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Abstract

The aim of this work is to introduce the notion of fuzzy weak hyper filters in hyper BE-algebras and investigate some
of their properties. This research shows that the set of all fuzzy weak hyper filters of hyper BE-algebras is a distributive
complete lattice. Also, the concepts of Noetherian hyper BE-algebras and Artinian hyper BE-algebras are characterized

by their fuzzy weak hyper filters.
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Introduction

The fuzzy set was introduced by Zadeh' as a function
from a nonempty set X to the unit interval [0,1]. Later,
many researchers have discussed the generalizations of
the concepts of fuzzy sets with applications in computing,
logic and many ramifications of pure and applied
mathematics. Kim and Kim® introduced the notion of
BE-algebras, as a generalization of BCK-algebras® and
BCl-algebras®. In 2010, the concept of fuzzy ideals in
BE-algebras was introduced and some of its properties
were investigated by Song, Jun and Lee’. Then, Dymek
and Walendziak® studied and characterized the concept

of fuzzy filters in BE-algebras.

The hyperstructure theory was introduced by
Marty” in 1934 as a generalization of ordinary algebraic
structures. Radfar, Rezaei and Borumand Saeid® applied
the hyper theory to introduce the notion of hyper
BE-algebras, as a generalization of BE-algebras. In 2015,
Cheng and Xin® investigated some types of hyper fiters

on hyper BE-algebras.

In this work, the concept of fuzzy weak hyper
filters of hyper BE-algebras is introduced, and its properties
are considered. Finally, the concepts of Noetherian
hyper BE-algebras and Artinian hyper BE-algebras are

characterized by their fuzzy weak hyper filters.

Preliminaries

Let X be a nonempty set. The mapping o, X x
X—P*(X), where P*(X) denotes the set of all nonempty
subsets of H, is called a hyperoperation'®™ on H. The
hyperstructure (H,o) is called a hypergroupoid. Let A and
B be any two nonempty subsets of H and x € H. Then,

we denote

AoB =
a€A,beB
Aox=Ao{x}andxo B = {x}oB.

aob,

Let H be a nonempty set and o: X x X—>P*(X)
be a hyperoperation. Then (H,0,1) is called a hyper

BE-algebra’ if it satisfies the following axioms:

(Yx<landx<x;

(i) xo(yoz)=yo(xoz);
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(i) x € 1 ox;

(iv) I <ximpliesx =1

for all x, y, z € H, where the relation “<” is defined
by x<y if and only if / € x 0 y.

Example 2.1° Define the hyperoperation “o” on
R as follows:

v (O} if x=1;
xey {]R otherwise.

Then, (Ro.1) is a hyper BE-algebra.

Example 2.2° Let X = {1,a,b}. Define the hyperoperation

0” on as follows:

o) | 1 a b
1 {1} {a} {b}
a {1,a} {l,a,b} {1.,a}
b {1,a,b} {a} {1,a,b}

Then, (H,0,1) is a hyper BE-algebra.

Let F be a nonempty subset of a hyper
BE-algebra H and I € F. Then F is called:

(i) a weak hyper filter’ of H if x oyc Fand xeF,
then yeF, for all x,y € F;

(i) a hyper filter” of H if x oy ~ F and xeF, then
yeF, where x oy ~ F means that x oy N F#O, for all x,y
€ H.

Note that every hyper filter of a hyper BE-algebra
H is a weak hyper filter of H, but the converse is not true
in general®. In this paper, we will focus on weak hyper

filters of hyper BE-algebras.

Lemma 2.3 If {F: iel} is a chain of a family of
weak hyper filters of a hyper BE-algebra H, then U,F, is

also a weak hyper filter of H.

Proof. Let UF, Clearly, I1eF. Let x,y € H such
thatxoyc Fand xeF. Thenxoyc F, and xeF, for some
i,jel. Assume that F,c FJ It follows that x oy FJ. and
xeF].. Since FJ, is a weak hyper fiter of H, we have y €

Fjg F. Hence, F is a weak hyper filter of H.

A fuzzy sef' of a nonempty set X is a mapping
W X — [0,1]. Then, the set U(u,;a)={xeX:pu(x)=a} is
called a level subset of . where a.€[0,/]. Let [L and v be

any two fuzzy sets of a nonempty set X. Then ncv, means
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that p(x)=<v(x), for all xeX. In addition, the intersection
and the union of p and v, denoted by unv and puv,
respectively, are defined by letting xeX, (unv)

(X)=min{p(x), v(x)} and (Lov)(x)=max{u(x), v(x)}.

Results

In this section, we introduce the notion of fuzzy
weak hyper filters of hyper BE-algebras, and we investigate
some fundamental properties of fuzzy weak hyper filters

in hyper BE-algebras.

