RMUTSB Acad. J. 11(2) : 149-158 (2023) 149

Binary systems of full terms arising from some mappings

Thodsaporn Kumduang1*

Abstract

Full terms with an invariant set are special types of terms defined by full transformations with an invariant set
on a finite set and variables from an alphabet applied in the theory of solid varieties. The set of all full terms with an
invariant set is closed under the superposition operation under which the superassociative law holds. This work
introduced three different binary operations on the set of all full terms with an invariant set and proves associativity.
Moreover, tree languages of full terms with an invariant set and their operations were considered. Finally, embedding
theorems of semigroups of full terms with an invariant set into semigroups of tree languages of full terms with an
invariant set were proposed.
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Introduction

First, we recall from (Denecke, 2016;
Chansuriya, 2021; Kumduang, & Sriwongsa, 2022)
that terms, sometimes known as trees, are
expressions generated by variables from an
alphabet and compositions of fundamental
symbols. By definition, an n-ary term of type T is
inductively defined by the following steps: Each
variable x; in X, = {1, ...,n} is an n-ary term
oftype T and f;(ty, ..., ty;) isalso an n-ary term
of type T if ty, ..., ty, are already known. Recent
studies in several classes of terms can be found,
for example, in (Joomwong, & Phusanga, 2021;
Lekkoksung, & Lekkoksung, 2021). Furthermore,
each term has a ftree

representation. For

instance, a tree

f(x7, g(h(x1,x3)), h(x3, x5)) can be shown
in the (Figure 1).

representation of a term

X1 X2

f

Figure 1 A tree representation of a term

f (7,9 (h(x1,%2)), h(x3, x5)).

One of the outstanding classes of terms is
a full term introduced by K. Denecke and his
colleagues in (Denecke, & Jampachon, 2003).
To attain this, let T,, be a type of the operation
symbol of all arity nforall i € I,i.e., T, = (n;)
andn; = nforalli € I. By the symbol Tp,, we
denote the set of all transformations from n =
{1, ...,n} to itself. Actually, the set T, together
with a binary composition of functions forms a
semigroup called a transformation semigroup.
Applying this concept, for any mapping « in Ty,
an n-ary full term of type T, is defined by the
following steps:

1. filxa(a) -~ Xam)) is an n-ary full
term of type T, where a € T,,,

2. iftq, ..., ty are n-ary full terms of type
T, then fi(tq, ...

type T,,. The set of all n-ary full terms of type

,tn) is an n-ary full term of

T,, is denoted by erl X.

Let us consider some example. For a type
T3 = (3, 3) with two ternary operation symbols,
say f and g, we have f(x;, x,,x3), f(x1, %1, %),
f( 9(x1,%5,x3), f(x3,%1,%3), f(xz,xl,x3)) are
examples of full terms in the set W(§_3)(Xn).

However, there are various ways to study
terms in a higher step. One of the generalizations
of terms in the study of universal algebra and
automata theory is a set of terms. In fact, we call
sets of terms tree languages, see (Salehia, &

Steinby, 2007). The set of all subsets or tree
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languages of all n-ary full terms of type T, is
denoted by P(WTi(Xn)). For example, we have

{f (1, %2, x3) 3, {9 (g, X1, %1), f (X2, %2, X))},
{f(g(xl,xz,x3),f(x3,x1,x2),f(x2,x1,x3))}

are examples of tree languages in P(W(I;S) X).
Nevertheless, a set {f (xq, f(x1, X3, X3),%3)} is
not a tree language of ternary full terms of
type (3,3). To compute the result of tree
languages of full terms, in (Wattanatripop,

& Changphas, 2021a), a non-deterministic
superposition operation on the set P(Wfi(Xn))

was defined. By definition, a mapping

§n.p (mfl (Xn))n+1 >P (Wffl (Xn)) is defined
as follows:
18" ({fi(xaqys - %)} Bus s Ba) =
{firaqy - ram)lraq) € Bagyyd =1, .0},
2. S"{fi(ty, )}, By, o By) =
{fitry, ...t € S*({t;}. By, .... B).j = 1, ...,m},
3.if |A] > 1, then $™(4, By, ...

