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Binary systems of full terms arising from some mappings 
 

Thodsaporn Kumduang1* 

 
Abstract 

Full terms with an invariant set are special types of terms defined by full transformations with an invariant set 
on a finite set and variables from an alphabet applied in the theory of solid varieties. The set of all full terms with an 
invariant set is closed under the superposition operation under which the superassociative law holds. This work 
introduced three different binary operations on the set of all full terms with an invariant set and proves associativity. 
Moreover, tree languages of full terms with an invariant set and their operations were considered. Finally, embedding 
theorems of semigroups of full terms with an invariant set into semigroups of tree languages of full terms with an 
invariant set were proposed. 
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Introduction 
 

First, we recall from (Denecke, 2016; 
Chansuriya, 2021; Kumduang, & Sriwongsa, 2022) 
that terms, sometimes known as trees, are 
expressions generated by variables from an 
alphabet and compositions of fundamental 
symbols. By definition, an 𝑛-ary term of type 𝜏 is 
inductively defined by the following steps: Each 
variable 𝑥𝑖 in 𝑋𝑛 ≔ {1,… , 𝑛} is an 𝑛-ary term 
of type 𝜏 and 𝑓𝑖(𝑡1, … , 𝑡𝑛𝑖) is also an 𝑛-ary term 
of type 𝜏 if 𝑡1, … , 𝑡𝑛𝑖  are already known. Recent 
studies in several classes of terms can be found, 
for example, in (Joomwong, & Phusanga, 2021; 
Lekkoksung, & Lekkoksung, 2021). Furthermore, 
each term has a tree representation. For 
instance, a tree representation of a term 

𝑓(𝑥7, 𝑔(ℎ(𝑥1, 𝑥2)), ℎ(𝑥3, 𝑥5)) can be shown 
in the (Figure 1). 

 

 
  
Figure 1 A tree representation of a term  

 𝑓(𝑥7, 𝑔(ℎ(𝑥1, 𝑥2)), ℎ(𝑥3, 𝑥5)). 

One of the outstanding classes of terms is 
a full term introduced by K. Denecke and his 
colleagues in (Denecke,  & Jampachon, 2003). 
To attain this, let 𝜏𝑛 be a type of the operation 
symbol of all arity 𝑛 for all 𝑖 ∈ 𝐼, i.e., 𝜏𝑛 = (𝑛𝑖) 
and 𝑛𝑖 = 𝑛 for all 𝑖 ∈ 𝐼. By the symbol 𝑇𝑛, we 
denote the set of all transformations from 𝑛 =
{1,… , 𝑛} to itself. Actually, the set 𝑇𝑛 together 
with a binary composition of functions forms a 
semigroup called a transformation semigroup. 
Applying this concept, for any mapping 𝛼 in 𝑇𝑛, 
an 𝑛-ary full term of type 𝜏𝑛  is defined by the 
following steps: 

1.  𝑓𝑖(𝑥𝛼(1), … , 𝑥𝛼(𝑛))  is an 𝑛 -ary full 
term of type 𝜏𝑛 where 𝛼 ∈ 𝑇𝑛, 

2. if 𝑡1, … , 𝑡𝑛 are 𝑛-ary full terms of type 
𝜏𝑛 , then 𝑓𝑖(𝑡1, … , 𝑡𝑛)  is an 𝑛 -ary full term of 
type 𝜏𝑛 . The set of all 𝑛-ary full terms of type 
𝜏𝑛 is denoted by 𝑊𝜏𝑛𝐹(𝑋𝑛).   

Let us consider some example. For a type 
𝜏3 = (3, 3) with two ternary operation symbols, 

say 𝑓 and 𝑔, we have 𝑓(𝑥1, 𝑥2, 𝑥3), 𝑓(𝑥1, 𝑥1, 𝑥1), 
𝑓( 𝑔(𝑥1, 𝑥2, 𝑥3), 𝑓(𝑥3, 𝑥1, 𝑥2), 𝑓(𝑥2, 𝑥1, 𝑥3)) are 
examples of full terms in the set 𝑊(3,3)𝐹 (𝑋𝑛).  

However, there are various ways to study 
terms in a higher step. One of the generalizations 
of terms in the study of universal algebra and 
automata theory is a set of terms. In fact, we call 
sets of terms tree languages, see (Salehia,  & 
Steinby, 2007). The set of all subsets or tree 
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languages of all 𝑛 -ary full terms of type 𝜏𝑛  is 
denoted by 𝑃(𝑊𝜏𝑛𝐹(𝑋𝑛)). For example, we have 
{𝑓(𝑥1, 𝑥2, 𝑥3)}, {𝑔(𝑥1, 𝑥1, 𝑥1), 𝑓(𝑥2, 𝑥2, 𝑥2)}, 
{𝑓(𝑔(𝑥1, 𝑥2, 𝑥3), 𝑓(𝑥3, 𝑥1, 𝑥2), 𝑓(𝑥2, 𝑥1, 𝑥3))} 

are examples of tree languages in 𝑃(𝑊(3,3)𝐹 (𝑋𝑛)). 
Nevertheless, a set {𝑓(𝑥1, 𝑓(𝑥1, 𝑥2, 𝑥3), 𝑥3)} is 
not a tree language of ternary full terms of  
type (3, 3) . To compute the result of tree  
languages of full terms, in (Wattanatripop,  
& Changphas, 2021a), a non-deterministic  
superposition operation on the set 𝑃(𝑊𝜏𝑛𝐹(𝑋𝑛))  
was defined. By definition, a mapping 

