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Abstract 
 

Accurately modeling chlorophyll distribution is essential for understanding plankton 
dynamics and assessing marine ecosystem health. This study evaluates the suitability of 
various univariate probability distribution models for chlorophyll data, including the 
exponential, gamma, log-normal, logistic, log-logistic, normal, Rayleigh, Generalized 
Extreme Value (GEV), and Weibull distributions. The model selection process incorporates 
Goodness-of-Fit (GoF) tests (Kolmogorov-Smirnov and Anderson-Darling) and information 
criteria (AIC, BIC, AICc, CAIC, and HQC) to assess both statistical fit and model 
complexity. Additionally, the k-means clustering algorithm is applied to classify distributions 
based on their GoF test performance, with the Calinski-Harabasz Index (CHI) used to 
determine the optimal number of clusters. The results indicate that the gamma, log-normal, 
logistic, log-logistic, normal, and GEV distributions consistently demonstrate superior fit 
across multiple sample sizes, making them the most appropriate models for chlorophyll 
data. Conversely, the Exponential and Rayleigh distributions exhibit poor performance, 
particularly for larger datasets, due to their inability to capture data heterogeneity. The 
clustering analysis reveals that the GEV distribution tends to group with the exponential 
distribution in small samples ( 𝑛𝑛 =  8 ) but aligns with the gamma and log-normal 
distributions as the sample size increases (𝑛𝑛 =  17, 18, 56). This finding suggests that 
sample size significantly influences distribution stability and clustering behavior. This study 
contributes to probability distribution modeling by integrating GoF-based clustering 
approaches, reducing ambiguity in model selection for heterogeneous marine datasets.  
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The findings emphasize the importance of selecting flexible distributions, particularly in 
ecological and oceanographic applications, where data variability is high. Future research 
should explore alternative GoF tests (e.g., Cramer-von Mises, Kuiper) and advanced 
clustering methods (e.g., DBSCAN, Gaussian Mixture Models) to enhance distribution 
selection for complex marine environments, supporting Marine Life-related SDGs. 
 
Keywords: probability distribution; goodness of fit; k-means clustering; information criteria; 
chlorophyll data; Marine Life 
 

1. Introduction 
 
Univariate probability distributions play a critical role in various fields, including wind speed 
analysis, extreme weather prediction, environmental risk modeling, and public health 
monitoring. A proper understanding of probability distributions helps researchers predict 
and interpret patterns of individual variables within complex datasets, thereby supporting 
informed decision-making across disciplines (Ozay & Celiktas, 2016; Guedes et al., 2020; 
ul Haq et al., 2020; Lima et al., 2021). 

In marine analysis, probability distributions are used to model data such as 
chlorophyll concentration, which is an important indicator of plankton presence in the 
ocean, with direct implications for marine ecosystem studies (Indrayani et al., 2018). 
However, heterogeneous empirical data often do not follow a single distribution but may 
represent a combination of several distributions. While distributions such as normal, 
Poisson, and binomial are commonly used as basic models, the complexity of 
heterogeneous data requires a more flexible approach in selecting probability distributions 
(Ouarda et al., 2016; Guedes et al., 2020). 

This research focuses on evaluating the fit of various probability distributions to 
chlorophyll data, which serves as an indicator of plankton presence (Bishop, 2016; 
Rajakaruna et al., 2018).  The tested distributions include the exponential, gamma, log-
normal, logistic, log-logistic, normal, Rayleigh, Generalized Extreme Value (GEV), and 
Weibull distributions. Specifically, the gamma, log-normal, log-logistic, normal, Rayleigh, 
and Weibull distributions were evaluated in research that reviewed and compared the 
popular models for wind speed probability distribution (Wang et al., 2016; Guedes et al., 
2020). Similarly, logistic distributions were examined in the context of the Goodness of Fit 
Test by Gulati and Shapiro (2009) and extreme rainfall events in Rio de Janeiro State, 
Brazil were investigated by Lima et al. (2021). Each distribution was evaluated using 
Goodness of Fit (GoF) tests such as the Kolmogorov–Smirnov (KS) and Anderson–Darling 
(AD) tests, which helped assess how well these distributions fitted the empirical data being 
analyzed. These tests were extensively discussed by Yazici and Yolacan (2007), Kumar 
et al. (2017), and de Souza et al. (2020). Additionally, information criteria such as the 
Akaike Information Criterion (AIC), Bayesian Information Criterion (BIC), Corrected Akaike 
Information Criterion (AICc), Consistent Akaike Information Criterion (CAIC), and Hannan–
Quinn Criterion (HQC) were used to assess the balance between data fit and model 
complexity (Mohammadi et al., 2017; Pobočíková et al., 2017; Basheer, 2019; Mansoor et 
al., 2019; Goual & Yousof, 2020). 

This research also aims to address the gap in previous literature regarding more 
flexible methods for modeling probability distributions for heterogeneous data, particularly 
in marine studies (Indrayani et al., 2018). The conventional approach of selecting the best 
probability distribution based on GoF tests often results in inconsistencies due to variations 
in test statistics. Different GoF tests may produce conflicting rankings, making it 
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challenging for researchers to determine the most suitable distribution to represent actual 
data. For instance, while one distribution may yield the lowest KS statistic, indicating a 
good overall fit, the same distribution may have a high AD statistic, suggesting poor tail 
behaviour, as demonstrated in comparative studies of GoF tests by Yazici and Yolacan 
(2007).  

This discrepancy raises concerns about the reliability of single-model selection, as 
previous studies have demonstrated the sensitivity of GoF tests to sample size and tail 
characteristics (Zheng et al., 2023). Therefore, clustering-based approaches have 
emerged as a viable alternative, grouping distributions with similar fitting characteristics 
and providing a more holistic interpretation of the data. By clustering distributions based 
on their statistical behaviour, this method enhances the robustness of the analysis and 
mitigates uncertainty in model selection (Zheng et al., 2023). Thus, this study aims to 
identify the most appropriate distributions for modeling highly variable data such as 
chlorophyll data using a clustering-based strategy. The primary contribution of this 
research is the evaluation and clustering of univariate probability distributions for 
chlorophyll data. This approach addresses challenges in modeling heterogeneous marine 
data and improves the understanding of appropriate distribution selection, ultimately 
enhancing the accuracy of models predicting plankton presence patterns. 
 

2. Materials and Methods 
 

2.1 Probability distribution models 
 
Chlorophyll distribution in marine ecosystems often exhibits positively skewed patterns, 
characterized by high variability and heavy tails, which are difficult to model using discrete 
distributions such as Poisson or Binomial (Siegel et al., 2002; Behrenfeld & Boss, 2014). 
Previous studies have shown that chlorophyll data not only exhibit spatial and temporal 
variability but also often follow continuous distributions—such as Gamma, Log-Normal, and 
Weibull—which are better suited to capture high asymmetry in data patterns (Campbell, 
1995; Devred et al., 2011; Lombard et al., 2019).  