UaEA{Sn({a}' Bli y Bn)}:
4' SAn(AIBll ---’Bn) = @ if A = @ or B] = ®

,Br) =

for some j. Recall that a nonempty set G and an
operation o defined on G satisfying the

superassociative law, i.e.,

o(o(a, by, ...,by),dq, ..., dy)
=o(a,0(by,dq, ...,dy), ..., 0(by, dq, ..., dy))

is called a Menger algebra. As a consequence,
the Menger algebra (P (VI/TZ(Xn)>,§") of type
(n+ 1) is obtained.

In 2022, the concept of full terms with an

invariant set was introduced by in (Phuapong, &

Pookpienlert, 2022). We now recall the definition
of a semigroup of transformations with an invariant
set introduced in (Honyam, & Sanwong, 2011).
For a fixed nonempty subset Y of X, the set
SX,Y)={a€f:X—>X|Ya <Y }whose elements
are called transformations with an invariant set
equipped with the usual composition of functions
is a semigroup. For more details, we refer to
(Chinram, & Baupradist, 2019; Sarkar, & Singh, 2022).
Applying this structure, a particular class of full
terms was given. Actually, an n-ary S(7, Y)-full
term of type T, is inductively defined in the
following setting:
1. fiXa@y = Xam)) I8 an m -ary
S(n, Y)-full term of type T,, where @ € S(1,Y),
2.iftq, ..., t, are n-ary S(m, Y)-full terms
of type T, , then fi(ty,...,t,) is an n-ary
S(n, Y)-full term of type T,,.
3. The set Wri(ﬁ’y)(Xn) of all n-ary
S(n, Y)-full terms of type T, is the smallest set
containing fi(g(1), -+, tam)) and is closed
under finite application of 2.
For example, let 73 =(3,3,3) be a
type with three ternary operation symbols &),X],
®. For a fixed subset Y = {1,3} of 3, we have

s(3,{1,3}
® (xl'xZ'xfj’)'g (‘xll X3, xl) € VV(3’(3'3) )(XB)
1 2 3 1 2 3 5
Lo (5 D) esG ).

On the other hand, it is not difficult to see that

s(3,(13
® (xZJxlixl)!@ (xz,xz,xz) e VV(g’(g'g{) })(X3)

because (
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because G i i) and G ;

to the set S(g, {1,3}).

3
2) do not belong

The superposition operation S™ on the set
Ws(ny)(Xn) of all n-ary S(m,Y) -full terms
of type T, was mentoned in the paper
(Wattanatripop, & Changphas, 2019, Wattanatripop,
& Changphas, 2021b). In fact, it is a mapping

ST WS ()M W™ (X,,) defined

by

1. S”(fi(xa(l), ...,Xa(n)),Sl, ...,Sn) =
fi(Sa() -+ Sam))»

2. S™(fi(ty, e  ty), S1, e Sp) =
fl(S (t1,S1) rSp)y s S™(tn, S1, ...,sn)).

As a result, the algebra ( WS X)), S”)
of type (n + 1) is constructed. It is not hard
to verify that the operation S™ defined on
Ws(n g (X;,) satisfies the following identity:

ST(S™(t, 1, vee) Sy )y Uy, vy Up) =
Sn(t, S™(S1,Upy ooy Up),y ooy, ST(Sp, Uy, -

) Un)) -
This equation also known as the superassociative
law which always plays a key role in the theory of
multiplace functions and Menger algebras. For
more details, we refer to (Denecke, & Hounnon,
2021; Dudek, & Trokhimenko, 2021; Phuapong,
& Kumduang, 2021; Denecke, 2022).

