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Abstract

This study investigated I -ideals,

I" -semi-prime, and quasi

I" -semi-prime ideals in I -AG-groupoids. Some

characterizations of I -semi-prime ideals and quasi I -semi-prime ideals were obtained. Moreover, the relationships

between I -semi-prime and quasi I -semi-prime ideals of (A:F:B) and (A‘y:l’) in " -AG-groupoids were investigated.

Finally, necessary and sufficient conditions were obtained of I" -semi-prime ideals to be quasi I" -semi-prime ideals in T -

AG-groupoids with left identity.

Keywords: I -AG-groupoid, I" -AG-3-band, quasi I" -semi-prime ideal, I -semi-prime ideal, right I" -alternative.

Introduction

Abel-Grassmann's  groupoid  (AG-groupoid) is  the
generalization of semigroup theory with wide range of
usages in theory of flocks [6]. The fundamentals of this
non-associative algebraic structure were first discovered by
Kazim and Naseeruddin [1]. AG-groupoid is a non-
associative algebraic structure mid way between a groupoid
and a commutative semigroup. It is interesting to note that

an AG-groupoid with right identity becomes a commutative

monoid [4]. This structure is closely related with a

commutative semigroup because if an AG-groupoid
contains a right identity, then it becomes a commutative
monoid [5]. A left identity in an AG-groupoid is unique [5]. It
is a mid structure between a groupoid and a commutative
semigroup with wide range of applications in theory of
flocks [6]. Ideals in AG-groupoids have been discussed in

[4] and [5]. In 1981 the notion of I -semigroups was
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introduced by M. K. Sen [8] and [12]. Let S and T be
any nonempty sets. If there exists a mapping
SXI'xI'—S
written (a,}/,b) by ayb, S is called a T"-AG-groupoid if
S satisfies the identity
(aab) pc = (cab) pc)
foral a,b,ce S and «,BeS (See [2]). This structure is
also known as left almost semigroup (LA-semigroup). In this
paper, we are going to investigate some interesting
properties of newly discovered classes of namely; I'-AG-
groupoid S always satisfies the I" -medial law:
(ayb) B(céd)=(ayc) S(bsd)
for all a,b,c,deS and y,B,0el’ (See [2]), while a T -
AG-groupoid S with left identity € always satisfies I -
paramedial law:
(ayb)S(csd) = (dyc) S(bsa)

forall a,b,c,d €S and y, 3,6 € (See[2]).

In this paper we characterize the I" -AG-groupoid.
We investigate relationships between I -semiprime and
quasi T -semiprime ideals of (AT:B) and (R}/:r) in "

-AG-groupoids with left identity.

Basic results

In this section we refer to [7, 8, 11] for some
elementary aspects and quote few definitions and examples
which are essential to step up this study. For more details

we refer to the papers in the references.

Example 2.1 [11] (1). Let S be an arbitrary AG-groupoid
and I" any non-empty set. Define a mapping

SxI'xS—>S :
by ayb=ab forall a,beS and y €I'. Itis easy to see
that S is a I' -AG-groupoid.

(2). Let T'={1,2,3}. Define a mapping

ZXIUxZ—7Z by ayb=b—y—a

for all a,b €Z and y €[ where "—" is a usual

subtraction of integers. Then Z isa [ -AG-groupoid.

Lemma 2.2 [12] Every I" -AG-groupoid is I" -medial.

Lemma 2.3 [10, 12] Let S be a I" -AG-groupoid with a left
identity, then
ay (bac)=by(aac)

forall a,b,ceS and y,aael.

Definition 2.4 [11] Let S be a I -AG-groupoid. A

nonempty subset A of S is called a sub I -AG-groupoid
of S if ATACA.

Definition 2.5 [11] A sub I -AG-groupoid A of S is
called a left (right) T -ideal of S if STACA (AIScA)

and is called a I -ideal if it is left as well as right T -ideal.