Moreover, differences in distributional characteristics between plankton and 
chlorophyll have been widely reported. While plankton tends to follow discrete distributions, 
chlorophyll concentration typically adheres to continuous distributions, which are more 
capable of representing skewness and large-scale variability (Irwin et al., 2006; Lombard 
et al., 2019). 

Adopting continuous distributions is not only more accurate for representing 
chlorophyll variability but is also highly relevant for ecological modelling and prediction. 
These models provide more robust statistical analyses and are better suited for tracking 
ecosystem changes driven by climate variability (Dutkiewicz et al., 2015). 

In addition, continuous distributions have been extensively used in marine 
biogeochemical models, where the distribution of ecosystem variables is influenced by 
complex environmental conditions and observational scales (Irwin et al., 2006; Dutkiewicz 
et al., 2015). Specifically, the gamma and log-normal distributions have been shown to 
effectively capture asymmetry in marine chlorophyll data (Campbell, 1995; Siegel et al., 
2002). Therefore, although discrete models are common in plankton studies, continuous 
probability distributions such as the gamma, log-normal, or Weibull are recommended for 
better representation of chlorophyll variability in marine ecosystems (Lombard et al., 2019). 

The exponential distribution is commonly used to model waiting times between 
independent events and was included in this study as a simple baseline model. The gamma 
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distribution, as a generalization of exponential distribution, provides greater flexibility for 
modeling positive and right-skewed data. Meanwhile, the Log-Normal distribution is 
appropriate when the logarithm of the data is approximately normally distributed, a 
characteristic often observed in chlorophyll data. The candidate probability distributions 
evaluated in this study are summarized in Table 1. 

 
Table 1. Candidate probability distribution models and their parameters 
 

Distribution Distribution Model Parameter  

Exponential 𝒇𝒇(𝒙𝒙) =
𝟏𝟏
𝜽𝜽 𝐞𝐞𝐞𝐞𝐞𝐞

�
−𝒙𝒙
𝜽𝜽
� 𝜽𝜽 = 𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺  (1) 

Gamma 
𝒇𝒇(𝒙𝒙) =

𝒙𝒙𝒂𝒂−𝟏𝟏

𝒃𝒃𝒂𝒂𝚪𝚪(𝒂𝒂) 𝐞𝐞𝐞𝐞𝐞𝐞
�−

𝒙𝒙
𝒃𝒃
�  

𝜶𝜶 = 𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺  
𝒃𝒃 =  𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺 

(2) 

Log-Normal 
𝒇𝒇(𝒙𝒙) =

𝟏𝟏
𝒙𝒙𝒙𝒙√𝟐𝟐𝟐𝟐

𝒆𝒆𝒆𝒆𝒆𝒆 �
−(𝐥𝐥𝐥𝐥𝐥𝐥 𝒙𝒙 − 𝝁𝝁)𝟐𝟐

𝟐𝟐𝟐𝟐𝟐𝟐
� 

𝝁𝝁 = 𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳 
𝝈𝝈 = 𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺 

(3) 

Logistic 
𝒇𝒇(𝒙𝒙) =

𝐞𝐞𝐞𝐞𝐞𝐞 �𝒙𝒙 − 𝝁𝝁
𝝈𝝈 �

𝝈𝝈(𝟏𝟏 + 𝐞𝐞𝐞𝐞𝐞𝐞 �𝒙𝒙 − 𝝁𝝁
𝝈𝝈 �)𝟐𝟐

 
𝝁𝝁 = 𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳 
𝝈𝝈 = 𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺 

(4) 

Log-Logistic 
𝒇𝒇(𝒙𝒙) =

𝟏𝟏
𝝈𝝈𝝈𝝈

𝒆𝒆𝒆𝒆𝒆𝒆 �𝒍𝒍𝒍𝒍 𝒙𝒙 − 𝝁𝝁
𝝈𝝈 �

�𝟏𝟏 + 𝒆𝒆𝒆𝒆𝒆𝒆 �𝒍𝒍𝒍𝒍 𝒙𝒙 − 𝝁𝝁
𝝈𝝈 ��

𝟐𝟐 
𝝁𝝁 = 𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳  
𝝈𝝈 =  𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺 

(5) 

Normal 
𝒇𝒇(𝒙𝒙) =

𝒆𝒆𝒆𝒆𝒆𝒆 �−𝟏𝟏𝟐𝟐�
𝒙𝒙 − 𝝁𝝁
𝝈𝝈 �

𝟐𝟐
�

𝝈𝝈√𝟐𝟐𝟐𝟐
 

𝝁𝝁 = 𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳 
𝝈𝝈 = 𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺 

(6) 

Rayleigh 
𝒇𝒇(𝒙𝒙) =

𝒙𝒙
𝒃𝒃𝟐𝟐 𝒆𝒆𝒆𝒆𝒆𝒆�−

𝟏𝟏
𝟐𝟐
𝒙𝒙𝟐𝟐

𝒃𝒃𝟐𝟐� 
𝒃𝒃 =  𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺 (7) 

GEV 
𝒇𝒇(𝒙𝒙) =

𝟏𝟏
𝝈𝝈 �𝟏𝟏 + 𝝃𝝃 �

𝒙𝒙 − 𝝁𝝁
𝝈𝝈

��
−𝟏𝟏𝝃𝝃−𝟏𝟏 𝒆𝒆𝒆𝒆𝒆𝒆 �− �𝟏𝟏

+ 𝝃𝝃 �
𝒙𝒙 − 𝝁𝝁
𝝈𝝈

��
−𝟏𝟏𝝃𝝃� 

𝝁𝝁 = 𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳 
𝝈𝝈 = 𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺  
𝝃𝝃 =  𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺 

(8) 

Weibull 𝒇𝒇(𝒙𝒙) =
𝒃𝒃
𝒂𝒂
�
𝒙𝒙
𝒂𝒂
�
𝒃𝒃−𝟏𝟏

𝐞𝐞𝐞𝐞𝐞𝐞 �−�
𝒙𝒙
𝒂𝒂
�
𝒃𝒃
� 

 

𝜶𝜶 = 𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺 
𝒃𝒃 = 𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺 

(9) 

Note: All distributions in the Table are univariate, as they involve only a single random 
variable, and parametric, as they are defined by specific parameters. 