In this work, based on a direction of
the papers (Phuapong, & Kumduang, 2021,
Wattanatripop, & Changphas, 2021b) we aim to
continue the study of S(m,Y) -full terms by

introducing binary operations on the set

S(ny)(Xn) of all S(n,Y)-full terms derived
from the superposition S™ and prove that these
operations are associative. For tree languages of
S(n, Y)-full terms, binary operations induced by
a non-deterministic operation S™ are introduced
and the fact that these operations satisfy an
associativity is given. Finally, this work is devoted
to the embeddability of semigroups of S(1, Y)-
full terms into semigroups of tree languages of

S(m, Y)-full terms.

Methodology
We begin this section with giving
three kinds of binary operations defined on the
set of all S(m,Y) -full terms. For any s,t
in Wri(i’y) (X)), we define the binary operation
+: W () x WET (X)) - W™ (x,)

Bys+t=S"(st. t...,t). Then we have:

Theorem 1 ( S(_Y)(Xn) +) is a semigroup.
Proof Let s,t,u be S(n,Y) -full terms of
type T, . Because the operation S™ satisfies
the superassociativity, we have (s +t) + u =

S*(s,t, ., t) +u=(S"(s, t,..,t),U,..,u) =
S"(s, S™(tu, ..., u), .. SM(t U, ..., ) ) =S5+

S™(t,u,..,u) = s + (t + u). As a consequence,
(erl(ﬁ’y)(Xn), +) forms a semigroup.

The semigroup given in Theorem 1 is
called the diagonal semigroup derived from the
Menger algebra (Vl/}i(ﬁ'y)(Xn),S"). For more

details, see (Dudek, & Trokhimenko, 2021).
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Let s and t be S(n,Y) -full terms in
the set Ws(ny)(Xn) For each i = 1,.
n

M/Ti(ﬁ,Y) X)) - Wri(ﬁ'y) (X)) can be defined by

the  binary operation  -;:

Xi_1, by Xjgqs s Xp)-

We now prove the fact that the binary

o = S™(s, X1, o)

operation -y, satisfies the associative law.
Theorem 2 ( WS (Xn)» s, ) is a semigroup.
Proof To prove that the binary operation "X is
associative, let s,t,u be arbitrary full terms
in Wri(ﬁ'y)(Xn). Due to the satisfaction of
S™ of the superassociative law over the
set WTS(E’Y)(Xn) . we obtain (s-y, t) yu=
S x; (t 5, w), which showsthat( WS (X,,), xl)
forms a semigroup.

For a positive integer n, on the Cartesian
product erl(ﬁ’y) (X)™ of n-tuples of S(n,Y)-
full terms of type T, , the binary operation

S(nY)(X ™ x WS(_Y)(X P WS(nY)(X »
,Sp) * (g, ey tn) =
o S™M(sp, t1, .., ty)) for all

ty) € W2 (X, )™,

can be defined by (sq, ...
(S™(s1, t1, s ty), -

S, (t1, ey

As a consequence, we prove the following

(51) eee)

theorem.
Theorem 3 (erl(ﬁ'y)(Xn)”,*) is a semigroup.
Proof It follows from a direct verification.

On the set Wfi(ﬁ'y)(Xn), one can
consider its power set, i.e., P(Ws(ﬁ'y)(Xn)).
Each element in P( S(_Y)(Xn)) is called

a tree language of S(m,Y) -full terms.

For example, consider a type 7, = (4) with
one quaternary operation symbol H and a
set Y={1,4}S4 . It is clear that @,{H
(1, X2, x3, %4) }, {H (x4, X4, X4, x4)}, {HH

(x4, x3, %1, %1),H (X1, x4, x2;x1)} are

examples of tree languages in P(Wri(z'{M}) (X,)).

