity (WH ) requires that (i) if model contains an X term, then it must

contain the corresponding X, term and (ii) if a model contains an X, X, term, then it must contain

either the x, or X, term (or both).
2. Strong heredity (SH') requires that (i) if model contains an X’ term, then it must

contain the corresponding X, term and (ii) if a model contains an X, X term, then it must contain

both the x, and x , terms.
A model can be defined by a vector & where each element of & is either “1”or “0”, The “1"

indicates an active effect and the “0™ indicates an inactive effect. Let &, ,and &, represent

the indicator function values of the i” first-order effect, the /" second-order effect, and the
fj”’ interaction effect, respectively. Then, & = (4, 03.03.812,0)3.023.0),622.835 ) for K =3 will
represent the corresponding & -vectors. For example, & = (.l. 0.1,1,0,1.0,0, 1) corresponds to the
model v = B, +5x + Bx; + f,x,%, + Byyx,x, + fB,,xX] + £ . For WH, there are

K(KY . , ‘
Z( ; J( 281072 reduced models of the full second-order model. Thus, for K = 3 design
!

+=0
K

J(z'(’*”” ) reduced models of the full
1

&
variables, there are 185 WH models. For SH., there are Z[
=0

second-order model. Thus, there are 95 SH models for A =3 design variables (Borkowski [4]).
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3. MODEL PROBABILITIES

When prior specification of probabilities are applied to the weak and strong heredity

models, the independence-of-effects principle is assumed as in Chipman [1]. That is, we assume

(i) the linear effects ( J,'s ) are independent, (ii) the interaction effects (c?ij 's) are independent of

each other and each &; only depends on its parents ( &, and &;), and (iii) the quadratic effects

(&;'s ) are independent of each other and each &, only depends on the parent 0, . Therefore, if

either weak or strong heredity can be reasonably assumed. the joint density of & can be written
as:

Pr(5)= (ﬁl Pr((S,.)] (ﬁ Pr(s, | 5,5, )J [ﬁ PL(3, | (5,) M

i<
where Pr (&, ), Pr( g, | 8 ;) and Pr( &, | 6, ) are experimenter-assigned prior probabilities

that the corresponding x,,X,x , and xf terms, respectively, are in the model.

i
[feach variable is treated as equally important so that prior probabilities do not depend on
particular variables, but only on the type of model term, prior probabilities are equal for linear

effects (2). for interaction effects (3), and for quadratic effects (4). That is,

Pr(d, =1) = p, forall i, (2)

Pr(S; =1]6,,6,) = p, if(5,,8,)=(0,0),

Dy if(6,,6,)=(0.1)or (1,0), (3)
=| B3 i (0,,8,)=1L1),
Pr(d, =1|8,) = p, if§ =1, (4)
= p, if6 =0.
Hence, for WH, ( p,, p,, p,)=(0, p,, p,) for some specified values of p, and p,. For SH,

(Pos Py» P2)=(0, 0, p,) for some specified values of p,. For both WH and SH. P, =0.1n
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this paper. WH and SH models with p, € {.6, 7,.8,.9}. p, el4,.6, .8}, D, E {.5, 7,9},

and p, € {.5, 7, .9} for the response surface designs in a spherical design region are presented.

4. WEIGHTED DESIGN OPTIMALITY CRITERIA

To study how robust a design is to model misspecification, the assumption of either WH
or SH and the experimenter-assignment of prior probabilities are used to calculate a weighted

average of the criterion values across all WH or SH models.

1. For WH and prior p,, p|, P,, and p, probabilities: the weighted D — optimality
criterion under WH will be defined as
M
D, = E D(HPr(S=A,) (5)
where M = number of reduced WH models = 185 for K = 3 design variables
A, =& -vector for model 7, i= ,2,....M
D(i)= D -criterion for model i, i =1,2,....M
Pr(&=A,) = Pr(d)in () evaluated for A,
2. For SH and prior p,, p,, and p, probabilities: the weighted D — optimality
criterion under SH will be defined as
N
D, = E D(i)Pr(d=A)) (6)
where the summation is now over the N =95 for K = 3 design variables.
he weighted A, G. and 1V -optimality criteria under WH, denoted 4,,, G,, . and [V
are delined by replacing D(7) with A(7), G(i}, and [V (i) in (5), respectively. The weighted
A, G.and IV -optimality criteria under SH, denoted 4, G, and [V are defined by replacing