Definition 2.6 [11] An element €€S is called a left
identity of I -AG-groupoid if €ya=a for all aeS and

yel.

Lemma 2.7 [11] Ifa I"-AG-groupoid S has a left identity,

then every right I -ideal is a left I" -ideal.

Proof. Let | be a right T -ideal of S. Then for
iel,seS and y,a €', consider
syi = (eas)yi
= (ias)yeel
where €€ S is a left identity. Hence 1| is a left
I -ideal. U

Lemma 2.8 [11] If A is a left ['-ideal of a I -AG-
groupoid S with left identity, and if for any a€S , there
exists €l , then ayA is aleft I -ideal of S .
Proof. Let A be aleft I -ideal of S, consider

sy (ari) = (ers)y(ari)

10



MIFANLImEasuaznalulad WMINENADAUATITINI DN 16 2TUN 1 ANTIAN — LB 2557

= (era)y(s7i)
= ay(syi) cayA
for al seS,ie A Hence ayA is a left I -ideal
of S. ]
Definition 2.9 [11] A T -ideal P is called I' -semiprime
if A2 = AI'A < P implies that A< P for any I -ideals
Aof S.

Definition 2.10 [11] A left I -ideal P is called quasi I -

2
semiprime if A" = AUA < P implies that A = P for any
left [ -ideals Aof S.
It is easy to see that every quasi I" -semiprime ideal

is I' -semiprime.

Lemma 211 [11] If S is a I -AG-groupoid with left
identity, then a left " -ideal P of S is quasi I"-semiprime
if and only if aa(S}/a)gP implies that aeP , for all a€S

and any a,yel’.

Lemma 2.12 [11] If A is a proper right (left) I -ideal of a
I" -AG-groupoid S with left identity €, then €gA .
Proof. Assume on contrary that and let € € A and
y el'. Then
S=eyScC AIScC A.

A contradiction. Hence egA . [

I -ideals in I" -AG-Groupoids

The results of the following lemmas seem to be at
the heart of the theory of I' -AG-groupoids; these facts will
be used very frequently that normally we shall make no

reference to this lemma.

Lemma 3.1 If S is a I'-AG-groupoid with left identity,
then ayb =aphb, forall a,beS and y,Bel’
Proof. Let S be a I" -AG-groupoid and € be the left

identity of S, a,beS and let y,Bel” therefore we have

ayb = ay(epb)
= ey(apb)
= apb.
Hence ayb =apb. U

Lemma 3.2 Let S be a I' -AG-groupoid with left identity,
and let B be a left T -ideal of S . Then
AIB = {ayb:acAbeB,yel’}
isaleft I'-idealin S,where = AcS.
Proof. Suppose that S is a I" -AG-groupoid with
left identity . Let B be a left T -ideal of S . Then
SI"(AFB):AF(SFB)QAFB .
By definition of left I -ideal, we get AI'B is a left I'-
ideal in S . 0

Lemma 3.3 Let S be a I -AG-groupoid with left identity

2
and let @€ S. Then a"yS is a ['-ideal in S, where
yel.

2
Proof. By Lemma 2.8, we have a" yS is a left I -ideal of

S . Now consider

(a%r)as = (syr)aa’

a’a(rys)

a2;/(rys) e azys

2
for all r,seS and ¥, €I'. Therefore a"yS isa I -
idealin S . O

Lemma 3.4 Let S be a I' -AG-groupoid with left identity,
and let A be a left I -ideal of S . Then (A‘y:r) is a left
T -ideal in S, where

(Ayr)={acSiryacA} .
and reS,yel.
Proof. Suppose that S isal -AG-groupoid. Let
seS andlet a e (AI}/ZI‘) . Then rya e A and so that

ry(saa) =sy(raa) e syAc STAC A

1"
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forall ¥ € I'. Therefore Saa € (A'j/ir) so that
ST (Ayr) < (Ayr).