𝑆̂𝑛: 𝑃 (𝑊𝜏𝑛
𝐹(𝑋𝑛))

𝑛+1
→ 𝑃 (𝑊𝜏𝑛

𝐹(𝑋𝑛)) is defined 
as follows: 

1. 𝑆̂𝑛({𝑓𝑖(𝑥𝛼(1), … , 𝑥𝛼(𝑛))}, 𝐵1, … , 𝐵𝑛) =
{𝑓𝑖(𝑟𝛼(1), … , 𝑟𝛼(𝑛))|𝑟𝛼(𝑗) ∈ 𝐵𝛼(𝑗), 𝑗 = 1, … , 𝑛}, 

2. 𝑆̂𝑛({𝑓𝑖(𝑡1, … , 𝑡𝑛)}, 𝐵1, … , 𝐵𝑛) =
{𝑓𝑖(𝑟1, … , 𝑟𝑛)|𝑟𝑗 ∈ 𝑆̂

𝑛({𝑡𝑗}, 𝐵1, … , 𝐵𝑛), 𝑗 = 1,… , 𝑛}, 

3. if |𝐴| > 1, then 𝑆̂𝑛(𝐴, 𝐵1, … , 𝐵𝑛) =
⋃ {𝑆̂𝑛({𝑎}, 𝐵1, … , 𝐵𝑛)},𝑎∈𝐴  
 

4. 𝑆̂𝑛(𝐴, 𝐵1, … , 𝐵𝑛) = ∅ if 𝐴 = ∅ or 𝐵𝑗 = ∅ 

for some 𝑗.  Recall that a nonempty set 𝐺 and an 
operation 𝑜  defined on 𝐺  satisfying the 
superassociative law, i.e., 

 

𝑜(𝑜(𝑎, 𝑏1, … , 𝑏𝑛), 𝑑1, … , 𝑑𝑛)
= 𝑜(𝑎, 𝑜(𝑏1, 𝑑1, … , 𝑑𝑛),… , 𝑜(𝑏𝑛, 𝑑1, … , 𝑑𝑛)) 
is called a Menger algebra. As a consequence, 
the Menger algebra (𝑃 (𝑊𝜏𝑛𝐹(𝑋𝑛)) , 𝑆̂𝑛)   of type 
(𝑛 + 1) is obtained. 
 

 

In 2022, the concept of full terms with an 
invariant set was introduced by in (Phuapong, & 

Pookpienlert, 2022). We now recall the definition 
of a semigroup of transformations with an invariant 
set introduced in (Honyam,  & Sanwong, 2011). 
For a fixed nonempty subset 𝑌  of 𝑋 , the set 
𝑆(𝑋, 𝑌) = {𝛼 ∈ 𝑓: 𝑋 → 𝑋 ∣ 𝑌𝛼 ⊆ 𝑌 } whose elements 
are called transformations with an invariant set 
equipped with the usual composition of functions 
is a semigroup. For more details, we refer to 
(Chinram, & Baupradist, 2019; Sarkar, & Singh, 2022). 
Applying this structure, a particular class of full 
terms was given. Actually, an 𝑛-ary 𝑆(𝑛̅, 𝑌)-full 
term of type 𝜏𝑛 is inductively defined in the 
following setting: 

1. 𝑓𝑖(𝑥𝛼(1), … , 𝑥𝛼(𝑛)) is an 𝑛 -ary 
𝑆(𝑛, 𝑌)-full term of type 𝜏𝑛 where 𝛼 ∈ 𝑆(𝑛, 𝑌), 

2. if 𝑡1, … , 𝑡𝑛 are 𝑛-ary 𝑆(𝑛, 𝑌)-full terms 
of type 𝜏𝑛 , then 𝑓𝑖(𝑡1, … , 𝑡𝑛)  is an 𝑛 -ary 
𝑆(𝑛, 𝑌)-full term of type 𝜏𝑛.  

3. The set 𝑊𝜏𝑛
𝑆(𝑛,𝑌)

(𝑋𝑛)  of all 𝑛 -ary 
𝑆(𝑛, 𝑌)-full terms of type 𝜏𝑛 is the smallest set 
containing 𝑓𝑖(𝑡𝛼(1), … , 𝑡𝛼(𝑛))  and is closed 
under finite application of 2. 