Definition 3.1 A fuzzy set 1 of a hyper BE-algebra
H is called a fuzzy weak hyper filter of H if it satisfies the
following conditions:

(i) u(1) = p(x);

(if) p(x) = min{inf (z), u(y)};
for all x,y € H.

Example 3.2 Let H={/,a,b} be a set with a hyperoperar-

tion “o0” on defined as follows:

o 1 a b

1 {1} {a,b} {b}
a {]} {],Cl} {])b}
b {1} {1,ab} {1}

Then, is a hyper BE-algebra®. We define a fuzzy
set LL of H by u(a)< u(b)=< p(1). By routine computations,

we have that p is a fuzzy weak hyper filter of H.

Theorem 3.3 Let be a fuzzy set of a hyper BE-
algebra H. Then p is a fuzzy weak hyper filter of H if and
only if its nonempty level subset U(u,;a)={xeH:u(x)=a}

is a weak hyper filter of for all a€[0,1].

Proof. Assume that i is a fuzzy weak hyper filter
of H. Let a€[0,1] such that U(p,;a)=J. Then there exists
x,€ U(u;a) such that u(x )=a. Since u()=u(x)), 1€ U(n;a).
Let x,yeH such that x oy < U(u;a) and xe U(i;a). Then
W(z)=a, for all zex oy. Thus, p(y) = min{igf W(z), ux)y=a,
thatis, ye U(u;a). Hence, U(u;a) is a wéak hyper filter of
H.

Conversely, suppose that p(/)=p(x,)=p for some
x,eH and Bel0,1] . Then U(u;B)=Y, and so U(u,p) is
a weak hyper filter of H. It follows that /e U(u,B), which
implies that p(/)=p. This is a contradiction. Thus, p(Z)=p(x),
for all xeH. Suppose that p(a) < min{i_gf wz), pb)}
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for some a,beH. Letting a = l(u(at) + min{ inf u(z),
Z€Eboa

ub}). 2

We have p(a)<a<min{inf u(z), p(b)}= inf n(z)
and o<p(b). Then boa < U(n; ) ahd beU(u;a). Sihce isa
weak hyper filter of H, we have ae U(u;a), that is, p(a)=o.
This is a contradiction. We obtain that u(a)zmin{@g‘f nz),
wb)} for all a,beH. Therefore, p is a fuzzy weak hyper
filter of H.

Corollary 3.4 If p is a fuzzy weak hyper filter of
a hyper BE-algebra H, then the set H ={xe H:(x)= w(a)}

is a weak hyper filter of H for all aeH.

Corollary 3.5 If p is a fuzzy weak hyper filter of
a hyper BE-algebra H, then the set Huz{er:u(x)z w()}
is a weak hyper filter of H.

Theorem 3.6 Let F,c F,c---F c... be a
strictly ascending chain of weak hyper filters of a hyper
BE-algebra H and {¢ } be a strictly decreasing sequence
in [0,1]. Let n be a fuzzy set of H, defined by p(x)=

x & F,

{0 if for each n € N;
tn if X €F,—Fy_4

forn=1,2,..;
for all xeH, where F,=J. Then u is a fuzzy weak hyper
filter of H.

Proof. Let F= UNFn By Lemma 2.3, F'is a weak
hyper filter of H. Then u(7)=t zu(x), for all xe H. Let x,ye H.
Thus, we can divide to be two cases, as follows.

Case 1:xgF.Thenyox ¢ Fory ¢ F. There
exists a€y o x such that xg¢F. Thus, w(a)=0 or n(y)=0.
Hence, min{ipf wz), n)}.

Case 2: xeF -F  for some n=1,2,.... Then
yoxzF  orygF. Thus, there exists aey ox such that
a¢F, . We obtain that, inf p(z)<t, or p(y)=z,. Therefore,

min{ inf ,u(z),y(y)} < t, = u(x). Consequently,
ZEYoXx
uis a fuzzy weak hyper filter of H.

Let p and v be fuzzy sets of a nonempty set X.

The cartesian product of p and v is defined by (i x v)

(x, y) = min{inf u(z), u(b), for all x,yeX.

Theorem 3.7 Let H be a hyper BE-algebra. If
u and v are fuzzy weak hyper filters of H, then pxvis a

fuzzy weak hyper filter of H x H.

Proof. Assume that p and v are fuzzy weak
hyper filters of H. Let (x,y) € H x H. Then



364 Warud Nakkhasen

(1t xv)(1,1) = min{u(1),v(1)} = min{u(x), v(y)}
= (U X v)(x,y).Now, let (x,,y,), (x,,y,) € Hx H. Then

(W, v) (x,y)

= min{u(x,),v(y,)}
> min{min{21EiJrC12fox1 u(z1), u(xz)},

inf v(z,),v(y2)}}

Z2€Y2°)1
ggtxl{min{u(zl), v(z2)},
Z2€Y2°)1

min{u(xz), v(y2)}}}

> min{ (1 X v) (z1,2,),

min{

= min{z
1

inf
(21,22)€(x2,y2)°(x1,¥1)
(1 xv)(x2,y2)}-
Therefore, pu x v is a fuzzy weak hyper filter of H x H.