Hence (Ay:r) isaleft I -idealin S .

Remark Let S be a I' -AG-groupoid and let A be a left

I -ideal of S . Itis easy to verify that A C (R;/ZI’) .

Definition 3.5 A I -AG-groupoid S is called I -AG-3-
band if

ax(apa) =(aca) fa=a
for all aeS and «,fel .
Proposition 3.6 Every left identity in a I" -AG-3-band is a
right identity.
Proof. Let & be a left identity and @ be any element in a

I" -AG-3-band S .Then

aye = (aa(aﬂa))ye
= (ea(aﬂa))ya
= (apa)ya
= a
for al @a€S and y,a,Bel. Hence € is right
identity. OJ

Lemma 3.7 If a ['-AG-3-band S has a left identity, then
every left I" -ideal is a I -ideal.

Proof. Let S be a I'-AG-3-band and let A be a left T -

ideal. Then
ays = ((acra)pa)ys
= (spa)y(aca)
e (STA)T(ArA)
c ATA
c A

forally,a,fel’, a€ A and S€S.Hence Aisa I’
[

-ideal.

Corollary 3.8 Let S be a I' -AG-3-band with left identity,

and let A be a left I -ideal of S . Then(A‘}/:I‘) isa I-
ideal in S .
[

Proof. This follows from Lemma 3.7.

Lemma 3.9 Let S be a I' -AG-groupoid with left identity,
and let A B be left ideals of S. Then (AT:B) is a left
I -ideal in S, where
(AT:B) = {reS: BITcA} .
Proof. Suppose that S is a I" - AG-groupoid. Let
Se S and let aE(AT:B) . Then BT'a < A so that
BF(S;/a) = SF(B}/a) csTACA
for all S€S and y €. Therefore Sya e (RFSB) =)
that
ST'(AT:B) c (AT:B).

Hence (AT:B) is a left T -idealin S . U

Remark Let S be a I' -AG-groupoid with left identity and
let A, B,C beleft I -ideals of S . Itis easy to verify that

(AT:C) < (ATB), where B C.

Corollary 3.10 Let S be a I' -AG-3-band with left identity,

and let A B be left T -ideals of S. Then (AT:B) is a
I"-idealin S .
U

Proof. The proof is easy.

Properties of " -Semiprime Ideals in I" -AG-Groupoids.

We start with the following theorem that gives a
relation between I -semiprime andquasi I -semiprime
ideal in I" -AG-groupoid. Our starting points is the following

lemma:

Lemma 4.1 If S is a I -AG-groupoid with left identity,

then a left I -ideal P of S is quasi I -semiprime if and

12
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2
only if (S}/a) < P implies that a € P, where a€ S
and yel.
Proof . Let P be a quasi I" -semiprime ideal of a I -
AG-groupoid S with left identity and let v, B el . Now
2
suppose that (Sya) < P. Then by Definition of left T -

ideal, we obtain

(sya)?

2
that is aﬂ(Sya) :(S}/a) < P. By Lemma 2.11, we
have a € P .
2
Conversely, assume that if (S;/a) c P,then a€ P for

al aeS and y,ael. Let ax(Sya)cP. Now

consider
2
aa(Sya)=(Sya)" cP.
By using given assumption, if aa(S;/a) c P, then

aeP. Then by Lemma 2.11, we have P is quasi I'-

semiprime ideal in S .

Theorem 4.2 If S is a I -AG-groupoid with left identity,

then a left T -ideal P of S is quasi I'-semiprime if and

2
onlyif 8~ € P implies that @ € P, where a € S.
Proof. Let P be a left I -ideal of a I -AG-groupoid S

with left identity and let y,€l’. Now suppose that

a2 € P . Then by definition of left T  -ideal, we get
(sya)’ (Sra) s(sra)

(s75) A (ara)

sp(aya)

sa’

SpP
P

N

n

for all Bel” . By Lemma 4.1, we have a € P.
UJ

Conversely, the proof is easy.