 
The candidate distributions in Table 1 were selected to represent a range of 

continuous model families for positive-valued data. Gamma, Log-Normal, and Weibull 
distributions are commonly considered for right-skewed environmental variables, whereas 
Exponential and Rayleigh were included as simpler comparative models. Logistic and Log-
Logistic distributions were added to broaden the comparison to alternative symmetric and 
skewed forms, while the GEV distribution was considered to evaluate possible tail-extreme 
behavior in the observed data. This comparative framework was intended to identify the 
most suitable distribution for the chlorophyll data rather than to assume that all listed 
models are equally appropriate a priori. 
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2.2 Parameter estimation 
 
The parameters of the candidate distributions were estimated using maximum likelihood 
estimation. For models without closed-form solutions, numerical optimization based on the 
Newton–Raphson iterative method was applied. The update formula is given as:   
 

𝜽𝜽�𝒌𝒌+𝟏𝟏 = 𝜽𝜽�𝒌𝒌 − 𝑯𝑯�𝜽𝜽(𝒌𝒌)�
−𝟏𝟏 𝒈𝒈�𝜽𝜽(𝒌𝒌)�     (10) 

 
This method is a widely used optimization approach for finding parameter 

estimates that maximize the likelihood function. The Hessian matrix, 𝑯𝑯�𝜽𝜽(𝒌𝒌)�, representing 
the second derivative, provides information on the curvature of the likelihood function, while 
the gradient vector, 𝒈𝒈�𝜽𝜽(𝒌𝒌)�, indicates the direction of change needed to reach the optimal 
value. 

In this study, this method is applied to estimate the parameters of the probability 
distribution models that best fit the observed data. The Newton–Raphson method was 
selected due to its fast convergence and high accuracy in estimating parameters, 
especially for complex distributions such as gamma, log-normal, and Weibull (Jiang et al., 
2017; Jung & Schindler, 2017; Guedes et al., 2020). Therefore, this approach provides 
optimal and precise parameter estimates for modeling the research data.  
 
2.3 Test statistic value 
 
To evaluate the fit of each probability distribution to the chlorophyll data, this study employs 
two main Goodness of Fit (GoF) tests. The Kolmogorov-Smirnov (KS) test measures the 
maximum distance between the empirical cumulative distribution function (CDF) of the 
sample and the hypothetical CDF. This statistic provides a robust measure of how closely 
the selected distribution matches the observed data. The KS statistic is formulated as 
follows (Balakrishnan et al., 2015; Mbah & Paothong, 2015; Badr, 2019; de Souza et al., 
2020): 
 

𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝑠𝑠𝑠𝑠𝑠𝑠𝑥𝑥|𝐹𝐹(𝑥𝑥) − 𝐻𝐻(𝑥𝑥)| 
 

(11) 

 
where 𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  represents the maximum vertical distance between 𝐹𝐹(𝑥𝑥) and 𝐻𝐻(𝑥𝑥). The 
null hypothesis 𝐻𝐻0  asserts that the data follows the assumed distribution, while the 
alternative hypothesis 𝐻𝐻1  states that the data does not follow that distribution. The 
Anderson-Darling (AD) test provides greater sensitivity to the tails of the distribution 
compared to the KS test, which is particularly important for capturing extreme events in 
marine data. The AD statistic is formulated as: 
 

𝐴𝐴𝑛𝑛2 = −𝑛𝑛 −
1
𝑛𝑛

 �(2𝑖𝑖 − 1)[log𝐹𝐹(𝑥𝑥𝑖𝑖) + log(1 − 𝐹𝐹(𝑥𝑥𝑛𝑛+1−𝑖𝑖)]
𝑛𝑛

𝑖𝑖=1

 

 

(12) 

 
where 𝐴𝐴𝑛𝑛2   is the Anderson-Darling test statistic, 𝐹𝐹(𝑥𝑥) is the cumulative distribution function, 
and 𝑛𝑛 is the number of data points. Both tests provide robust methods for examining the fit 
of the distributions, and the results determine whether the selected distribution models are 
valid for the analyzed data. 
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In addition to these tests, various information criteria such as the AIC, BIC, and 

AICc are employed to balance model complexity with data fit. Each information criterion is 
formulated to consider both the complexity of the model and the log-likelihood of the data, 
aiming to select the optimal distribution model without overfitting. 
 
2.4 Information criteria for model selection: AIC, BIC, AICc, CAIC, and HQC 
 
The selection of a probability distribution model for chlorophyll data in this study is based 
on various Information Criteria (IC) to balance model fit with complexity. The criteria used 
include the Akaike Information Criterion (AIC), Bayesian Information Criterion (BIC), 
Corrected Akaike Information Criterion (AICc), Consistent Akaike Information Criterion 
(CAIC), and Hannan–Quinn Criterion (HQC) (Wasserman, 2000; Burnham & Anderson, 
2002; Haggag, 2014; Ding et al., 2018; Zheng et al., 2023). Table 2 presents the 
Information Criteria used. 
 
Table 2. Formulas for calculating information criteria for statistical models 

   
In this study, IC values were calculated for each candidate probability distribution 

to determine the best-fitting model. If all criteria indicate the same distribution as the best 
model, the selection process is straightforward. However, when IC rankings vary across 
different criteria, a clustering-based analysis is applied to group distributions with similar 
fitting characteristics (Zheng et al., 2023). This strategy helps resolve inconsistencies 
commonly found in conventional model selection approaches. 

This issue is particularly relevant because traditional methods often lead to 
different conclusions depending on the criterion used, such as AIC or BIC (Burnham & 
Anderson, 2002; Ding et al., 2018). By integrating multiple information criteria with a 
clustering method, this study ensures that the selected probability distributions more 
accurately capture the variability patterns in chlorophyll concentrations in marine 
environments (Zheng et al., 2023). 
 
2.5 Clustering method and evaluation 
 
This study employs the k-means algorithm to partition data into several clusters based on 
the results of the Goodness-of-Fit (GoF) tests. Each iteration involves calculating the 
Euclidean distance between each data point and the cluster centroid. The k-means 
algorithm is chosen for its efficiency in handling large datasets, although it has known 
limitations in detecting non-linear or complex-shaped clusters. To ensure the quality of 
clustering results, the Calinski-Harabasz Index (CHI) is employed as an evaluation metric 

Information 
Criterion 

Formula for Calculating Information Criterion 

𝑨𝑨𝑨𝑨𝑨𝑨 Tend to favor models with higher data fit, even if they are more 
complex. 

𝑩𝑩𝑩𝑩𝑩𝑩 𝒂𝒂𝒂𝒂𝒂𝒂 𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪 Apply stronger penalties on model complexity, making them more 
conservative in selecting simpler models. 

𝑨𝑨𝑨𝑨𝑨𝑨𝒄𝒄 A corrected version of AIC for small sample sizes, reducing selection 
bias. 

𝑯𝑯𝑯𝑯𝑯𝑯 Positioned between AIC and BIC, offering a balanced selection 
approach. 
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to assess how well each cluster is separated from others (Jain, 2010; Van & Pham-Gia, 
2010). 

The integration of GoF test statistics into the k-means clustering framework 
addresses a critical issue in distribution selection: inconsistencies in GoF test results, 
where different distributions can receive conflicting rankings depending on the test used 
(e.g., KS vs AD). By using GoF values as clustering features, the study systematically 
groups probability distributions with similar fitting characteristics, reducing subjectivity and 
ambiguity in the model selection process. This method enables clustering of distributions 
based on statistical similarity, providing a more robust and reproducible way to interpret 
the data. 