Then we prove the following result.
Theorem 4 (P <er1 my) (Xn)) , S") is a subalgebra of
the power Menger algebra (P (WTF (Xn)) ,5").
Proof It is easy to see that P ( WS (Xn)> is a
subset of P (W,fl (Xn)). Now we let 4, By, ..., By
be subsets of S(1,Y) full terms. We give a
If one of the

proof by a structure of a set A.

sets A,Bq,...,B, is an then
S™(A,By,...,By) =0

n)EP( Sﬁ’)(Xn)) fAis a

empty set,

which implies that
S™(A, By, ...
one element set, we consider in two cases.
If A= {fi(xa(l), ey
mapping on S(n,Y) ,
5"({ﬁ(xa(1), ...,xa(n))}, Bl' e
to {fi(Ta(l), ...,T'a(n))| Ta(]-) € Ba(j)'j = 1, ...,TL}
belongs to the set P(W,i(ﬁ’y)(Xn)) because

Xam))} Where a is a
then we have that

B,,) which equals

Bo(jy € POWS™ (X)) for every j = 1,...,n
Suppose now that A = {f;(ty, ...,
each f"({tj}, By, ..,

t,)} and that
Bn) is an S(n, Y)-full term
of type T, on S(m,Y) . It follows that

§n({ﬁ(t1' L tn)}' B1, L Bn) = {fi(rll L rn)l T] €
S"({t;},By, ... By),j =1,..,n} is in

P(Vl/}i(ﬁ'y)(Xn)). In the case when a set A

the set

is a nonempty arbitrary set, we obtain that
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$"(A, By, .., Bn) = UgealS™({a}, By, ., By)}
is in P( S("Y)(Xn)) because  each
5"({a}, By, ..., By) is already known. Consequently,

the proof is finished.

According to Theorem 4, we can remark
here that the operation S™ satisfies a
superassociative law over the set P(Wri @n) X).

Let A and B be two elements of

P(Wri(ﬁ‘y) (X,)). Then we define the binary
operation ¥ on P(Wfi(ﬁ'y) (X)) by A¥B =
S™(A, By, ..., By). The following theorem shows
that F is associative.

Theorem 5 (P(Wfrgﬁ'y) (X)), F) is a semigroup.
Proof We show that the binary operation Fis
associative. For this, let 4, B, C be

arbitrary elements in P(erl(ﬁ'y) (X)) By the
superassociativity of the operation 5'”, we have
(A¥B)¥C =$™(S"(4,B, ...,B),C, ...,C) and

AF(B¥C) = AFS™(B,C,...,0)
=$"4,8"(B,C, ..., C),...,S™(B,C, ..., 0)).

As a result, (AFB)FC = A¥(B¥C) . Thus,

(P(erl(ﬁ’y) X)), ?—) is a semigroup.
The obtained semigroup in Theorem 5
is called

the diagonal power semigroup

derived from the power

(PO (x,),8™).

Menger algebra

Let A and B be subsets of full terms
with an invariant set. For each i =1, ...,n,
the binary operation - : P( S(ny)(Xn)>

X P ( WS (Xn)) Ny ( w S (Xn)) can

be defined by A-y,B= S™(A, {x.},
o Axioab BoAXigad o, ().

The fact that the binary operation -(x;
satisfies the associative law is proved in the
following theorem.

Theorem 6 (P (W; S(n N (Xn))»(x;3) is @ semigroup.
Proof To show that the binary operation {x;} is
associative, let A, B,C be sets of §(n,Y) -ull
terms. Due to the satisfaction of the operation
S™of a superassociative law over the set
P( S(ny)(Xn)) we obtain (A -z} B) “(xy C =
Sn(A, {x}}, e X2 B xiga s o (D) iy €
= Ay ST(B{x}, o {xica} € {xigad, o {20,
which equals A -3 (B '(x; C) . Therefore, we
conclude that (P(Wri(ﬁ‘y) (Xn))r(x;3) forms a
semigroup.

On the Cartesian product P( Wi (x,, ))
of tree languages full terms of type 7, , the

binary operation, denoted by #, is defined by

(A A) 3 By, e, By)
= (Sn(Al,Bl, ...,Bn),...,Sn(An,Bl, n))

forall (A, .., A,), (By, o, n)eP( S("Y)(Xn)>

As a result, we prove:

_ n
Theorem 7 (P(Wri(n’y)(Xn)) ,@) is a
semigroup.