D(iywith A(7), G(i).and TV (i) in (6). respectively.
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For symmetric designs; CCDs, BBDs, and 311Bs, an alternate form to exploit the

symmetry can be used. That is. the weighted [ -optimality criterion under WH can be written as
M’ .
D, = m(i)D(i) Pr(5=A) @)
=]

Where M "= number of reduced nonequivalent WH models = 41 for K = 3 design variables

m(i)= the number of models equivalent to model
A:= O -vector formodel . i=1,2,...,M
D(i)= D -criterion for model i, i=1,2,...,M"
Pr( O =A:)= Pr( & ) in (1) evaluated at A:.

Similarly, the weighted D -optimality criterion under SH can be written as
N ) .
D, =Ym(i)D(i) Pr(d=A)) (8)
i=|

where the summation is over the V" =25 reduced nonequivalent SH models for K’ = 3 design
variables. Alternate forms for 4,,, G, . and ¥, across WH models and A,, G, and IV, are
defined by replacing D(i) with A(7), G(7),and IV (i) in (7) and (8). respectively.

An Example

Suppose a 3-factor 15-point CCD is considered. The D, A, G, and [V -criteria for the
subset of 41 nonequivalent WH models are shown in Tables 1. In the Table 1. each row represents
one of the 41 nonequivalent WH models. The #2(7) column indicates the number of models
equivalent to the model 7. For the model inrow/ . the D, 4, G, and IV criteria are. respectively,
inthe D(i). A(i), G(i), and IV (i) columns. This table shows how optimality measures can
significantly vary across models and an experimenter should not rely only on the criteria associated

with the full second-order model (which is model / = 41in Table 1),
Table 2 shows how the weighted D, . and D_optimality criteria for the 3-factor 15-point

CCD are calculated. The two set of prior probabilities for 41 nonequivalent WH and 25
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nonequivaient SH models are consi”>red. That is, (i) for WH modelsw  { p;, p,, 5. z, .; =
(.9, 4..5..7) and (ii) for SH models with ( p,, p,, P, )=19,.5,.7). For the WH and SH models,
the Pr( & :Aj » columas, respectively, correspond to the Wi and SH prior probabilities defined
in Equation !. Then. these probabilities are multiplied by tl. .orresponding m(i)D(i)asitis
defined in Equation 7 or 8 and the i model’s contributions to the weighted optimality criteria
D, .and D, are found. These products are given in their respective columns and rows. To

calculate the D, . and D _, the summation of these corresponding columns are computed and
given at the bottom of the table.

To study the behavior of a design with respect to choices of 21> P> Py, and Py for WH
medels and p,. 7. and 7, for SH models, the weighted design optimality criteria with respect
to various choices prior probab ities are evaluated. In this paper, WH and SH models with
P, e {.6,,7,.3..9}. p, €14.6,8}. s € {.5,.7,_.9}.and P, € {.5..7,.9} for the response
surface designs in a spherical design region are studied. Then. a full second-order response
surface model is fitted. That is. for WH, D, , 4, .G, ,and IV, are evaluated ot the 108 points of
the 4x 3" factorial design in Pis P> Posand p, . Table 3 shows a subset of the results from the
108 points for the 3-factor 15-point CCD. For WL the 15-parameter (ull second-order model (o
eticis Eff, =8, + !51]—’, + :B‘,:Pq + 5 P+ B.p.+ ﬁ.’i /-’.': + ﬂwp.i + JBIIPE * /J’zzng

i ﬂ.'.,'f’;.-’—’.; +Bupip* Bapipa + ﬁ‘,qf'f,f)r + ﬁ.,-:/’.,.p;- +Bamp.te (9)

Where Eff_is D, 4,.,G,..or IV, . Table 7 contains the estimated 3 -coefficients for

D A G .or [V ofthe 3 factor response surface desiens.
W W il "

P I . S ; B
For SH, D .. 4,.G, and [} are evaluared at the 36 points of the 4% 3° factorial desigr

and the 10-parameter full second-order model to be fit is

o]
)
b2
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Eff,= Bo+Bp,+ B,p, + fop.+ By + Bup)+ Pup?
+ Bﬁ, 2oy + Bpps + f"}.;:p.;/-’: +é& ) (16
here Eff is D .4, .G .or I . For WH and SH for 19 3-factor designs across all 4
optimality criteria. a total of 132 models were fit based on Equalieﬁ 9 and 10. The minimum R
is 9974, These models will provide reliable interpolation estimates of weighted optimality

criterion values for other choices of p,. p,, p,.and p_ .