In this study, the CHI index validates the clustering results, ensuring that the groups 
formed reflect meaningful patterns. This clustering-based framework enhances the 
robustness of distribution selection by combining GoF tests with clustering analysis, as 
opposed to treating them separately as in traditional approaches. Ultimately, this 
integration allows for a systematic and data-driven solution to model uncertainty in 
probability distribution analysis and provides a practical approach to address the long-
standing challenges in marine ecosystem modeling. 
 

𝑑𝑑𝑖𝑖𝑖𝑖 = ��𝑥𝑥𝑘𝑘𝑘𝑘 − 𝑐𝑐𝑖𝑖𝑖𝑖�
2

𝑚𝑚

𝑗𝑗=1

 

 

(13) 

This method is considered efficient in clustering large and varied marine data, but 
to validate the quality of the clusters, the CHI is employed. The evaluation of clustering 
results is conducted by calculating the Between-Group Sum of Squares (BGSS) and 
Within-Group Sum of Squares (WGSS). The Calinski-Harabasz Index (CHI) is used to 
evaluate clustering quality with the formula (Wang & Xu, 2019; Ashari et al., 2023): 

 

𝐶𝐶𝐶𝐶𝐶𝐶 =
𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵
𝑘𝑘 − 1
𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊
𝑁𝑁 − 𝑘𝑘

 

 

(14) 

where 𝑘𝑘 is the number of clusters and 𝑁𝑁 is the total number of observations. The higher 
the CHI value, the better the clustering quality.  
 

Figure 1 illustrates the structured workflow of this study, ensuring a systematic 
approach to chlorophyll data clustering. The process consists of: 
 

1. Chlorophyll data acquisition – Collecting and preprocessing chlorophyll-related 
data. 

2. Parameter estimation using Maximum Likelihood Estimation (MLE) – Estimating 
statistical distribution parameters. 

3. Statistical computation (GoF Tests: Anderson-Darling & Kolmogorov-Smirnov) – 
Evaluating the goodness-of-fit for probability distributions. 

4. Model selection (AIC, BIC, AICc, CAIC, HQC) – Identifying the best-fitting 
distribution model. 

5. Clustering of statistical values (K-Means & CHI Index Evaluation) – Grouping 
chlorophyll data based on statistical patterns. 
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6. Cluster interpretation and analysis – Extracting insights for further environmental 
and ecological assessments. 
 
The detailed methodology is visualized in Figure 1. 

 

 
 

Figure 1. Structured workflow for chlorophyll data clustering and model selection 
 

As shown in Figure 1, the integration of probability modeling, clustering, and 
validation ensures a robust chlorophyll data analysis. The application of MLE and GoF 
tests enhances model selection, ensuring that the probability distribution best represents 
the chlorophyll variation. The clustering process using K-Means and validation through the 
CHI Index further refines the classification of chlorophyll distribution. This methodological 
framework provides a solid basis for analyzing chlorophyll concentration variations, which 
can be applied to study marine productivity, water quality assessment, and ecological 
monitoring. 
 

3. Results and Discussion 
 
3.1 Research data 
 
The data used in this study were obtained from the Copernicus Marine Service, with a 
specific location in the Black Sea at coordinates 31.14015 (longitude) and 41.69411 
(latitude). Sampling was conducted by considering variations in depth and pressure to 
capture the vertical distribution patterns in the water column. This approach allows for 
better representation of the spatial and temporal dynamics of chlorophyll distribution. 
Before being used in the analysis, the data were first examined using outlier detection 
based on probability domains. At this stage, the samples were compared against the 
domain 𝑋𝑋 of the probability distributions used in modeling, namely exponential, gamma, 
log-normal, logistic, log-logistic, Rayleigh, GEV, and Weibull. 

Samples that did not fall within the appropriate distribution domain were excluded to 
avoid bias and preserve the validity of the statistical models. As a result of the selection 
process, the sample sizes varied depending on the considered depth and pressure. The 
first sample set that met the criteria consisted of 8 samples, followed by sets of 17, 18, and 
finally 56 samples. These sample sizes remain within a reasonable range and comply with 
the principles of inferential statistics, as discussed in the study by Yazici & Yolacan (2007). 
Their research, titled A Comparison of Various Tests of Normality, compared 12 normality 
test methods using the Monte Carlo Simulation approach to evaluate the effectiveness of 
statistical tests in selecting probability distributions. 

Clustering of Statistical Values 
using K-Means and Cluster 
Evaluation with CHI Index 

Parameter Estimation using 
Maximum Likelihood Method 

Statistical Computation (Anderson-Darling 
& Kolmogorov-Smirnov Tests) 

Model Selection using 
Information Criteria (AIC, 
BIC, AICc, CAIC, HQC) 

Cluster 
Interpretation 
and Analysis 

Chlorophyll 
Data 

Acquisition 
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Their findings indicated that evaluating probability distributions requires an approach 
that considers data variation and sample size. In this study, the implementation of 
clustering-based probability distribution methods offers an alternative to address the 
inconsistencies in selecting the best-fitting distribution model based on GoF tests. While 
this approach does not necessarily result in more flexible modeling, it reduces subjectivity 
in model selection and mitigates reliability issues when determining the most appropriate 
probability distribution. 
 
3.2 Test statistic values  
 
The evaluation results presented in Table 3, using the GoF tests, reveal varying degrees 
of fit among different probability distributions applied to chlorophyll data. Inconsistencies in 
probability distribution selection—stemming from variations in GoF test values—pose 
significant challenges for researchers in identifying the most appropriate distribution to 
accurately represent empirical data. This dilemma becomes evident when different GoF 
tests yield contradictory rankings. For example, a distribution may exhibit a low KS statistic, 
indicating strong agreement with the data, yet simultaneously present a high AD statistic, 
suggesting poor fit in the tails. Such discrepancies introduce uncertainty in selecting the 
optimal probabilistic model. 

To address this issue, a clustering-based approach is applied to group distributions 
with similar fitting behavior, reducing subjectivity and ambiguity. This method enhances the 
interpretability of statistical evaluation by classifying distributions that share comparable 
goodness-of-fit characteristics. As a result, the statistical modeling becomes more robust, 
ensuring greater reliability in analytical outcomes. Based on the KS and AD test results, 
the gamma, log-normal, logistic, log-logistic, normal, and GEV distributions consistently 
demonstrate high stability and superior performance in modeling chlorophyll data across a 
wide range of sample sizes. 

A detailed examination of Table 3 reveals that gamma, log-normal, logistic, log-
logistic, normal, and GEV distributions exhibit consistency across all sample sizes (𝑛𝑛 =
8, 17, 18, and 56). Although the GEV distribution is rejected in the AD test for 𝑛𝑛 = 8, it 
maintains a consistent and robust fit for 𝑛𝑛 = 17, 18, and 56. This stability is evident from the 
high p-values and relatively low test statistics, confirming that these models adequately 
represent the chlorophyll dataset. Conversely, the Exponential and Rayleigh distributions 
exhibit significant misfit, particularly for larger sample sizes. This inadequacy arises due to 
their inability to capture the intricate variations present in chlorophyll data, as evidenced by 
their consistently low p-values and high test statistics across all sample sizes. The poor 
performance of these distributions underscores their lack of suitability for modeling highly 
heterogeneous chlorophyll data. Overall, the findings suggest that the gamma, log-normal, 
logistic, log-logistic, normal, and GEV distributions are the most appropriate probabilistic 
models for representing chlorophyll data characterized by high variability. Selecting an 
appropriate distribution is crucial for ensuring robust analytical results, particularly in 
marine studies, where data often exhibit significant heterogeneity and dynamic patterns. 
 