Proof First, we let (44, ...,4,), (By, ..., By), (Cq, ..., Cp)

€ P( w0 (x, )) . Because a non-deterministic
superposition operation satisfies the superassociative
A) *(By,...,By)*
Ay) *((By,...,B

n)

law, the equation ((Ay, ...,
(Cli ey Cn) - (Al' ey
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(€., C)) s

(P( e Y)(Xn)) ) is a semigroup.

directly obtained. Hence,

Results and discussion
This section is contributed to several
embedding theorems of semigroups derived from
the algebra of S(n, Y)-full terms into semigroups

of tree languages of S(1, Y)-full terms.

Theorem 8 The following statements hold:

(1) The diagonal semigroup

(erl(ﬁ’y)(Xn),+) can be embedded into the
binary comitant ( S("Y)(Xn)n )
(2) The power

diagonal semigroup

(p( 5(”Y)(Xn)) )can be embedded into

(plenon))

Proof We first prove the statement (1). For any
S, Y) full term t of type T,
s(my) smy)

We, (X)) ~ W, (X))

the mapping

can be

defined by o(t) = (t, ...,t). It is obvious that
n times
To show that o is a

o is an injection.

homomorphism, we let s, t € M/Ti(ﬁ'y) (X,,). By
that p(s+1t) =

this definition, we have

p(S™(s,t,...,1)) = (S"(s, t, o, t), ., S™(s, t, ...,t))

n
=)+ 0)0=p()+pl) . As a
conseguence, we say that( S("Y)(Xn) +) can
be embedded mto( S(_Y)(Xn)" ) To show

(2), we define the mapping 9: P( w2 (x,, ))

n
P(”@iﬁ'y)(xn)> by 9(D) =<D,...,D> for all

n times

DEP( S("y)(Xn)) Clearly, 9 is injective.
Furthermore, we have 9(A¥B) = 9(4)F9(B)
Bn)) and

that every position of the tuple is equal to

because 9(AFB) =9 (f"(A, By, ..,
,B,). On the other hand, we have
4,..,A)F@B,.. which is
(S’"(A, By, .., B), o)

conclude that the mapping ¥ is a monomorphism

,B) equal to

S"(A,By, .., By)).  We

from (P <WS(H‘Y)(X )) -T-) to the semigroup

oz’

Finally, the facts that the semigroups of
S(n,Y)-full terms can be embedded into the
semigroups of tree languages of S(m,Y) -full
terms will be proved.

Theorem 9 The following statements are
obtained:

(1) The Menger algebra (mim'y)(xn),sn)
is embeddable into the power Menger algebra
(p (7 ). 67)

(2) the semigroup ( Ti(_y)(Xn) +) is

embeddable

(P (W™ ). %),

(3) the semigroup (I/I/'Tfl(ﬁ’y)(Xn),-xi) is

into the power semigroup

embeddable into (P (W,i(ﬁ'y) (Xn)) ,-{xi}),

s(ny)(X )n ) .

Tn

(4) the semigroup (

embeddable into (P( “"”(Xn)) )
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Proof We first show that the statement (1)
holds. To do this, we define the mapping
7 (Wri(ﬁ'y)(Xn),S”) 5 (P (mi(ﬁ'Y)(Xn)>rSAn) by
n(t) = {t} for all S(n, Y)-full term t of type T,,.
Obviously, 1 is an injective mapping. Moreover,
it has a homomorphism property, i.e.,
n(S™(t, 51, ., 5,)) = S™(M (), n(s1), -, M (sn)) -
In fact, we give a proof by induction on the

complexity of an S(m,Y) -full term t. If t =

fi(xa(l), ...,xa(n)) where @ € S(,Y), we
nave 1 (S™(f (ary - Xaw)» 10 - 51))

