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Abstract

This paper considers two modified ratio estimators of population mean in stratified random sampling. The approximated
mean squared error and bias of the proposed estimators are derived and theoretically compared with those of the
existing estimators. The results show that the modified estimators produce smaller mean squared error and bias than

the existing estimators in some conditions. Moreover, the theoretical result is confirmed by using a census data set.
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. L
Introduction V.= th?h , (1)
The problem of improving an unbiased estimator by using b=t

ratio estimators has received considerable attention where L is the number of stratum, W, = 1?\]}, is stratum

in sampling theory. When an auxiliary variable (X), available weight, N is the population size, N, is the number of

for all units in the population, is highly correlated with a units in stratum h, and ¥, is the sample mean of the

study variable, a ratio estimator can be used to improve 4,4y variable in stratum h. The variance of the unbiased

the unbiased estimator. The efficiency of a ratio estimator

estimator is

. - - . L
depends on the coefficients of variation of auxiliary variable v (?St) _ ZW hz’Yhsjh , 2
(Cx) and coefficients of variation of study variable h=1

C
Y (C_). Murthy' has suggested that if p>—=— the n
( Y_) o2 where v, =(1-£,)/n, ,f, =—" is sampling fraction in

ratio estimator performs better than the unbiased estimator N, 2

stratum is sample size in stratum h and “ybis the
under simple random sampling where p is the correlation b, a, P !

variance of the study variable in stratum h. According to®,
coefficient between X and Y. When the C_ is known, y 9

there are two types of ratio estimators in stratified
Sissodia and Dwivedi® has proposed a modified ratio yp

~ i | . .
estimator for the population mean (Y) as random sampling, namely combined and separate ratio

X4+C estimators. The combined ratio estimator is given by
Ysp =Y T+C, > c
Vre ==X, @)
where x is the population mean of auxiliary variable. In X

addition, there are several authors, such as Upadhyaya — N — . . . _
where X, = ZWhXh is an unbiased estimator of ¥ and
and Singh®, Singh and Tailor*, who have developed — h=1

X, is the sample mean of auxiliary variable in stratum
various ratio estimators under simple random sampling.

h. An approximated mean squared error (MSE) of the
When the population is heterogeneous and can be divided

combined ratio estimator is
into homogenous subpopulations, it is advantageous to

draw a sample by stratified random sampling. An unbiased L
= ~ 2 2 2Q2 _
estimator under stratified random sampling is given by MSE(YRC ) = ;W”h (Svh +RS,, ZRSth) ’ (4)
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where R = is the population ratio, SZ, is the variance

M| =<

of auxiliary variable in stratum h.and S_, is the covari-
ance variance between auxiliary and study variables in
stratum h. An approximated bias of the combined ratio

estimator is

YRC) ZWth( = Sxyh)' (5)

The separate ratio estimator is given by

o= zw TuX 6)

X,

An approximated MSE of the separate ratio estimator can

be given as,

MSE (V) = Z\X/hyh (82, +R}S%, —2R,S,, )  (7)

h=1

=l

where R, = ="

is the population ratio in stratum h. We
can derive an approximated bias of the separate ratio

estimator as,

h=1 h
L = }_( _
=3 w, | Bl L |y,
h=1 Xy
y

Applying the bias of 7, = =2~ for estimating Y, under

X
simple random sampling to draw in stratum h, we get

& 1
(YRS) ZWth [ _)z_hsxyh] . (8)

For combined ratio estimation in stratified sampling,
Kadilar and Cingi® have proposed several modified ratio

estimators. The simplest estimator based on’is defined as

1 , 9)

Yre_ ke TV

where C , is coefficient of variation of auxiliary variable in
stratum h. The MSE and bias of this estimator are

approximated as follow:
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L
MSE(?RC_KC ) ~ ZWhZYh (th + Rch Sih —2R S, )’
b=t

(10)

— < R 1
B(YRC_KC) hz=: th(Xz 82 }_(—KCSXYI]],
S S (11)
where R =="—=— = .
e Yw, (X, +C,,)
h=1

Kadilar and Cingi’ have improved the combined ratio
estimator in stratified random sampling based on®
estimator. However, this estimator depends on such
several unknown parameters that it is very difficult
for application. Therefore, in the next section, a new
combined ratio estimator in stratified random sampling
based on’ will be proposed. We also develop a new
modified separate ratio estimator for stratified random
sampling. The approximated MSE and bias of the two
modified estimators will be derived. In Section 3, the
comparison of efficiency between the modified estimators
and the existing estimators will theoretically be provided.
A numerical example will be used to confirm the result

in Section 4.