5. WEIGHTED DESIGN OPTIMALITY CRITERIA COMPARISONS
Examples of comparisons of weighted désign optimality eriteria for 3-factor small
spherical response surface designs by ranking within a design optimality criterion and a design
size (N =1113 ) are given in Table 4. 3. and 6. Recall that for D, A4, and (7 efficiencies. larger
values imply a better design. while tor 7} criterion. a smaller value implies a betier design. That
is, Table 4, 5. and 6 show the results of ranking 3-factor smali spherical response surface designs
when N =1113 for each eriteria ¢ D, 4, G, and 7F) for full model optimality criteria, weighted
optimality criteria across WH models with p; =.9. py =4 py =.5 and py =.7. and weighted
optimality criteria across SH Models with p, = .8, P, =.5, and p, =.7 respectively. These
tables indicate the following results:
L D, A and TV criterion values are conservative while the G criterion value is not:
Every weighted D, 4, and TV optimality criterion value in Table 5 and 6 is better than its
associated D, 4, or [V value in Table 4. However, for (7 . most of weighted eptimality
~criterion values in Table 5 and 6 are smaller than the associated (G eriterion values in Table 4
with the exeeption being the SCDs. Thus. if only the iull model oplmiality values wee conidered.
the experimenter is bemng conservative for the D, A, and TV eriteria hecouse they arg
anderestimates relative o the weighted design aptimality criteria values. O, ersely, the
expertimenter is often using a lberal criterion vaiug when the 7 -eriterion i considersd,

I Larg difterences can aceur benvcen fdl-mode! wited wehirlied crefterica vafiey The 13-
& i

(g8
o
tes
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point UNFSD is tied for being the worst design based on [V = 16.36. However, in Table 6, its
IV =558 is the third best.
3. Weighted criteria rankings can dramatically change: The 13-point UNFSD has A -rank l
of 5 in Table 4 but A, -rank of 1 in Table 6.
4. Designs that were obviously strongest by D, A, G,or IV, now have competitors: For
the 11-point designs and the [V criterion, the 310 design is 3.75 units better that the 311B design.

However, the [V, values are nearly identical in Table 5. Similarly, the A -efficiencies for the

BBD and 311A designs are 15% apart but the A, values are less than 1% apart in Table 6.

6. CONCLUSIONS

For experimenters considering larger designs and designs with more factors, the results on
small designs in this paper serve as a reminder that the chosen design may not be as efficient as
you believe it to be. Therefore, if we assume that the full second-order response surface model is
reduced after an experiment has been performed. then the experimenter should exercise caution
when choosing a design. When a researcher must decide which response surface design is ‘best’
based on one or more design optimality criteria, it is important that the optimality criteria are
detcrmined over a subset of possible reduced models.

Table 1. Optimality Criteria of a 15-Point CCD for WH Models, K = 3.

model o ) J3 d)a d13 a3 d) 021 33 m(i) D) Al G V(i)
| 0 0 0 0 0 0 0 0 0 | 100.0000 | 100.0000 | 100.0000 1.0000
2 1 0 0 0 0 0 0 0 0 3 55.7766 "| 47.4567 47.4567 1.0357
3 | 0 0 0 0 0 1 0 0 3 31.0047 19.1536 32.7226 1.5022
39 1 1 1 | 1 1 1 0 0 3 75.5678 66.6141 82.3331 5.9801
40 | 1 1 | 1 1 | 1 0 3 75.2769 56.5984 91,0192 8.3327
41 1 1 ! 1 1 1 1 | 1 1 71.1296 324011 66.6667 17.9453

]
)
sy
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Table 2. The WH and SH Model Probabilities for a3 Factor 15-Point CCD
with Pt ='9$ P :'49 P2 :'5: and Py =7.