3.3 Information criteria for model selection: AIC, BIC, AICc, CAIC, and HQC 
 
In addition to Goodness of Fit (GoF) tests, several information criteria—including the 
Akaike Information Criterion (AIC), Bayesian Information Criterion (BIC), and Corrected 
Akaike Information Criterion (AICc)—are employed to assess the adequacy of statistical  
 



Reba et al.    Curr. Appl. Sci. Technol.  , Vol. … (No…), e0265686 
 
 

10 

Table 3. Results of KS and AD tests for various distributions 
 

𝒏𝒏 =  𝟖𝟖 

Distribution 
Kolmogorov-Smirnov (KS) Anderson-Darling (AD) 

𝑯𝑯𝟎𝟎
/𝑯𝑯𝟏𝟏 

p-Value KSStat CV 𝑯𝑯𝟎𝟎/𝑯𝑯𝟏𝟏 p-Value ADStat CV 

Exponential 𝐻𝐻1 0.009 0.546 0.454 𝐻𝐻1 0.024 3.116 2.516 
Gamma 𝐻𝐻0 0.746 0.222 0.454 𝐻𝐻0 0.595 0.651 2.516 
Log Normal 𝐻𝐻0 0.692 0.233 0.454 𝐻𝐻0 0.569 0.680 2.516 
Logistic 𝐻𝐻0 0.964 0.161 0.454 𝐻𝐻0 0.86 0.385 2.516 
Log Logistic 𝐻𝐻0 0.927 0.177 0.454 𝐻𝐻0 0.779 0.463 2.516 
Normal 𝐻𝐻0 0.800 0.211 0.454 𝐻𝐻0 0.676 0.564 2.516 
Reyleigh 𝐻𝐻1 0.036 0.473 0.454 𝐻𝐻1 0.043 2.643 2.516 
GEV 𝐻𝐻0 0.487 0.277 0.454 𝐻𝐻1 0.031 2.927 2.516 
Weibull 𝐻𝐻0 0.997 0.126 0.454 𝐻𝐻0 0.929 0.309 2.516 

𝒏𝒏 =  𝟏𝟏𝟏𝟏 

Distribution Kolmogorov-Smirnov (KS) Anderson-Darling (AD) 
𝑯𝑯𝟎𝟎/𝑯𝑯𝟏𝟏 p-Value KSStat CV 𝑯𝑯𝟎𝟎/𝑯𝑯𝟏𝟏 p-Value ADStat CV 

Exponential 𝐻𝐻1 0.0 0.582 0.318 𝐻𝐻1 0.000 6.409 2.503 
Gamma 𝐻𝐻0 0.409 0.206 0.318 𝐻𝐻0 0.364 0.984 2.503 
Log Normal 𝐻𝐻0 0.462 0.197 0.318 𝐻𝐻0 0.414 0.897 2.503 
Logistic 𝐻𝐻0 0.518 0.189 0.318 𝐻𝐻0 0.382 0.951 2.503 
Log Logistic 𝐻𝐻0 0.547 0.184 0.318 𝐻𝐻0 0.408 0.907 2.503 
Normal 𝐻𝐻0 0.420 0.204 0.318 𝐻𝐻0 0.385 0.945 2.503 
Reyleigh 𝐻𝐻1 0.000 0.531 0.318 𝐻𝐻1 0.002 5.165 2.503 
GEV 𝐻𝐻0 0.552 0.183 0.318 𝐻𝐻0 0.559 0.696 2.503 
Weibull 𝐻𝐻0 0.309 0.224 0.318 𝐻𝐻0 0.329 1.053 2.503 

𝑛𝑛 =  18 

Distribution 
Kolmogorov-Smirnov (KS) Anderson-Darling (AD) 

𝑯𝑯𝟎𝟎
/𝑯𝑯𝟏𝟏 

p-
Value KSStat CV 𝑯𝑯𝟎𝟎

/𝑯𝑯𝟏𝟏 
p-Value ADStat CV 

Exponential 𝐻𝐻1 0.0 0.572 0.309 𝐻𝐻1 0.000 6.734 2.503 
Gamma 𝐻𝐻0 0.929 0.120 0.309 𝐻𝐻0 0.885 0.360 2.503 
Log Normal 𝐻𝐻0 0.955 0.113 0.309 𝐻𝐻0 0.914 0.327 2.503 
Logistic 𝐻𝐻0 0.943 0.116 0.309 𝐻𝐻0 0.889 0.356 2.503 
Log Logistic 𝐻𝐻0 0.946 0.115 0.309 𝐻𝐻0 0.882 0.363 2.503 
Normal 𝐻𝐻0 0.952 0.113 0.309 𝐻𝐻0 0.923 0.317 2.503 
Reyleigh 𝐻𝐻1 0.000 0.51 0.309 𝐻𝐻1 0.002 5.380 2.503 
GEV 𝐻𝐻0 0.945 0.116 0.309 𝐻𝐻0 0.859 0.387 2.503 
Weibull 𝐻𝐻0 0.96 0.111 0.309 𝐻𝐻0 0.878 0.368 2.503 

𝒏𝒏 =  𝟓𝟓𝟓𝟓 

Distribution Kolmogorov-Smirnov (KS) Anderson-Darling (AD) 
𝑯𝑯𝟎𝟎/𝑯𝑯𝟏𝟏 p-Value KSStat CV 𝑯𝑯𝟎𝟎/𝑯𝑯𝟏𝟏 p-Value ADStat CV 

Exponential 𝐻𝐻1 0.0 0.587 0.178 𝐻𝐻1 0.0 21.458 2.496 
Gamma 𝐻𝐻0 0.338 0.122 0.178 𝐻𝐻0 0.342 1.028 2.496 
Log Normal 𝐻𝐻0 0.358 0.120 0.178 𝐻𝐻0 0.371 0.972 2.496 
Logistic 𝐻𝐻0 0.439 0.113 0.178 𝐻𝐻0 0.337 1.038 2.496 
Log Logistic 𝐻𝐻0 0.421 0.114 0.178 𝐻𝐻0 0.361 0.991 2.496 
Normal 𝐻𝐻0 0.362 0.120 0.178 𝐻𝐻0 0.312 1.092 2.496 
Reyleigh 𝐻𝐻1 0.0 0.540 0.178 𝐻𝐻1 0.0 17.603 2.496 
GEV 𝐻𝐻0 0.456 0.111 0.178 𝐻𝐻0 0.3198 1.075 2.496 
Weibull 𝐻𝐻0 0.123 0.154 0.178 𝐻𝐻0 0.1442 1.651 2.496 