For example, let 𝜏3 = (3, 3, 3)  be a 
type with three ternary operation symbols ⊗,⊠, 
⊚. For a fixed subset 𝑌 = {1,3} of 3, we have 

⊗ (𝑥1, 𝑥2, 𝑥3),⊠ (𝑥1, 𝑥3, 𝑥1) ∈ 𝑊(3,3,3)
𝑆(3,{1,3})

(𝑋3)  
because (1 2 3

1 2 3
) , (

1 2 3
1 3 1

) ∈ 𝑆(3, {1,3}) . 
On the other hand, it is not difficult to see that   

⊗ (𝑥2, 𝑥1, 𝑥1),⊚ (𝑥2, 𝑥2, 𝑥2) ∉ 𝑊(3,3,3)
𝑆(3,{1,3})

(𝑋3)  
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because (1 2 3
2 1 1

) and (1 2 3
2 2 2

) do not belong 
to the set 𝑆(3, {1,3}).  

The superposition operation 𝑆𝑛 on the set 

𝑊𝜏𝑛
𝑆(𝑛,𝑌)

(𝑋𝑛)  of all 𝑛 -ary 𝑆(𝑛, 𝑌) -full terms  
of type 𝜏𝑛  was mentioned in the paper 
(Wattanatripop, & Changphas, 2019, Wattanatripop, 
& Changphas, 2021b). In fact, it is a mapping  

𝑆𝑛:𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛)

𝑛+1 → 𝑊𝜏𝑛
𝑆(𝑛,𝑌)

(𝑋𝑛)  defined 
by  

 

1. 𝑆𝑛(𝑓𝑖(𝑥𝛼(1), … , 𝑥𝛼(𝑛)), 𝑠1, … , 𝑠𝑛) =
𝑓𝑖(𝑠𝛼(1), … , 𝑠𝛼(𝑛)), 

2. 𝑆𝑛(𝑓𝑖(𝑡1, … , 𝑡𝑛), 𝑠1, … , 𝑠𝑛) =
𝑓𝑖(𝑆

𝑛(𝑡1, 𝑠1, … , 𝑠𝑛),… , 𝑆
𝑛(𝑡𝑛, 𝑠1, … , 𝑠𝑛)). 

 

As a result, the algebra (𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛), 𝑆

𝑛) 
of type (𝑛 + 1)  is constructed. It is not hard  
to verify that the operation 𝑆𝑛  defined on 

𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛) satisfies the following identity:  

 

 

𝑆𝑛(𝑆𝑛(𝑡, 𝑠1, … , 𝑠𝑛), 𝑢1, … , 𝑢𝑛) =
𝑆𝑛(𝑡, 𝑆𝑛(𝑠1, 𝑢1, … , 𝑢𝑛),… , 𝑆

𝑛(𝑠𝑛, 𝑢1, … , 𝑢𝑛)) . 
This equation also known as the superassociative 
law which always plays a key role in the theory of 
multiplace functions and Menger algebras. For 
more details, we refer to (Denecke, & Hounnon, 
2021; Dudek, & Trokhimenko, 2021; Phuapong, 
& Kumduang, 2021; Denecke, 2022). 

 

In this work, based on a direction of  
the papers (Phuapong, & Kumduang, 2021, 
Wattanatripop, & Changphas, 2021b) we aim to 
continue the study of 𝑆(𝑛, 𝑌) -full terms by 

introducing binary operations on the set  

𝑊𝜏𝑛
𝑆(𝑛,𝑌)

(𝑋𝑛)  of all 𝑆(𝑛, 𝑌) -full terms derived  
from the superposition 𝑆𝑛 and prove that these 
operations are associative. For tree languages of 
𝑆(𝑛, 𝑌)-full terms, binary operations induced by 
a non-deterministic operation 𝑆̂𝑛 are introduced 
and the fact that these operations satisfy an 
associativity is given. Finally, this work is devoted 
to the embeddability of semigroups of 𝑆(𝑛, 𝑌)-
full terms into semigroups of tree languages of 
𝑆(𝑛, 𝑌)-full terms. 
 

Methodology 
We begin this section with giving  

three kinds of binary operations defined on the 
set of all 𝑆(𝑛, 𝑌) -full terms. For any 𝑠, 𝑡  

in 𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛), we define the binary operation 

 +∶ 𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛) ×𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛) → 𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛)  

 

By 𝑠 + 𝑡 = 𝑆𝑛(𝑠, 𝑡 … , 𝑡⏟  
𝑛

). Then we have: 

Theorem 1 (𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛),+) is a semigroup. 