=1 (fi(sa(l)' e Sa(n)))
= {fi(Sa@) = Sam)}

and

gn (TI (fi(xa(l)' -"'x(x(n))) .77(51), ---,U(Sn))
= f"({fi(xa(l), ...,xa(n))}, {s:} .o, {sn})
= {fi(say - Sam)}-
It t = fi(ty, ..
0 (S"(t,51,r50)) = 8" (0t n(s1), - m(s0)
for every 1 < j < n, consequently,
n (Sn(fi(tl, v tn), S1, sn))

= {S"(fi(t1, o) tn), S1s s S}
= {fi(S"(t1, 51, w0 Sp)y er S (tn, Sty ooer Sp))}

,tp) and assume now that

we have

and

§n (n(fi(tll R tn))ﬂ?(%): R U(Sn))

= S\‘n({fL (tli e tn)}, isl}’ e {Sn})

= {fi(rl, w1 € S"({tj}, {s:}, ., {sn})}
Thus, n(S™(f;(ty, ., tp), S, -, Sn)) and the set

$* (1(filtas s )M, em(s)) are the

same thing. Therefore, 1] is a monomorphism

N

from the algebra (m m'Y)(Xn),sn) to the power

Menger algebra (P (erl(ﬁ'y)(Xn)) ,§"). To prove
the statements (2) and (3), we define the
mapping  #: Wy (x,,) *P(M@i(ﬁ'”(xn)) by
p) ={t}for al t € WTi(ﬁ’Y)(Xn). Clearly, 8
is injective. It is not difficult to verify that the
following equations hold:S(s + t) = B(s)FL(t)
and B(s -, t) = B(S) -y BE) . Finally, we
prove that (4) holds. Let (¢4, ..., t,) be an n-tuple
of the Cartesian set Wri(ﬁ’y) (X,)™. The mapping
0 s W) - P (W) can be

o((ty, ) =

({t1}, -, {t.]). It is clear that ¢ is injective. The

naturally defined by

proof of a homomorphism property is omitted.

We give a final remark that this paper
deals with the study of semigroups of full terms
obtained from full transformations with an
invariant set. The results given in Theorems 1, 2
and 3 show that the set of full terms with an
invariant set is closed under application of the
superposition S™ and each binary operation
defined in a different approach is associative.
Besides, in Theorems 4, 5 and 6, sets of these full

terms are considered in a canonical way. From

these, a close connection among these semigroups
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is mentioned in Theorems 8 and 9. The importance
of such theorems is now summarized. If some
properties of the semigroups given in Theorems
1, 2 and 3 are complicated and a process to
achieve them is difficult, we can transfer a study
to another structure which is connected by the
concept of homomorphisms and return to answer
the original problem in the first one.

In terms of development of research in this
direction, our results can be viewed as a continuation
of the work of (Wattanatripop, & Changphas,
2021b, Phuapong, & Pookpienlert, 2022) and
other related topics in this direction in terms of
a construction of algebraic structures which
have many properties. This means that although
the concept of full terms with an invariant set
was defined, the operation considered on such
ful terms is only a superpositon S™ of type
n + 1 for some positive integer n allowing a
construction of the algebra satisfying the axiom
of superassociativity. To fulfill this gap, this paper
determines many binary operations defined for
such their

terms and presents algebraic

properties in more complicated structures.

Conclusion
It can be noticed here that all semigroups
defined on the set of all full terms with an invariant

set can be represented by the semigroups of

their corresponding languages by considering
an image of a singleton set of full terms with an
invariant set in a natural way. We conclude this
paper with a few open problems and possible
directions for further research. Characterizations
for any element in some semigroups mentioned
in Theorems 1, 2 and 3 to be an idempotent
element, and a regular element remain open.
Moreover, an extension of semigroups of full
terms with an invariant set to ternary semigroups
of full terms with an invariant set which is more
complicated than semigroups is also interesting.
Hopefully, these questions will be answered in

the near future.
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