Note: 𝐻𝐻0 indicates that the distribution fits the data, while 𝐻𝐻1 suggests otherwise. A p-value > 0.05 
means 𝐻𝐻0 is accepted. KSStat and ADStat are test statistics from the KS and AD methods, which 
measure how much the data distribution deviates from the theoretical distribution. These values 
are compared to the Critical Value (CV), which serves as the threshold for accepting or rejecting 
𝐻𝐻0. If KSStat or ADStat is smaller than CV, the distribution is considered a good fit for the data.  
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models. The evaluation results presented in Table 4 indicate that the gamma, log-normal, 
logistic, log-logistic, normal, and GEV distributions exhibit lower AIC, BIC, and AICc values 
compared to other distributions. This suggests that these distributions offer an optimal 
balance between model complexity and goodness of fit, aligning with the findings from the 
GoF tests in Table 3. Conversely, the Exponential and Rayleigh distributions demonstrate 
significantly higher information criterion values, indicating their inability to effectively model 
chlorophyll data. This observation is consistent with the KS and AD test results in Table 3, 
where these distributions exhibited substantial misfit. 

Higher information criterion values imply that these models lack the flexibility to 
capture the complex variability within the chlorophyll dataset, rendering them unsuitable 
for accurate statistical modeling. Although the GEV distribution exhibits relatively high AIC, 
BIC, and AICc values for n=8, it demonstrates substantial improvements in performance 
as the sample size increases to n=17, 18, and 56, where its information criterion values 
decrease significantly. This decline suggests that the GEV distribution becomes more 
stable and appropriate for larger sample sizes, reinforcing its suitability as one of the best 
models for chlorophyll data representation. 

The combined evaluation of GoF tests and information criteria further strengthens 
the conclusion that the gamma, log-normal, logistic, log-logistic, normal, and GEV 
distributions are the most appropriate models for chlorophyll data, particularly for larger 
sample sizes. These distributions demonstrate enhanced performance in capturing data 
heterogeneity, making them more reliable for statistical modeling. In contrast, the 
Exponential and Rayleigh distributions exhibit significant limitations in flexibility, making 
them unsuitable for representing the complex structure of chlorophyll data. The consistently 
higher values of AIC, BIC, and AICc further confirm that these models fail to adequately fit 
the dataset. Therefore, selecting the appropriate distribution based on both GoF tests and 
information criteria is crucial for ensuring robust and accurate analytical results. 
 
3.4 Clustering analysis 
 
The test statistic values obtained in Table 3 for each sample are used in the clustering 
process utilizing the K-Means Clustering method. This process aims to identify distributions 
that exhibit similarities based on the KS and AD test statistics. By employing this method, 
distributions that demonstrate similar goodness-of-fit patterns will be grouped into the same 
cluster. The iteration in the K-Means Clustering method is performed progressively until a 
convergent value is achieved, meaning that changes in cluster assignment between 
iterations become minimal or no longer significant. This convergence process is crucial to 
ensure that the clustering structure accurately reflects the relationships among distributions 
based on KS and AD statistical measures. Once the clustering process reaches a stable 
state, the results are then evaluated using the CHI to determine the optimal number of 
clusters. Table 5 presents the clustering results using the K-Means algorithm: 

Following Table 5, the clustering results reveal a clear pattern in how distributions 
are grouped based on their statistical characteristics. For 𝑛𝑛 =  8, the GEV distribution is 
placed in Cluster 2, alongside the Exponential distribution. However, as the sample size 
increases to 𝑛𝑛 =  17, 18,  and 56 , the GEV distribution shifts to Cluster 1, joining the 
gamma, log-normal, logistic, log-logistic, normal, and Weibull distributions. This transition 
indicates that the GEV distribution exhibits greater similarity with the distributions in Cluster 
1 as the sample size increases, aligning with the pattern observed in the other distributions 
within this group. Meanwhile, the gamma, log-normal, logistic, log-logistic, normal, and  
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Table 4. Information criteria for various distributions on chlorophyll samples 