Proof Let 𝑠, 𝑡, 𝑢   be 𝑆(𝑛, 𝑌) -full terms of  
type 𝜏𝑛 . Because the operation 𝑆𝑛  satisfies  
the superassociativity, we have (𝑠 + 𝑡) + 𝑢 =
𝑆𝑛(𝑠, 𝑡, … , 𝑡) + 𝑢 = (𝑆𝑛(𝑠, 𝑡, … , 𝑡), 𝑢, … , 𝑢) =
𝑆𝑛(𝑠, 𝑆𝑛(𝑡, 𝑢, … , 𝑢),… , 𝑆𝑛(𝑡, 𝑢,… , 𝑢) ) = 𝑠 + 

𝑆𝑛(𝑡, 𝑢, … , 𝑢) = 𝑠 + (𝑡 + 𝑢). As a consequence, 

(𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛), +) forms a semigroup. 

The semigroup given in Theorem 1 is 
called the diagonal semigroup derived from the 
Menger algebra (𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛), 𝑆
𝑛). For more 

details, see (Dudek, & Trokhimenko, 2021). 
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Let 𝑠  and 𝑡   be 𝑆(𝑛, 𝑌) -full terms in  

the set 𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛) . For each 𝑖 = 1,… , 𝑛 ,  

the binary operation ⋅𝑥𝑖 :𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛) ×

𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛) → 𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛) can be defined by 
𝑠 ⋅𝑥𝑖 𝑡 = 𝑆

𝑛(𝑠, 𝑥1, … , 𝑥𝑖−1, 𝑡, 𝑥𝑖+1, … , 𝑥𝑛).  
We now prove the fact that the binary 

operation ⋅𝑥𝑖  satisfies the associative law. 
Theorem 2 (𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛),⋅𝑥𝑖  ) is a semigroup. 
Proof To prove that the binary operation ⋅𝑥𝑖 is 
associative, let 𝑠, 𝑡, 𝑢  be arbitrary full terms  
in 𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛) . Due to the satisfaction of  
𝑆𝑛  of the superassociative law over the  
set 𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛) , we obtain (𝑠 ⋅𝑥𝑖 𝑡) ⋅𝑥𝑖 𝑢 =
𝑠 ⋅𝑥𝑖 (𝑡 ⋅𝑥𝑖 𝑢), which shows that (𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛),⋅𝑥𝑖  ) 
forms a semigroup. 

For a positive integer 𝑛, on the Cartesian 

product 𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛)

𝑛  of 𝑛-tuples of 𝑆(𝑛, 𝑌)-
full terms of type 𝜏𝑛 , the binary operation  

∗∶  𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛)

𝑛 ×𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛)

𝑛 → 𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛)

𝑛 

can be defined by  (𝑠1, … , 𝑠𝑛) ∗ (𝑡1, … , 𝑡𝑛) =
(𝑆𝑛(𝑠1, 𝑡1, … , 𝑡𝑛), … , 𝑆

𝑛(𝑠𝑛, 𝑡1, … , 𝑡𝑛)) for all 
(𝑠1, … , 𝑠𝑛), (𝑡1, … , 𝑡𝑛) ∈ 𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛)
𝑛. 

As a consequence, we prove the following 
theorem. 
Theorem 3 (𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛)
𝑛,∗) is a semigroup. 

Proof It follows from a direct verification. 
On the set 𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛) , one can 
consider its power set, i.e., 𝑃(𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛)) . 

Each element in 𝑃 (𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛)) is called  

a tree language of 𝑆(𝑛, 𝑌) -full terms.  

For example, consider a type 𝜏4 = (4)  with  
one quaternary operation symbol ⊞  and a  
set 𝑌 = {1,4} ⊆ 4̅ . It is clear that ∅, {⊞
(𝑥1, 𝑥2, 𝑥3, 𝑥4)}, {⊞ (𝑥4, 𝑥4, 𝑥4, 𝑥4)}, {⊞
(𝑥4, 𝑥3, 𝑥1, 𝑥1),⊞ (𝑥1, 𝑥4, 𝑥2, 𝑥1)}  are 
examples of tree languages in 𝑃(𝑊𝜏4

𝑆(4,{1,4})
(𝑋4)). 

 

Then we prove the following result. 
Theorem 4 (𝑃 (𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛)) , 𝑆̂
𝑛) is a subalgebra of 

the power Menger algebra (𝑃 (𝑊𝜏𝑛𝐹 (𝑋𝑛)) , 𝑆̂𝑛). 

