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Abstract
The purpose of this research was to develop test statistic for the risk ratio in a correlated 2 x 2 table with structural 
zero when sample size is small. We studied Wald test statistic, Logarithmic transformation test statistic, Fieller’s test 
statistic, Rao’s score test statistic and improving Wald test statistic. Also, we consider the performance of hypothesis 
testing for the risk ratio by power of the test and type I error rate close to the signifi cant level. Simulation studies 
suggest improving Wald test statistic has type I error rate closest to signifi cant level and powerful test when risk ratio 
value in alternative hypotheses are less. 
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Introduction 
The problem of correlated 2 x 2 table with a structural zero 
in one of the off diagonal cells, the structural zero means 
that it is theoretically impossible to observe for a particular 
cell sometimes appear in infection disease studies and 
two-step procedure studies. A typical example of calves; 
calves were fi rst classifi ed according to whether they got a 

primary pneumonia infection and then reclassifi ed according 
to whether they developed a secondary infection within a 
certain time period after the fi rst infection cleared up. In 
this case, the interest in evaluating the risk ratio between 
a secondary infection (p

11
), given a primary infection and 

the primary infection (p
1.
)1, the responses taken from the 

same group of calves are not independent in Table 1.

Table 1 Example and probability of Agresti

Primary 
infection

Secondary infection
Total

Yes No

Yes
No

n11 = 30 (p11)
n21 = 0

n12 = 63 (p12)
n22  =  63 (p22)

n
1.
 =  93 (p

1.
)

n
2.
  =  63 (p

2.
)

Total n11 = 30 (p11) n2.  =  126 (p.2) n  =  156 (1)

 Lui discussed the estimation of the risk ratio; he 

developed three asymptotic interval estimators using Wald 
test statistic, the logarithmic transformation and Fieller’s 
theorem. He concluded that when the probability of 

primary infection is small or moderate, the interval estima-
tor using the logarithmic transformation outperform the two 
estimators when the sample size does not exceed 1002.
Gupta and Tian further studied confi dence intervals for the 

risk ratio from Lui and derived a fourth confi dence interval 
base on Rao’s score test. In addition, they compared 

performance of four test statistics and concluded that the 
confi dence interval estimator using the Rao’s score test 
and the logarithmic transformation outperforming the other 

two estimators. In addition, the Rao’s score test statistic 
is more consistent than the other test statistics3.
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 This research is interested in study performance 
of test statistic for the risk ratio in a correlated 2 x 2 table 
with structural zero. We propose an improving Wald test 
statistic additional to Gupta and Tian when sample size 
is small.

Test statistic for the risk ratio
 Consider a random sample of n subjects in table 
1 is assumed to be trinomial distribution.

 
(1)

 Then, the estimators of the probabilities are

and 

Also  The risk ratio between a 
secondary infection, given a primary infection and the 
primary infection is defi ned as 
And hypothesis testing for the risk ratio is  versus

 Wald test statistic:

      (2)

 We will reject null hypothesis when 

where  is the 100  percentile point of the 
standard normal distribution. Logarithmic transformation 
test statistic: 

    (3)

We will reject null hypothesis when  where 

 is the  percentile point of the standard 

normal distribution.

 Fieller’s test statistic:

 (4)

 

We will reject null hypothesis when  
where  is the  percentile point of the 
standard normal distribution.
 Score test statistic:

 (5)

 We will reject null hypothesis when  where 

 is upper -percentile of the central -distribu-

tion with one degree of freedom and 0
11p  is solution of

 Improving the Wald test statistic:
 In case of small sample, we have adding 
constant, , the tail probability of normal by
following Guan[4]. The properties of the mean and the 
variance is 

 (6)

 We will reject null hypothesis when  

where  is the  percentile point of the 
standard normal distribution.

Methods of evaluating tests
The worth test statistic must be control the type I error 

with the most power of the test.
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Methods
 A. Generate data set according to trinomial 
distribution.
 B. Select two sample sizes n = 25(small size) 
and 50 (moderate size) [2]. C. Select fi ve parameters 

= 0.25, 0.75, 1.0, 1.25 and 1.75.
 D. Select three parameters p

1.
 = 0.25, 0.5 and 

0.75.
 F. Select nominal level ( ) = 0.05
 G. Compare the performance of test statistic 
by considering the value of empirical type I error and 
empirical power of the test with R program. We generate 
10,000 data sets for each combination of sample size 
and parameter.

Results of simulation 
To compare the empirical type I error value of fi ve tests 
about the risk ratio test, When sample size n = 25 improv-
ing Wald test has empirical type I error value closest to 
signifi cant level. Also, when sample size n = 50 Rao’s 
score test and improving Wald test have empirical type I 
error value close to signifi cant level (Table 2). In addition, 
when risk ratio value in alternative hypotheses are less 
than 1 and primary infection rate are low (0.25,0.5), the 
empirical power of Wald test is the most powerful and 

improving Wald test is the second most powerful test. 
When risk ratio value great than 1 and primary infection 

rate are low (0.25, 0.5), Fieller’s test is the most powerful. 
When primary infection rate is high (0.75), all fi ve tests 

almost the same power irrespective of the risk ratio and 
sample size (Table 3).

Conclusion and comments
This research is preliminary for adding the tail probability 
of normal for test statistic for the risk ratio in a correlated 
2 x 2 table with structural zero when sample size is small. 
In addition to the four test statistics, the Wald test, the 

logarithmic transformation test, the Fieller’s test and the 
Rao’s score test, by Gupta and Tian, we have proposed 
an improving Wald test statistic. The performances of 

these fi ve tests, in terms of empirical type I error shows 
the improving Wald test statistic and Rao’s score test are 

close to signifi cant level. When risk ratio values are less 
than 1 and primary infection rate are low, the power of 
the Wald test is the most powerful. However, when the 
risk ratio values in alternative hypotheses are greater 
than 1, the power of Fieller’s test is the most powerful. 
We consider the improved Wald test is the most effi cient 
when small sample size and primary infection rate are 
low because the empirical type I error rate of the improv-
ing Wald test is closer than the Wald test, although the 
power of improving Wald test is less than the Wald test 
but these are greater than the Rao’s score test.
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Table 2 The empirical type 1 error of the tests at signifi -
cant level ( ) = 0.05.
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