Distribution Information 
Criteria 

Chlorophyll Sample 
𝒏𝒏 = 𝟖𝟖 𝒏𝒏 = 𝟏𝟏𝟏𝟏 𝒏𝒏 = 𝟏𝟏𝟏𝟏 𝒏𝒏 = 𝟓𝟓𝟓𝟓 

Exponential AIC 
BIC 
AICc 
CAIC 
HQC 

-2.282 
-2.202 
-1.615 
-1.202 
-2.817 

-10.184 
-9.3510 
-9.9175 
-8.3510 
-10.101 

-9.693 
-8.803 
-9.443 
-7.803 
-9.570 

-40.692 
-38.666 
-40.618  
-37.666 
-39.906 

Gamma AIC 
BIC 
AICc 
CAIC 
HQC 

-31.597 
-31.438 
-29.197 
-29.438 
-32.669 

-73.330 
-71.664 
-72.473 
-69.664 
-73.164 

-76.353 
-74.572 
-75.553 
-72.572 
-76.107 

-263.563 
-259.512 
-263.336  
-257.512 
-261.992 

Log Normal AIC 
BIC 
AICc 
CAIC 
HQC 

-31.144 
-30.985 
-28.744 
-28.985 
-32.215 

-73.437 
-71.771 
-72.580 
-69.771 
-73.272 

-76.271 
-74.491 
-75.471 
-72.491 
-76.026 

-264.367 
-260.316 
-264.141 
-258.316  
-262.797 

Logistic AIC 
BIC 
AICc 
CAIC 
HQC 

-33.147 
-32.988 
-30.747 
-30.988 
-34.219 

-70.962 
-69.296 
-70.105 
-67.296 
-70.797 

-74.650 
-72.869 
-73.850 
-70.869 
-74.405 

-259.346 
-255.295 
-259.119 
-253.295 
-257.775 

Log Logistic AIC 
BIC 
AICc 
CAIC 
HQC 

-32.309 
-32.150 
-29.909 
-30.150 
-33.380 

-71.428 
-69.762 
-70.571 
-67.762 
-71.262 

-74.609 
-72.828 
-73.809 
-70.828 
-74.364 

-261.128 
-257.077 
-260.902 
-255.077 
-259.558 

Normal AIC 
BIC 
AICc 
CAIC 
HQC 

-32.251 
-32.092 
-29.851 
-30.092 
-33.323 

-72.952 
-71.285 
-69.285 
-71.818 
-72.786 

-76.328 
-74.548 
-75.528 
-72.548 
-76.083 

-261.615 
-257.565 
-261.389 
-255.565 
-260.045 

Rayleigh AIC 
BIC 
AICc 
CAIC 
HQC 

-13.177 
-13.097 
-12.510 
-12.097 
-13.712 

-33.266 
-32.433 
-33.000 
-31.433 
-33.184 

-34.132 
-33.241 
-33.882 
-32.241 
-34.009 

-116.983 
-114.958 
-116.909 
-113.958 
-116.198 

GEV AIC 
BIC 
AICc 
CAIC 
HQC 

-44.827 
-44.588 
-38.827 
-41.588 
-46.434 

-72.677 
-70.178 
-70.831 
-67.178 
-72.429 

-75.417 
-72.745 
-73.702 
-69.745 
-75.048 

-266.959 
-260.883 
-266.497 
-257.883 
-264.603 

Weibull  AIC 
BIC 
AICc 
CAIC 
HQC 

-35.098 
-34.939 
-32.698 
-32.939 
-36.170 

-71.744 
-70.078 
-70.887 
-68.078 
-71.578 

-75.950 
-74.169 
-75.150 
-72.169 
-75.704 

-251.027 
-246.977 
-250.801 
-244.977 
-249.457 

Note: This Table presents information criteria (AIC, BIC, CAIC, HQC) for various 
distributions. Lower values indicate the best model, with AIC focusing on data fit, BIC and 
CAIC penalizing complexity, and HQC providing a balance. 
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Table 5. K-means evaluation with CHI for various distributions 

Distribution Evaluation of Cluster K-Means with CHI 
𝒏𝒏 = 𝟖𝟖 𝒏𝒏 = 𝟏𝟏𝟏𝟏 𝒏𝒏 = 𝟏𝟏𝟏𝟏 𝒏𝒏 = 𝟓𝟓𝟓𝟓 

Exponential Cluster 2 Cluster 2 Cluster 2 Cluster 2 
Gamma Cluster 1 Cluster 1 Cluster 1 Cluster 1 
Log Normal Cluster 1 Cluster 1 Cluster 1 Cluster 1 
Logistic Cluster 1 Cluster 1 Cluster 1 Cluster 1 
Log Logistic Cluster 1 Cluster 1 Cluster 1 Cluster 1 
Normal Cluster 1 Cluster 1 Cluster 1 Cluster 1 
Rayleigh Cluster 3 Cluster 3 Cluster 3 Cluster 3 
GEV Cluster 2 Cluster 1 Cluster 1 Cluster 1 
Weibull  Cluster 1 Cluster 1 Cluster 1 Cluster 1 

Note: Clustering results of K-Means with CHI for samples 𝑛𝑛 = 8,17,18, and 56. Cluster 1 
contains distributions with the best fit, while Cluster 2 and 3 represent patterns different 
from the main data. 

 
Weibull distributions consistently remain in Cluster 1 across all sample sizes. This stability 
suggests that these distributions share similar statistical goodness-of-fit characteristics, 
leading to a clustering pattern that remains unchanged despite variations in sample size. 
These findings reinforce the conclusion that the distributions in Cluster 1 are more stable 
and reliable for modeling chlorophyll data. On the other hand, the Exponential and Rayleigh 
distributions remain in separate clusters, specifically Cluster 2 and Cluster 3, across all 
sample sizes. This consistent separation indicates that these distributions exhibit 
significant differences compared to those in Cluster 1, further supporting the earlier findings 
that Exponential and Rayleigh distributions are inadequate for accurately representing 
chlorophyll data. The clustering results demonstrate that the iteration has reached 
convergence at 𝑘𝑘 =  3, where Cluster 1 comprises distributions with the best fit, while 
Cluster 2 and Cluster 3 contain distributions with distinct characteristics that deviate from 
the main data pattern. 
 
3.5 Evaluation cluster with CHI 
 
To determine the optimal number of clusters in this analysis, an evaluation was conducted 
using the CHI method. CHI is a clustering evaluation method that measures the ratio 
between inter-cluster and intra-cluster variability, where higher values indicate better 
clustering performance. To obtain the results presented in Table 6, the clustering process 
was performed using the K-Means Clustering algorithm for each sample size ( 𝑛𝑛 =
 8, 17, 18, and 56) with various cluster numbers (𝑘𝑘 =  2, 𝑘𝑘 =  3, 𝑘𝑘 =  4, and 𝑘𝑘 =  5). Once 
the iteration reached convergence, CHI values were computed for each cluster 
configuration. The results in Table 6 indicate that the CHI value for  𝑘𝑘 =  3 is higher than 
for 𝑘𝑘 =  2 , but does not exceed the values for 𝑘𝑘 =  4  and 𝑘𝑘 =  5 . This suggests that 
increasing the number of clusters beyond 𝑘𝑘 =  3  enhances inter-cluster separation; 
however, it also increases model complexity, which may lead to overfitting. Therefore, 𝑘𝑘 =
 3 was selected as the optimal number of clusters, as it provides a balance between good 
cluster separation and manageable complexity. 
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Table 6. Calinski-Harabasz Index (CHI) value 

Numbers of 
Clusters 

CHI Value 

𝒏𝒏 = 𝟖𝟖 𝒏𝒏 = 𝟏𝟏𝟏𝟏 𝒏𝒏 = 𝟏𝟏𝟏𝟏 𝒏𝒏 = 𝟓𝟓𝟓𝟓 
2 298.0 305.0 386.2 475.1 
3 202.1 1503.1 43710.4 47213.0 
4 260.9 3665.2 127330.0 83778.0 
5 566.8 7643.5 308780.0 184820.0 

Note: CHI values for different cluster numbers across samples 𝑛𝑛 = 8,17,18, and 56. The 
cluster with the highest CHI value is considered the most optimal, with 𝑘𝑘 = 3 having the 
highest value across all sample sizes. 

 
The clustering results indicate that Cluster 2 and Cluster 3 exhibit significant 

differences based on CHI values. Cluster 2 consists of the Exponential distribution, which 
consistently demonstrates poor goodness-of-fit to chlorophyll data based on both GoF tests 
and information criteria. Meanwhile, Cluster 3 consists of the Rayleigh distribution, which, 
despite exhibiting better fit patterns compared to the Exponential distribution, still presents 
distinct characteristics that differentiate it from the distributions in Cluster 1. The obtained 
CHI values confirm that Cluster 1 contains a more stable composition of distributions, 
whereas Cluster 2 and Cluster 3 consist of distributions with weaker fit to empirical data. 
The CHI evaluation further reinforces that  𝑘𝑘 =  3  is the optimal number of clusters. For 
𝑘𝑘 =  2, distributions with dissimilar characteristics remain grouped within the same cluster, 
reducing segmentation clarity. Conversely, for 𝑘𝑘 =  4 and 𝑘𝑘 =  5, although inter-cluster 
separation increases, the additional clusters do not provide substantial benefits and merely 
increase model complexity without improving interpretability. Therefore, 𝑘𝑘 =  3  was 
selected as the optimal number of clusters, ensuring that the clustering structure remains 
representative of chlorophyll data patterns without unnecessarily increasing model 
complexity. 