Proof It is easy to see that 𝑃 (𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛)) is a 

subset of 𝑃 (𝑊𝜏𝑛𝐹 (𝑋𝑛)). Now we let 𝐴, 𝐵1, … , 𝐵𝑛  
be subsets of 𝑆(𝑛, 𝑌) -full terms. We give a  
proof by a structure of a set 𝐴 . If one of the  
sets 𝐴,𝐵1, … , 𝐵𝑛  is an empty set, then 
𝑆̂𝑛(𝐴, 𝐵1, … , 𝐵𝑛) = ∅ , which implies that 

𝑆̂𝑛(𝐴, 𝐵1, … , 𝐵𝑛) ∈ 𝑃 (𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛)). If 𝐴  is a 

one element set, we consider in two cases.  
If 𝐴 = {𝑓𝑖(𝑥𝛼(1), … , 𝑥𝛼(𝑛))}  where 𝛼  is a 
mapping on 𝑆(𝑛, 𝑌) , then we have that 
𝑆̂𝑛({𝑓𝑖(𝑥𝛼(1), … , 𝑥𝛼(𝑛))}, 𝐵1, … , 𝐵𝑛) which equals 
to {𝑓𝑖(𝑟𝛼(1), … , 𝑟𝛼(𝑛))| 𝑟𝛼(𝑗) ∈ 𝐵𝛼(𝑗), 𝑗 = 1, … , 𝑛} 
belongs to the set 𝑃(𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛))  because 
𝐵𝛼(𝑗) ∈ 𝑃(𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛))  for every 𝑗 = 1,… , 𝑛 . 
Suppose now that 𝐴 = {𝑓𝑖(𝑡1, … , 𝑡𝑛)}  and that 
each 𝑆̂𝑛({𝑡𝑗}, 𝐵1, … , 𝐵𝑛) is an 𝑆(𝑛, 𝑌)-full term 
of type 𝜏𝑛  on 𝑆(𝑛, 𝑌) . It follows that 
𝑆̂𝑛({𝑓𝑖(𝑡1, … , 𝑡𝑛)}, 𝐵1, … , 𝐵𝑛) = {𝑓𝑖(𝑟1, … , 𝑟𝑛)| 𝑟𝑗 ∈

𝑆̂𝑛({𝑡𝑗}, 𝐵1, … , 𝐵𝑛), 𝑗 = 1,… , 𝑛} is in the set 
𝑃(𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛)) . In the case when a set 𝐴  
is a nonempty arbitrary set, we obtain that 
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𝑆̂𝑛(𝐴, 𝐵1, … , 𝐵𝑛) = ⋃ {𝑆̂𝑛({𝑎}, 𝐵1, … , 𝐵𝑛)}𝑎∈𝐴   

is in 𝑃(𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛))  because each 

𝑆̂
𝑛
({𝑎},𝐵1 , … ,𝐵𝑛) is already known. Consequently, 

the proof is finished. 
According to Theorem 4, we can remark 

here that the operation 𝑆̂𝑛  satisfies a 
superassociative law over the set  𝑃(𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛)).  
Let 𝐴  and 𝐵 be two elements of 

𝑃(𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛)) . Then we define the binary 

operation +̂  on 𝑃(𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛))  by 𝐴+̂𝐵 =

𝑆̂𝑛(𝐴, 𝐵1, … , 𝐵𝑛). The following theorem shows 
that +̂ is associative. 
Theorem 5 (𝑃(𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛)), +̂) is a semigroup. 
Proof We show that the binary operation +̂ is 
associative. For this, let 𝐴, 𝐵, 𝐶 be  
arbitrary elements in 𝑃(𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛)). By the 
superassociativity of the operation 𝑆̂𝑛, we have 
(𝐴+̂𝐵)+̂𝐶 = 𝑆̂𝑛(𝑆̂𝑛(𝐴, 𝐵, … , 𝐵), 𝐶, … , 𝐶) and 

𝐴+̂(𝐵+̂𝐶) = 𝐴+̂𝑆̂𝑛(𝐵, 𝐶, … , 𝐶) 
= 𝑆̂𝑛(𝐴, 𝑆̂𝑛(𝐵, 𝐶, … , 𝐶), … , 𝑆̂𝑛(𝐵, 𝐶, … , 𝐶)). 

As a result, (𝐴+̂𝐵)+̂𝐶 = 𝐴+̂(𝐵+̂𝐶) . Thus, 
(𝑃(𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛)), +̂) is a semigroup. 
The obtained semigroup in Theorem 5  

is called the diagonal power semigroup  
derived from the power Menger algebra 
(𝑃(𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛)), 𝑆̂
𝑛).  

Let 𝐴  and 𝐵  be subsets of full terms  
with an invariant set. For each 𝑖 = 1,… , 𝑛 ,  

the binary operation ⋅{𝑥𝑖} : 𝑃 (𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛)) 

× 𝑃 (𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛)) → 𝑃 (𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛))  can 

be defined by 𝐴 ⋅{𝑥𝑖} 𝐵 = 𝑆̂
𝑛(𝐴, {𝑥1}, 

… , {𝑥𝑖−1}, 𝐵, {𝑥𝑖+1},… , {𝑥𝑛}). 
The fact that the binary operation ⋅{𝑥𝑖} 

satisfies the associative law is proved in the 
following theorem. 
Theorem 6 (𝑃(𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛)),⋅{𝑥𝑖}) is a semigroup. 
Proof To show that the binary operation ⋅{𝑥𝑖} is 
associative, let 𝐴, 𝐵, 𝐶  be sets of 𝑆(𝑛, 𝑌) -full 
terms. Due to the satisfaction of the operation 
 𝑆̂𝑛 of a superassociative law over the set 