Modified Ratio Estimators
In stratified random sampling, when the coeffi-
cient of variation Cx is known, a combined ratio estimator

can be modified based on’ as follows:

Vrc_so =%(5<+Cx)- (12)

st X
To obtain the MSE and bias of this estimator, let
V.Y -X

St

€ =?and62 ==
Y

< It may be noted that

E( 2)=COV(Xst’YSt)

7 and TR+C,)

(}_( + CX)
The estimator Yrc_sp can be written as

Tre =Y (1+e )(1+e,)”

Using Taylor series, we obtain
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Yre_sp =§(1 +e1)(1 —e, +e§ —)

=Y(l+e1 —e, +e; —ee, +)

When the terms of degree greater than two are ignored,

we get

B(}?RC_SD ) = E(?RC_SD _Y)

z\_(E(ez —ele2)
_3 V(ist) Cov( st’YSt)
(x+c.) Y(X+c,)

L
By substituting Cov(;ﬁjﬁ):wayhsxyh and
L h=1
V(x,)=D_W/v,S% ., an approximated bias of the

h=1
modified combined ratio estimator is

B(§_f )zi 2y R, ¢ Seh
RC_SD ~ h h X + C xh X + CX *
(13)
Y
where R. = _}2 +C When the terms of degree greater

than two are ignored, an approximated MSE of the

estimator is equal to

MSE(?RC_SD ) = E(?RC_SD - Y)2

v 2 2 2
~Y E(e1 +e, —elez)

x“xyh

MSE(?RC_SD)zZL:\Y/thh (82, +R2S%, -2R.S,, ).
h=1

(14)

For sample estimate of theMSE(?RC_SD), we substitute
and S,
estimate of the MSE(?RC_SD) is given by

the sample estimates of R, SZ,, S,

MS (?Rc SD) ZWth(VhJ’_R){SXh 2Rxsx)h)
(Yhi ~Vu )2

Z(Xhi —gh)(y bi _5_’h) :

2
where s, =11 s Sy =+
n, —1

n, —1
0}
— \2
Z(Xhi ‘Xh) . 7
s =<l ————and R =—"*—
n, —1 x, +C,

When the coefficient of variation C_, in stratum h is

known, the separate ratio estimator can be modified as
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L Va (}_(h+cxh)

?RS_SD = th

— (15)
o x, +C

To obtain the MSE and bias of the modified separated
ratio estimator, applying the MSE and bias of

Yson =

?h (}_(h +th)
x, +C,

under simple random sampling to

draw in stratum h, the results are as follows:

_ L R 1
B(Y RS_SD ) ~ ZW}]Y}] [ =S, - Sxyh]

h=1 Xh +th Xh +th

(16)

MSE(?RS_SD ) ~ ;WEY}] (th +R3, 8% - 2R 14 Ssn ) >
=1

(17)
where R, =}_<—h. For estimating MSE(?RS_SD),
we

substitute the sample estimates as

MSE (}TRS_SD) zwh Th ( Syn Rxhsxh xhSxyh

2Rs)

(18)

=—J5__ Note that the bias of the modified
x, +C,

separate ratio "estimator is the cumulative bias of ratio

where R

estimates in each stratum. The bias of this estimator may
not be negligible when the biases have the same signs
in all strata. However, if the sample size in each stratum

is large enough, the bias is negligible.

Comparison of Efficiency
We compare the modified combined ratio
estimator with the unbiased estimator. The condition is

as follows:

MSE(Tye s ) < MSE(F,,)

L L
ZWhZYh (S +Rxsxh ZRxSxyh) ZWhZYhS;h
h=1 h=1

L
ththSZ <2R_zwhyh xyh (19)
b=t

x h=1

X

<

L
W2y, S —
; th xh X"I‘C
5

L
2> Wi,S,,

h=1
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When the condition (19) is satisfied, the modified
combined ratio estimator will be more efficient than the
unbiased estimator. The condition to compare the modified
combined ratio estimator with the combined ratio estimator

is as follows:
MSE(?RC?SD) < MSE(?RC ) H

ZL:W:'Yh (th + Risih - ZRXSxyh )
h=1

< ZL:\X/fyh (83, +R?S%, —2RS,, ),

h=1

ZL:WluZYh (Risih - ZRXSxyh) < iwthh (stih —2RS,, )
h=1 h=1

R2A-2R B < R’A-2RB
= 2 2 C 2 2 (20)
where A = Z\X/h v,S;, and B= Z:\X/h VS -
h=1 h=1
When the condition (20) is satisfied, the modified
combined ratio estimator will be more efficient than the
combined ratio estimator.
Next, we compare the modified separated ratio
estimator with the unbiased estimator. The condition is

as follows:

MSE(T ys_sp ) < MSE(7.,)

L L
ZWhZYh (Sih + Rihsih - 2Rxhsxyh ) < ZWhZ'Yhsih
h=1 h=1

L
ZWE Yhs)z:thh
B E— : <1 21)
Zzwh Yththxh
h=1

When the condition (21) is satisfied, the modified
separated ratio estimator is more efficient than the
unbiased estimator. The condition to compare the modified
separated ratio estimator with the separated ratio estima-

tor is given by
MSE(?RS_SD ) < MSE(?RS ) s
L
thZYh (th + R:hszh —2R S, )
h=1

< ZL:WIJZ'Yh (Sih + Risih - 2Rthyh ) s

h=1

L
thz')’h (Rihsih - 2Rxhsxyh )
h=1

L
< ZWIJZYh (Rlzasih - 2Rthyh) . (22)

h=1
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When the condition (22) is satisfied, the modified
separated ratio estimator will be more efficient than the
separated ratio estimator. Note that a difference in
efficiency between these latter MSEs of the estimators is

the ratio R, and R,

Application

We use the dataset from a census of all farms in
Jefferson County, lowa in’to demonstrate the relative efficiency
of the modified estimators compared with the existing
estimators. In this population Y represents acres in corn
and x,; acres in the farm. The population consists of two
strata with stratum size 1,580 and 430. Here the sample
sizes of the two strata are n, =70 and n, =30, respec-

tively. Table 1 shows the population characteristics.

Table 1 Populations Characteristics

Stratum N, ?h ih sjh S:h Sxyh

1 1,580 | 82.56 194 | 312 | 2,055 494

2 430 | 24485 | 51.63 | 922 | 7,357 858
Population | 2,010 | 117.28 | 26.30 | 620 | 7,615 | 1,453

Table 2 The Approximated MSE and Bias of the Estimators

Estimators Bias MSE
Y 0 3.9405
Vs -0.1184 3.0599
¥ re -0.0384 2.9221

¥ re_kc -0.0383 2.9214
Yrs_sp -0.1181 2.8898
Yre_sp -0.0382 2.9202

From Table 2, the proposed combined ratio estimator
gives the smallest absolute bias among the combined and
separate ratio estimators. Whereas the modified separate
ratio estimator gives smaller absolute bias than the origi-
nal separate ratio estimator. In addition, the results show
that the modified separate ratio estimator produces the
smallest MSE and the proposed combined ratio estimator
provides smaller MSE than the existing combined ratio

estimators. It can be examined that all of the four condi-
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tions are satisfied as follows:

L
D Wiy, Sz,
h=1

X +C
T =2.9078< 5 X =4,4828,
ZZWIIZYthyh

h=1

RZA -2R B=-1.0203 < R’A-2RB=-1.0184,

L
thZYhsithh
h=1 =0.4158 <1and

L
ZZW}]Z'Yththxh
h=1
L
YW, (R85 - 2R S, , ) =-1.0507
h=1

< iwfyh (R7S%, - 2R,S,, ) =-1.0506.

h=1

Therefore, the modified combined and separate ratio
estimators are more efficient than the traditional ratio

estimators for this data.

Discussion

Using the modified combined ratio estimator, the
coefficient of variation and the mean of the auxiliary
variable in the whole population must be known. To use
the modified separate ratio estimator, the coefficients of
variation and the means of the auxiliary variable in all
strata are required. The bias of the modified separate ratio
estimator is larger than that of the modified combined ratio
estimator. Because the formula of the MSE and bias were
derived by using the first two terms of Taylor series, the
simulation study should be used to compare the accuracy
and the efficiency of the estimators in the future. Since the
conditions of the efficiency comparison among ratio
estimators depend on some unknown parameters, sample

estimates of these parameters may be used in practice.
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