Weak Heredity Strong Heredity
. Model (1) | Pr(s=4) m(i)D(i) Pr(s=4;) m(i\D(i)

Pr(5=4;) Pr(5=4))

1 0.001000000 0.1000 | 0.001000000 0.1000

2 0.000972000 0.1626 | 0.002700000 0.4518

3 0.002268000 0.2110 | 0.006300000 0.5860

4 0.000648000 0.2054 - -

40 0.013395375 3.0251 | 0.013395375 3.0251

41 0.031255875 22232 | 0.031255875 2.2232

D, =76.3221 D, =72.3000

Table 3. Weighted Optimality Criteria for the 3-Factot 15-Point CCD Across

WH Models.
1] Pq 1] P2 Dy, Ay Gw Wy

.60 .50 40 .50 | 60.0636 52.0843 48.2801 4.4597

.60 .50 40 70 | 589372 51.1790 49.4657 4.5687

.60 .90 .80 90" | 63.3258 53.9764 55.5364 59185

.70 .50 40 50 | 61.2073 52.8283 48.5234 5.0038

70 .50 40 770 | 59.7481 51.6875 50.1989 5.1496

.90 .90 .80 70 | 65.4661 52.7685 59.3899 7.7510

1790 90 80 90 | 63.923] 52.1464 62.8065 7.9795

Table 4. Full Model Optimality Criteria for Small Response Surface Designs.

Designs I ng N D A &) i’
SCD 1 1 1 59.0785 4 281641 4 327923 4 17.0840 4
310 I 11 60.6397 3 457457 ] 450198 3 106710 1
311A - 1 11 67.6003 2 37.4090 3 78.6243 2 14.4549 3
311B 1 11 709973 - | 37.8798 2 90.9091 [ 14.4290 2
BBD - 1 13 | 69.5854 2 355007 4 769140 3 163622 5.3
SCD 1 3 13 557945 5 32,8879 6 277473 6 12.1843 4
UNFSD l 13 69.5913 1 340475 5 76.9231 2 16.3622 5.5
310 5 3| 13| 550194 6 47.1490 3 38.9577 3 9.6415 3
311A - 3 13 63.8425 4 50.6899 2 69.0153 4 92126 15
311B 3 13 67.0507 3 509072/ 774084 | 9.2126 15

Note: Italicized values indicate rank within column (design optimality criterion) and design size (N =11,13 ),

ry = number of star point, ng = number of center point.
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Table 5. Weighted Optimality Criteria for Small Response Surface Designs

Across WH Models with p, =.9, p, =4, p, =.5, and p =.7.
Designs ;] 1y N Dy, Ay Gw Ve
SCD 1 1 11 699093 3 43,0961 4 43,0227 3 89139 4
310 - 1 i 620037 4 48.4534 3 3853379 4 77151 I
311A - | 11 TH337E 2 30.6298 2 | 60.6570 . 2 8.3490 3
311B - ! L1 76.3152 [ 536327 1 | 685248 I 79384 2
BBD - i 13 719468 2 484510 3 ST3410 3 9446l o
SCD 1 3 13 64,0233 3 4339539 6 371165 35 7.5786 . 4
UNFSD - | HE: 757160} 517501 3 623268 I 36074 5
310 - 3 i3 56,4386 o 481721 A 330802 6 72912 3 i
31A - 3 13 65 7684 4 343365 2 530084 o £6871 2 E
311B - 3 13 70.0299 3 36,6074 i 60.3640 2 64029 [ i
Note: Italicizad values indicate rank within column (design optimality criterion) and desigin size ( N=11L13),
r. = number of star poiit, kg = number of center poiat
Table 6. Weighted Optimality Criteria for Small Response Surface Designs Across
SH Models with p, =.8, p,.=.5, and p, =.7.
Designs . n, | ¥ D, Ay G I,
SCD I | iR 64,1062 2 46,5929 3 457266 3 56081 4
310 - 1 il 563003 o 456405 4 335048 58809 3
1A - ! il 64,0995 3 50876 2 349577 2 36721 . 2
3B - ! H 67.0600 449021 61.0547 / 53346 f
BBD - i 13 651038 2 494432 4 523496 3 | 62114 6
SCD 1 3 13 57.9465 3 433300 3 392916 3 57934 4
UNFSD - i 13 67.8933 ] 332393/ 57.8345 35789 3
310 - A 13 310743 6 134713 6 345094 6 58632 5
311A - 3 15 583290 4 495136 3 478368 4 352659 2
JLIB - 3 i3 615502 3 318310 2 526207 2 30286 !/
Note: lalicized values indicate rank within column (design optimality criterion) and design sizz { Y =1 1,13),