𝑃 (𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛)), we obtain (𝐴 ⋅{𝑥𝑖} 𝐵) ⋅{𝑥𝑖} 𝐶 =

𝑆̂𝑛(𝐴, {𝑥1}, … , {𝑥𝑖−1}, 𝐵, {𝑥𝑖+1}, … , {𝑥𝑛}) ⋅{𝑥𝑖} 𝐶 
= 𝐴 ⋅{𝑥𝑖} 𝑆̂

𝑛(𝐵, {𝑥1}, … , {𝑥𝑖−1}, 𝐶, {𝑥𝑖+1}, … , {𝑥𝑛}), 

which equals 𝐴 ⋅{𝑥𝑖} (𝐵 ⋅{𝑥𝑖} 𝐶) . Therefore, we 

conclude that (𝑃(𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛)),⋅{𝑥𝑖}) forms a 

semigroup. 
On the Cartesian product 𝑃 (𝑊𝜏𝑛𝑆(𝑛,𝑌)(𝑋𝑛))

𝑛

 
of tree languages full terms of type , the 
binary operation, denoted by ∗̂, is defined by  

 

(𝐴1, … , 𝐴𝑛) ∗̂ (𝐵1, … , 𝐵𝑛) 
= (𝑆̂𝑛(𝐴1, 𝐵1, … , 𝐵𝑛), … , 𝑆̂

𝑛(𝐴𝑛, 𝐵1, … , 𝐵𝑛)) 
for all (𝐴1, … , 𝐴𝑛), (𝐵1, … , 𝐵𝑛) ∈ 𝑃 (𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛))
𝑛

. 
As a result, we prove: 
 

 

Theorem 7 (𝑃 (𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛))

𝑛

,∗̂)  is a 
semigroup. 
 
 

Proof First, we let  (𝐴1, … , 𝐴𝑛), (𝐵1, … , 𝐵𝑛), (𝐶1, … , 𝐶𝑛) 
∈ 𝑃 (𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛))
𝑛

. Because a non-deterministic 
superposition operation satisfies the superassociative 
law, the equation ((𝐴1, … , 𝐴𝑛) ∗̂ (𝐵1, … , 𝐵𝑛)) ∗̂ 

(𝐶1, … , 𝐶𝑛) = (𝐴1, … , 𝐴𝑛) ∗̂ ((𝐵1, … , 𝐵𝑛) ∗̂ 

n
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(𝐶1, … , 𝐶𝑛)) is directly obtained. Hence, 

(𝑃 (𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛))

𝑛

,∗̂) is a semigroup. 

 
Results and discussion 

This section is contributed to several 
embedding theorems of semigroups derived from 
the algebra of 𝑆(𝑛, 𝑌)-full terms into semigroups 
of tree languages of 𝑆(𝑛, 𝑌)-full terms. 
 

Theorem 8 The following statements hold:  
(1) The diagonal semigroup 

(𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛), +) can be embedded into the 

binary comitant  (𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛)

𝑛,∗). 

(2) The power diagonal semigroup  

(𝑃 (𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛)) , +̂) can be embedded into 

(𝑃 (𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛))

𝑛

,∗̂). 
 

Proof We first prove the statement (1). For any 
𝑆(𝑛, 𝑌) -full term 𝑡  of type 𝜏𝑛 , the mapping 

𝜎: 𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛) → 𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛)  can be 

defined by 𝜎(𝑡) = (𝑡, … , 𝑡⏟  
𝑛 times

). It is obvious that  

𝜎  is an injection. To show that 𝜎  is a 

homomorphism, we let 𝑠, 𝑡 ∈ 𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛). By 

this definition, we have that 𝜌(𝑠 + 𝑡) = 

𝜌(𝑆𝑛(𝑠, 𝑡, … , 𝑡)) = (𝑆𝑛(𝑠, 𝑡, … , 𝑡),… , 𝑆𝑛(𝑠, 𝑡,… , 𝑡)⏟                  
𝑛

) 

= (𝑠, … , 𝑠) + (𝑡, … , 𝑡) = 𝜌(𝑠) + 𝜌(𝑡) . As a 
consequence, we say that (𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛), +) can 
be embedded into (𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛)
𝑛,∗). To show 

(2), we define the mapping 𝜗: 𝑃 (𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛)) →

𝑃 (𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛))

𝑛

 by 𝜗(𝐷) = (𝐷,… ,𝐷⏟    
𝑛 times

)  for all  

𝐷 ∈ 𝑃 (𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛)) . Clearly, 𝜗  is injective. 