Definition 4.3 A T -AG-groupoid S is called right T -

alternative if it satisfies the identity,
ay (bab) = (ayb) ab

forall a,beS and o, BT .

Theorem 4.4 Let S be aright I -alternative, and let A be
a quasi I -semiprime ideal of S. Then (Ay.r ) is a
quasi I -semiprime ideal in S, wherer €S,y eT.

Proof. Assume that A is a quasi I -semiprime ideal

of S and y,Bel . By Lemma 3.4, we have (A:;/:I’Z) is
2
a left D[-ideal in S. Let a E(Ay:rz). Then

2 2
rya e A so that

(rra)?

(rya) B(rya)
(ryr) B(aya)

2,2
= r pa

= rzj/a2 eA.

By Theorem 4.2, we have rya € A . Then consider

rz[;’a

(ryr) pa

ry(rpa)eA.

Therefore a € (A}/:rz) and hence (A:}/:I’z) is a quasi

0

2
rya

I -semiprime ideal in S .

Theorem 4.5 Let S be aright I -alternative, and let A be
a quasi I -semiprime ideal of S . Then (A;/:r) is a
quasi I -semiprime ideal in S ,where r € Sand y €T
Proof. Assume that A is a quasi I -semiprime ideal of S
let

and reS,y,fel’. By Lemma 34, we have

13
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(Ayr) isaleft T-idealin S.Let a” e (Ayr). Then
ryaz € A so that

(rra)’

(rya) A(rra)
rﬂ((rya)ya)
rﬂ(ry(aya))

rﬂ(ryaz) erBAcCA.
By Theorem 4.2, we have rya € A . Therefore

ae(Ayr)

and hence (R}/Zr)is a quasi I -semiprime ideal in

S.

Theorem 4.6 Let S be a I -AG-3-band with left identity.
Then P is a quasi I -semiprime ideal in S if and only if
P is a I -semiprime ideal in S .

Proof. The proof is easy.

Theorem 4.7 Let S be a I' -AG-groupoid with left identity,

and let P be a T -semiprime ideal of S. If

2)2 2
(S}/a) c P, then a €P, where a€$S and

yel.
Proof. Let P be a I' -semiprime ideal of a I -AG-
groupoid S with left identity and let y,Bel’. Now
suppose that
2

(S}/az) cP.

Then by Definition of left I -ideal, we get
2
()" = (sra?)p(s72)

- (s

= ((azyaz)yS)ﬂS

= (sy8)p(a%a%)

- azﬂ((S;/S)yaz)

2
- ol

(a75) (a%s)
(ats)

2
that is (azyS) c P . By Lemma 3.3, we have aZyS is

a I'-ideal in S . Therefore

2
a

aya
(epa)ya
(apa)ye

azye € azyS cP.

0

Corollary 4.8 Let S be a I' -AG-groupoid with left identity,
2 2
and let P be a T -semiprime ideal of S . If (a ) eP,

then a2 eP ,where a€S.
Proof. Let P be a I -semiprime ideal of a I -AG-
groupoid S with left identity and let y,B€l’. Now
suppose that

(a2)2 eP.
Then by Definition of left ideal, we get

(a%s)’ (a%5) p(a%s
azp’((azys )7/3

azﬁ((SyS)ya2

N

N

2 2
that is (azys) cP.ltiseasytoseethat 3~ € P. [
Conclusions
Many new classes of I -AG-groupoids have been
discovered recently. All this has attracted researchers of the

field to investigate these newly discovered classes in detail.

14
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This current article investigates the I -ideals, I -

semiprime and quasi I -semiprime ideals in I -AG-
groupoids. Some characterizations of I -semiprimeand
quasi I -semiprime ideals are obtained. Moreover, we
investigate relationships between I -semiprime and quasi
I -semiprime ideals of (A‘F:B) and (A:;/:r)in I' -AG-

groupoids.
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