7, = number of star pomt, jig = number of center poini
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Table 7. Coefficients of WH D, Models for 3-Factor Response Surface Designs

[ Linear Terms Quadratic Terms
- e Y PO > R p : : P - 1
Dsgn re g N ﬁﬂ i Ly Py ,‘"3[ b ﬁg,' [3,', 7 By _!
310 -0 i 35.16 | 0.03 -20.34 32.5% — 48 26.83 2.57 -7.88
SCD i { L1 5148 6.27 4.44 22.39 4,15 3108 662 -7.87
3in - i 11 55.71 -8.91 -19.08 48,50 -3.43 30.04 2.38 -1.59 0.30
EIDT-ONEE | 11 48.76 12.86 -6.91 46.88 271 25.00 =240 -8.78 146
3iiB 1 11 45.20 21,20 1.77 41.30 -1.24 ¢ 24.32 =343 931 2.62
BED -1 13 49,60 18.79 -15.64 5921 -4.52 20.73 0.70 -3.88 0.36
SCD ) 13 5645 | -16.86 -2.35 17.93 6.26 38.80 -2.78 -7.01 5.19
UMNFSD - 1 13 45,20 2347 042 43.74 0.76 2318 -5.08 -9.52 1.94
310 - 3 13 5625 | -2226 -1527 41,68 -2.58 34.57 132 -6.92 0.66
1A 3 13 52.87 -850 -10.36 3097 -0.69 32,28 -0.26 -8.00 1.70
31iB - 3 13 51.06 | -3.68 -5.09 34,78 1.08 3266 -195 -838 2.82
cCD i 1 15 43.60 27.80 0.74 43,33 -2,83 20,64 . 540 -9.45 1.79
BBD - 3 13 52,11 1.60 -16.38 5238 -2.64 26 .82 1.50 -8.30 0.64
UNFSD - 3 15 50.59 0.97 -6.39 31.97 1.61 30.87 -1.87 -8.76 2.20
cCD ¢t 3 17 | 4549 [ 597 712 42,85 -0.38 2829 .1.67 -3.383 2.03
. SCD 2 i 17 49.78 | 10.05 15.40 919 1.23 32.88  -10.77 144 7.90
SCD 2 1 19 55.85 | -11.23 519 7.1¢ 4.57 40.32 -5.33 -6.87 3.05
CCD 2 1 2 40.73 31.80 15.62 33.41 2.32 2220  .1097 -929 3.71
CCD. 2 3 23 43.27 9.56 2.80 30.20 0.82 30.28 -5,22 -8.79 3.98
{nteraction Terms
Dsgn g L Big B fin Byl By £in R
310 -0 10 < =462 -4g, 34 =243 5.29 4.98 <125 9939
SCD 1 { it .30 -23.25 -46.42 8.19 4,75 375 9975
30 -1 11 -0.2¢ 42,80 -4.37 533 415 i.26 0986
3tla - 1t -4.43 4149 -13.23 6.77 4,98 1.82 9983
B - 1 i1 -3.63 -36.67 -22.66 7.54 4.63 242 9633
BBD - 13 -1.22 -51.99 -2.79 570 499 136 998¢
SCI | 13 12.24 -18.9¢ -43 _ii 7.a2 185 3.57 9982
UNFSD - i i i3 -6.58 -38.40 -21.51 720 337 203 9983
110 - 3 i3 1.47 -36.93 -6.06 5.18 3.49 1.24 9981
A - 3 13 3.57 -35.42 -15.39 6.23 293 1.80 9682
B - 3 13 8.47 224,14 .85 2.09 235 9936
EED; 1 ! 15 -9.12 -16.01 27 552 2.06 9982
BBD - 3 15 1.92 -5.97 3.69 346 1,37 5936
UNFSD - 3 i5 ; 6.16 -23.39 479 254 2.02 9986
CCD 1 3 1771 471 1847 .89 3.05 2.05 9983
SCD 201 17 | -5.77 -1i.21 -53.47 7.9 5.84 490 | 9977
|
SCD 201 9 1 910 915 53.80 23 171 472 l 9936
cCch 2 i 21 ] -14.23 -30.07 =26 1 3 04 6.70 3.07 ! 8974
cCh 2 3 23 r 3.03 -27.19 -320. 7.39 334 382 | 9988 l
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