Furthermore, we have 𝜗(𝐴+̂𝐵) = 𝜗(𝐴)+̂𝜗(𝐵) 

because 𝜗(𝐴+̂𝐵) = 𝜗 (𝑆̂𝒏(𝐴, 𝐵1, … , 𝐵𝑛))  and 
that every position of the tuple is equal to 
𝑆̂𝒏(𝐴, 𝐵1, … , 𝐵𝑛).  On the other hand, we have 
(𝐴, … , 𝐴)+̂(𝐵, … , 𝐵) , which is equal to 

(𝑆̂𝒏(𝐴, 𝐵1, … , 𝐵𝑛), … , 𝑆̂
𝒏(𝐴, 𝐵1, … , 𝐵𝑛)). We 

conclude that the mapping 𝜗 is a monomorphism 

from (𝑃 (𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛)) , +̂)  to the semigroup 

(𝑃 (𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛))

𝑛

,∗̂). 
 

Finally, the facts that the semigroups of 
𝑆(𝑛, 𝑌) -full terms can be embedded into the 
semigroups of tree languages of 𝑆(𝑛, 𝑌) -full 
terms will be proved. 

 

Theorem 9 The following statements are 
obtained: 
 

(1) The Menger algebra  (𝑊𝜏𝑛𝑆
(𝑛,𝑌)(𝑋𝑛), 𝑆

𝑛) 

is embeddable into the power Menger algebra 

(𝑃 (𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛)) , 𝑆̂

𝒏), 

(2) the semigroup (𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛), +)  is 

embeddable into the power semigroup 

(𝑃 (𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛)) , +̂), 

(3) the semigroup (𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛),⋅𝑥𝑖)  is 

embeddable into (𝑃 (𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛)) ,⋅{𝑥𝑖}), 

(4) the semigroup (𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛)

𝑛,∗)  is 

embeddable into  (𝑃 (𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛))

𝑛

,∗̂). 
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Proof We first show that the statement (1)  
holds. To do this, we define the mapping  
𝜂 ∶  (𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛), 𝑆
𝑛) → (𝑃 (𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛)) , 𝑆̂
𝒏) by 

𝜂(𝑡) = {𝑡} for all 𝑆(𝑛, 𝑌)-full term 𝑡 of type 𝜏𝑛. 
Obviously, 𝜂 is an injective mapping. Moreover,  
it has a homomorphism property, i.e.,  
𝜂(𝑆𝑛(𝑡, 𝑠1, … , 𝑠𝑛)) = 𝑆̂

𝑛(𝜂(𝑡), 𝜂(𝑠1), … , 𝜂(𝑠𝑛)) . 
In fact, we give a proof by induction on the 
complexity of an 𝑆(𝑛, 𝑌) -full term 𝑡 . If 𝑡 =
𝑓𝑖(𝑥𝛼(1), … , 𝑥𝛼(𝑛))   where 𝛼 ∈ 𝑆(𝑛, 𝑌) , we 

have 𝜂 (𝑆𝑛(𝑓
𝑖
(𝑥𝛼(1), … , 𝑥𝛼(𝑛)), 𝑠1, … , 𝑠𝑛)) 

 

      = 𝜂 (𝑓𝑖(𝑠𝛼(1), … , 𝑠𝛼(𝑛))) 

      = {𝑓𝑖(𝑠𝛼(1), … , 𝑠𝛼(𝑛))}  
and 
 
 

 

𝑆̂𝑛 (𝜂 (𝑓𝑖(𝑥𝛼(1), … , 𝑥𝛼(𝑛))) , 𝜂(𝑠1), … , 𝜂(𝑠𝑛)) 

= 𝑆̂𝑛({𝑓𝑖(𝑥𝛼(1), … , 𝑥𝛼(𝑛))}, {𝑠1}, … , {𝑠𝑛}) 

         = {𝑓𝑖(𝑠𝛼(1), … , 𝑠𝛼(𝑛))}.  
If 𝑡 = 𝑓𝑖(𝑡1, … , 𝑡𝑛)  and assume now that 
𝜂 (𝑆𝑛(𝑡𝑗 , 𝑠1, … , 𝑠𝑛)) = 𝑆̂

𝑛
(𝜂(𝑡𝑗), 𝜂(𝑠1), … , 𝜂(𝑠𝑛)) 

for every 1 ≤ 𝑗 ≤ 𝑛 , consequently,  we have 

𝜂 (𝑆𝑛(𝑓
𝑖
(𝑡1, … , 𝑡𝑛), 𝑠1, … , 𝑠𝑛)) 

= {𝑆𝑛(𝑓𝑖(𝑡1, … , 𝑡𝑛), 𝑠1, … , 𝑠𝑛)}

= {𝑓𝑖(𝑆
𝑛(𝑡1, 𝑠1, … , 𝑠𝑛), … ,𝑆

𝑛(𝑡𝑛, 𝑠1, … , 𝑠𝑛))} 
 

and 
 
 

