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Abstract
In this paper we study four parameters negative binomial-Crack (NB-CR) distribution. This new formulation distribution 
contains as special cases three parameters distribution, namely, negative binomial-inverse Gaussian (NB-IG), negative 
binomial-Birnbaum-Saunders (NB-BS) and negative binomial-length biased inverse Gaussian (NB-LBIG). The objective 
of our research is to estimate the parameters for NB-CR distribution by using maximum likelihood estimation and the 
method of moments. These methods are illustrated with an application to accident data. 
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Introduction 
With the huge growth in the collection and storage capa-
bilities of data due to technological advances, count data 
have become widely available in many disciplines. The 
standard distribution for modeling count data has been the 
Poisson distribution, which is a proper model for counting 
the number of occurrences over a time interval at random 
when not many occurrences are observed within a short 
period of time. Also, they occur at a constant rate through 
time, and one occurrence of the phenomenon does not 
alter the probability of any future occurrence. Equality of 
mean and variance, called equal dispersion, is a quintes-
sential characteristic of the Poisson distribution1. 
However, many count data often exhibit overdispersion, 

with a variance larger than the mean; in this case, an 
extension to the Poisson model is more appropriate. The 
negative binomial (NB) distribution is a popular alternative
distribution for modeling overdispersed count data 
because it is more fl exible in accommodating overdis-

persion in comparison with the Poisson model. 
 The NB distribution is a mixture of Poisson and 
gamma distribution. Applications using the NB distribution 

can be found in many areas, for instance, economics2, 
accident statistics3, biostatistics4 and actuarial science5. 
Although, the NB distribution allows for over-dispersion, 
it does not take care of excess zeros in the data.6 studied 
on a tool for analyzing crash data characterized by a 
large amount of zeros. They pointed out that traditional 
statistical distributions or models, such as the Poisson and 
the NB distributions, cannot be used effi ciently in models 
for count data with many zeros. The Poisson distribution 
tends to under-estimate the number of zeros given the 
mean of the data, while the NB may over-estimate zeros, 
but under-estimate observations with a count. 
 The problem of overdispersion and excess zeros 
is usually solved by introducing mixed Poisson or mixed 

NB distribution. Several studies show that mixed Poisson 
and mixed NB distribution provided a better fi t on count 
data compared to the Poisson and the NB distribution. 
These include the Poisson-inverse Gaussian7, negative 
binomial-inverse Gaussian8, negative binomial-Lindley5

and negative binomial-Beta Exponential9. Therefore, in 
order to provide another competitive alternative to the 

models above, a new mixed model is considered. We 
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propose the negative binomial-Crack (NB-CR) distribution
which is a new mixed NB distribution obtained by 
mixing the distribution of NB(r,p) where, p = exp(-a) with 
a distribution of CR( ). This last distribution has 
recently been studied10,11. The new mixed distribution has 
a heavy tail, seems to be skewed positively and may 
be considered as a competitive alternative for modeling 
overdispersed count data. 
 The purpose of this paper is to investigate the 
properties of the NB-CR distribution and its application. 
Parameters estimation is implemented using maximum 
likelihood estimation (MLE), method of moments (MoM) 
and present the comparison analysis between the Poisson,
NB and NB-CR distributions based on a real data set 
using a goodness of fi t test. 

NB-CR distribution
 This section describes the characteristics and 
some special cases of the NB-CR distribution.
 Characteristics of the NB – CR distribution
 As mentioned earlier, the NB-CR distribution 
is a mixture of the NB and Crack distributions. First we 
present the NB distribution and some of its properties. 
The probability mass function (pmf) of NB distribution is 
given by

  (1)

where  and . The mean and variance of this 

distribution can be given as

 (2)

The Crack distribution is a mixture of inverse Gaussian 
distribution and length biased inverse Gaussian which 
has the density function10,11:

 (3)

 A random variable  is assumed to follow a 
NB-CR ( ) distribution, when  has a NB distribution 
with parameter  and , where a  is 
distributed as CR with positive parameters

i.e., and  The pmf 
of  is given by12

 (4)

The fi rst moment (i.e., the mean) of the NB-CR ( ) 
is given by

   (5)
The second moment of the NB-CR is given as

 (6)

The variance of the NB-CR  is calculated as

 (7)

 The special case
Here, we consider some special cases of the NB-CR 
distribution. Let . Then, the pmf of 
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 when  [negative binomial-length biased inverse 
Gaussian (NB-LBIG) distribution] is given by

 (8)

where , and .

 [negative binomial-Birnbaum-Saunders 
(NB-BS) distribution] is given by

(9)
 where  and 

 when [negative binomial-
inverse Gaussian (NB-IG) distribution] is given by8

 (10)

In order to study the behavior of the distribution for 
different value of the pmf is calculated. We show 

the graphs of the pmf of the NB-CR random variable of 
some values of parameters in Fig. 1.
 The pmf of a NB-CR random variable ( ) for 
some specifi ed values of 

Parameter Estimation
 In this section, the estimation of parameters for 
NB-CR  via the maximum likelihood estimation 
and the method of moments are provided. The R program 

[10] is used to obtain the solutions of 
Maximum Likelihood Estimation (MLE)
 The log-likelihood function of the NB-CR

 is given by

It can be verifi ed that the fi rst partial derivatives equation 
(11) with respect to , we then obtain the 
following differential equations;



Saengthong et al. J Sci Technol MSU128

where  is the digamma function. 

 These four derivation equations cannot be solved 

analytically, as they need to rely on Newton-Raphson: a 
simple iterative numerical method to approximate MLE. In 

this paper, we obtained the MLE solutions of 
by solving the resulting equations simultaneously using 
nlm function in R package, namely stats13. 
 Method of moments (MoM)
 For the method of moments, the parameters 
can be obtained by equating the sample and population 
moments. Because we have four parameters, we need the 
3 rd-moment and 4 th-moment of (4), which are given by

  

   

The ith moment for the sample, , is equated as

     (14)
Then, the method of moments estimator is derived by 

solving equation and 
using gmm function in R package, namely 

gmm3. 

Results and Conclusion
The number of injured from  accidents on major roads 
in Bangkok of Thailand in 20079 was used to estimate 
the parameters of the Poisson, NB and NB-CR distri-

bution based on the MLE and MoM. Table 1 shows 
the observed and expected frequencies, grouped in 
classes of expected frequency greater than fi ve for the 
chi-square goodness-of-fi t test as criteria of comparison, 

computed as . Based on the 

(13)

(12)
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p-value, the MLE provides very poor fi t for the Poisson 
distribution and the NB and acceptable fi ts for the NB-CR.

Table 1 Goodness-of-fi t test from MLE for the accident data

The results for the goodness-of-fi t test based on the MoM 
of the Poisson, NB and NB-CR are listed in Table II. 
Similar results to the previous table, the NB-CR provides 
a better fi t compared to the Poisson and NB distribution. 
Furthermore, the MLE was a superior method to estimate 
parameters of the NB and NB-CR for the accident data. 
The further work, we may uses the Bayesian approach 
to estimate the parameter of the NB-CR distribution and 
conduct a simulation study in order to compare results 
under estimating parameters of the NB-CR distribution by 

applying the MLE, MoM and Bayesian approach.

Table 2 Goodness-of-fi t test from MoM for the accident 
 data
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