Figure 2 presents a visual representation of the clustering results for probability 
distributions based on KS and AD test statistics for various sample sizes (𝑛𝑛 =  8, 17, 18, 
and 56). Each point in the plot represents a specific distribution, where its position is 
determined by its KS value (x-axis) and AD value (y-axis). Meanwhile, the color of the 
points indicates clustering results based on the K-Means Clustering method. Distributions 
categorized into Cluster 1 (green)—such as the gamma, log-normal, logistic, log-logistic, 
normal, and Weibull—exhibit lower KS and AD values, indicating better goodness-of-fit to 
empirical data. Conversely, the Exponential (red) and Rayleigh (blue) distributions have 
higher KS and AD values, suggesting poorer fit to the data. The position of the GEV 
distribution (black) varies depending on sample size. Specifically, for 𝑛𝑛 =  8 , GEV is 
grouped in Cluster 2 alongside the Exponential distribution. However, for 𝑛𝑛 =  17, 18, and 
56, GEV shifts to Cluster 1, indicating that its fit to the data improves as the sample size 
increases. These results support the conclusion that 𝑘𝑘 =  3  is the optimal number of 
clusters, as the distributions in Cluster 1 exhibit the best fit, while the Exponential and 
Rayleigh distributions remain in separate clusters, reflecting their distinct goodness-of-fit 
patterns. 
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Figure 2. Clustering of distributions based on KS and AD for varying sample sizes 
 

Figure 3 presents a comparison between fitted distributions and empirical data, 
using probability curves for each distribution evaluated against the histogram of actual 
data. Distributions in Cluster 1, such as the gamma, log-normal, logistic, log-logistic, 
normal, Weibull, and GEV, exhibit probability curves that better match the shape of the 
empirical data histogram, indicating their ability to capture data peaks and asymmetric 
distribution patterns. Meanwhile, the Exponential distribution (dashed red line) and the 
Rayleigh distribution (dashed blue line) show significant differences from the empirical 
data, as they fail to capture the main probability patterns in the data. The Exponential 
distribution appears overly simplified, while the Rayleigh distribution poorly represents the 
actual data distribution. Additionally, the GEV distribution, which initially resembled the 
Exponential distribution for small sample sizes, begins to show better fit for larger sample 
sizes, aligning with the clustering results where GEV shifted to Cluster 1. This visualization 
supports the findings from Figure 2 and the clustering analysis, where Cluster 1 contains 
the best-fitting distributions, whereas the Exponential and Rayleigh distributions primarily 
capture overall data complexity, which explains why they remain in a different cluster in the 
clustering analysis. 
 
3.6 Discussion 
 
The findings of this study highlight the critical role of selecting an appropriate probability 
distribution when modelling heterogeneous chlorophyll data. The gamma, log-normal, 
logistic, log-logistic, normal, and GEV distributions demonstrate superior performance in  
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Figure 3. Comparison of probability density functions for various distributions 
 
terms of both GoF test results and their clustering behavior. These distributions  
consistently provide better adaptability across different sample sizes, making them more 
suitable for accurately representing the variability of chlorophyll concentration in marine 
environments. This finding is particularly relevant for marine and ecological research that 
relies on precise distribution models to understand complex oceanic dynamics. 

Conversely, the Exponential and Rayleigh distributions are found to be less 
suitable for modelling chlorophyll data due to their limitations in capturing data 
heterogeneity. These distributions are primarily suited for data with simpler structures and 
do not adequately describe the variability observed in chlorophyll measurements. The 
selection of appropriate probability distribution is crucial to ensuring robust and reliable 
statistical analyses, which in turn enhances the accuracy of decision-making processes in 
marine ecosystem management and environmental monitoring. Furthermore, the 
clustering analysis based on GoF test statistics indicates that distributional behavior may 
vary depending on the sample size. For smaller datasets, GEV exhibits clustering patterns 
closer to the exponential distribution, whereas for larger sample sizes, GEV aligns with 
more flexible distributions such as gamma and log-normal. This suggests that sample size 
plays a significant role in determining the stability of distribution fitting, reinforcing the need 
for careful model selection in statistical applications related to oceanographic studies. 
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3.7 Limitations and recommendations 
 
This study has several limitations that should be acknowledged. First, the sample size used 
in some cases is relatively small, which may impact the robustness and generalizability of 
the results, particularly for complex distributions such as GEV. Second, the GoF analysis 
is limited to the KS and AD tests, which primarily assess overall fit and sensitivity to tail 
behavior, respectively. These tests may not fully capture the goodness of fit for all 
probability distributions considered, especially for datasets with extreme values. Third, the 
clustering method employed (k-means) assumes a spherical cluster structure and does not 
effectively handle distributions with more complex relationships or overlapping 
characteristics. 

For future research, it is recommended that a larger and more diverse sample set 
be used to improve the stability of parameter estimation and distribution fitting. Additionally, 
incorporating alternative GoF tests such as the Cramer–von Mises or Kuiper test could 
provide a more comprehensive assessment of distributional fit. To enhance clustering 
performance, more flexible clustering techniques, such as DBSCAN or Gaussian Mixture 
Models (GMM), should be considered, as they can better accommodate complex and non-
spherical distributional structures. Lastly, integrating additional model selection criteria and 
machine learning-based clustering approaches may further refine the identification of 
optimal probability distributions for heterogeneous datasets. 
 

4. Conclusions 
 
This study evaluates univariate probability distribution models for chlorophyll data as an 
indicator of plankton presence in the ocean. Using GoF tests, such as the KS and AD tests, 
along with information criteria (AIC, BIC, AICc, CAIC, and HQC), this study assesses the 
suitability of various probability distributions, including the exponential, gamma, log-normal, 
logistic, log-logistic, normal, Rayleigh, GEV, and Weibull. The results indicate that the 
gamma, log-normal, logistic, log-logistic, normal, and GEV distributions exhibit a good fit 
to chlorophyll data across different sample sizes, with lower GoF test values and better 
information criteria compared to other distributions. In contrast, the Exponential and 
Rayleigh distributions are less suitable, as they fail to capture the heterogeneity of 
chlorophyll data, especially in larger sample sizes. The k-means clustering method was 
employed to group distributions based on KS and AD test statistics. The clustering results 
show that GEV in small samples (𝑛𝑛 = 8) is closer to the exponential distribution, but for 
larger samples (𝑛𝑛 = 17, 18, and 56), GEV shifts to a more stable group alongside gamma, 
log-normal, logistic, log-logistic, normal, and Weibull. This suggests that GEV is more 
appropriate for larger sample sizes in modeling chlorophyll distribution. 

The key conclusion of this study is that the gamma, log-normal, logistic, log-logistic, 
normal, and GEV distributions are more effective in modeling chlorophyll data, particularly 
for larger datasets. The clustering method based on GoF tests provides a systematic 
approach for selecting the most suitable probability distributions, reducing uncertainty in 
model selection. However, limitations in the clustering method (k-means) and the relatively 
small sample sizes indicate that further studies using more flexible approaches, such as 
DBSCAN or Gaussian Mixture Models (GMM), as well as additional tests like Cramér–von 
Mises, are necessary to better address the complexity of chlorophyll distribution. 
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