 𝑆̂𝑛 (𝜂(𝑓𝑖(𝑡1, … , 𝑡𝑛)), 𝜂(𝑠1),… , 𝜂(𝑠𝑛)) 

   = 𝑆̂𝑛({𝑓𝑖(𝑡1, … , 𝑡𝑛)}, {𝑠1}, … , {𝑠𝑛}) 
   = {𝑓𝑖(𝑟1, … , 𝑟𝑛)|𝑟𝑗 ∈ 𝑆̂

𝑛({𝑡𝑗}, {𝑠1}, … , {𝑠𝑛})}. 
Thus, 𝜂(𝑆𝑛(𝑓𝑖(𝑡1, … , 𝑡𝑛), 𝑠1, … , 𝑠𝑛))  and the set  
 
 

𝑆̂𝑛 (𝜂(𝑓𝑖(𝑡1, … , 𝑡𝑛)), 𝜂(𝑠1), … , 𝜂(𝑠𝑛))  are the 
same thing. Therefore, 𝜂  is a monomorphism 
 

from the algebra (𝑊𝜏𝑛𝑆
(𝑛,𝑌)(𝑋𝑛), 𝑆

𝑛) to the power 
Menger algebra (𝑃 (𝑊𝜏𝑛𝑆

(𝑛,𝑌)(𝑋𝑛)) , 𝑆̂
𝒏). To prove  

 

the statements (2) and (3), we define the 
mapping  𝛽 ∶  𝑊𝜏𝑛𝑆

(𝑛,𝑌)(𝑋𝑛) → 𝑃 (𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛))  by 

𝛽(𝑡) = {𝑡}  for all 𝑡 ∈ 𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛) . Clearly, 𝛽  

is injective. It is not difficult to verify that the 
following equations hold:𝛽(𝑠 + 𝑡) = 𝛽(𝑠)+̂𝛽(𝑡) 
and 𝛽(𝑠 ⋅𝑥𝑖 𝑡) = 𝛽(𝑠) ⋅{𝑥𝑖} 𝛽(𝑡) . Finally, we 
prove that (4) holds. Let (𝑡1, … , 𝑡𝑛) be an 𝑛-tuple 
of the Cartesian set 𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛)
𝑛. The mapping 

𝜑 ∶  𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛)

𝑛 → 𝑃 (𝑊𝜏𝑛
𝑆(𝑛,𝑌)(𝑋𝑛))

𝑛

can be 
naturally defined by 𝜑((𝑡1, … , 𝑡𝑛)) =

({𝑡1}, … , {𝑡𝑛}). It is clear that 𝜑 is injective. The 
proof of a homomorphism property is omitted. 
 

We give a final remark that this paper 
deals with the study of semigroups of full terms 
obtained from full transformations with an 
invariant set. The results given in Theorems 1, 2 
and 3 show that the set of full terms with an 
invariant set is closed under application of the 
superposition 𝑆𝑛  and each binary operation 
defined in a different approach is associative. 
Besides, in Theorems 4, 5 and 6, sets of these full 
terms are considered in a canonical way. From 
these, a close connection among these semigroups  
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is mentioned in Theorems 8 and 9. The importance 
of such theorems is now summarized. If some 
properties of the   semigroups given in Theorems  
1, 2 and 3 are complicated and a process to 
achieve them is difficult, we can transfer a study 
to another structure which is connected by the 
concept of homomorphisms and return to answer 
the original problem in the first one.   

 

In terms of development of research in this 
direction, our results can be viewed as a continuation 
of the work of (Wattanatripop,  & Changphas,  
2021b, Phuapong, & Pookpienlert, 2022) and  
other related topics in this direction in terms of  
a construction of algebraic structures which  
have many properties. This means that although 
the concept of full terms with an invariant set  
was defined, the operation considered on such  
full terms is only a superposition 𝑆𝑛  of type  
 𝑛 + 1  for some positive integer 𝑛  allowing a 
construction of the algebra satisfying the axiom 
of superassociativity. To fulfill this gap, this paper 
determines many binary operations defined for 
such terms and presents their algebraic 
properties in more complicated structures. 

 
Conclusion 

 

It can be noticed here that all semigroups 
defined on the set of all full terms with an invariant 
set can be represented by the semigroups of 
 

 their corresponding languages by considering 
an image of a singleton set of full terms with an 
invariant set in a natural way. We conclude this 
paper with a few open problems and possible 
directions for further research. Characterizations 
for any element in some semigroups mentioned 
in Theorems 1, 2 and 3 to be an idempotent 
element, and a regular element remain open. 
Moreover, an extension of semigroups of full 
terms with an invariant set to ternary semigroups 
of full terms with an invariant set which is more 
complicated than semigroups is also interesting. 
Hopefully, these questions will be answered in 
the near future. 
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