Let be a fuzzy set of a nonempty set X, a€[0,1—

sup u(x)Jand B&[0,1]. Then:

(i) the mapping p',- X— [0,1] is called a
fuzzy translation’® of p if u* (x)=p(x)+a, for all xeX;

(i) the mapping “Mﬁ" X— [0,1] is called a
fuzzy multiplication™ of w if uMB(x)=[3p(x), for all xeX;

(iii) the mapping ,uﬁ o ' X = [0,1]iscalleda
fuzzy magnified translation' of w if u T(x) = Bu(x) + a,

for all xeX.

Theorem 3.8 Let H be a hyper BE-algebra, p be
a fuzzy set of H, @ € [0,1 — SUP ©(x)] and pelo,1].
Suppose that ‘uﬁ o is afuzzy magnlﬁed translation of p,
with respect to a and f. Then W is a fuzzy weak hyper
filter of H if and only if yﬂ « is a fuzzy weak hyper filter
of H.

Proof. Assume that p is a fuzzy weak hyper filter
of H. Let aeH. Since u(1)>p(a) we have u}‘?g(l) =

pBu(l) +a = pu(a) + a = ,u T'(a), for all acH. Let
x,yeH. Then

1o (x) = Bu(x) + a
2 pmin{ inf u(2),n(¥)} +a

= min{_ inf [(Bu(2) + ), puy) + o}
v(@ g (N}

Hence, M%Z is a fuzzy weak hyper filter of H.

= mln{ 1nf u

Conversely, assume that .“?34,5 is a fuzzy weak
hyper fiter of H. Let x,yeH. Consider Bu(1) + a =

it (1) 2 T (x) = BuCx) + a and
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Bu(x) + a = ugf (x)

= min{_ mf 1g e (2), 1 6 ()}
mm{zgylfx(/?u(Z) +a), fu(y) + a}
min{f( inf u(2)) + e fu(y) + a}
[3min{zg;§xu(2).u(y)} +a

Since B> 0 and a = 0, we have u(x) > min{ énf
ZEYox
y(z),u(y)} and u(=p(x), for all x,yeH. Hence, p is a

fuzzy weak hyper filter of H.

Corollary 3.9 Let H be a hyper BE-algebra, L be
a fuzzy set of H, a<[0,1-sup p(x)], and <[0,1]. Suppose
that u* is a fuzzy translation and is a fuzzy multiplication
of with respect to and , respectively. Then the following

conditions are equivalent:
(i) nis a fuzzy weak hyper filter of H ;
(i) u', is a fuzzy weak hyper filter of H ;
(iii) p™, is a fuzzy weak hyper filter of H.

Theorem 3.10 If pand v are fuzzy weak hyper
flters of a hyper BE-algebra H, then p M vis a fuzzy
weak hyper filter of H.

Proof. Assume that pand v are fuzzy weak hyper

flters of a hyper BE-algebra H. Let x,ye H. Then

(unv)(1) = min{u(1), v(1}

min{u(x), v(x)} = (u N v)(x)

Y

and

(1 N v)(x) = minfu(x), v(x)}
> min{min{ inf wu(z),u(y)},
ZEYox
min{ inf v(z),v(y)}}
ZEYox
= min{ inf {min{u(z),v(z)}},
ZEYox
min{u(y),v(»)}}
= min{_inf (uNv)(2), (uNnv)(¥)}
ZEYyox
Hence, n M vis a fuzzy weak hyper fiter of H.
Theorem 3.11 If p and v are fuzzy weak hyper

flters of a hyper BE-algebra H such that pcvorvcy,
then p U vis a fuzzy weak hyper filter of H.

Proof. Assume that pLand v and are fuzzy weak
hyper filters of a hyper BE-algebra H such that p < v or
v C . Let x,yeH. Then
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(kU v)(1) = max{u(1),v(1)}
> max{u(x),v(x)} = (u U v)(x).
Now,
(U v)(x) = max{u(x),v(x)}
> max{min{zér;gx w(z), u()},
min{_inf_ v(z),viN}
= min{max{zgfx w(z), u()},
max{zér;fx v(2),v(»)}}
= min{Z‘iErJ}fx{maX{H(Z), v(2)}},

max{u(y),v(y)}}
= min{zgylfx(u Uv)(2), muv)(}

In general, max{min{ }}min{max{ }}. Suppose
for this case
max{min{ inf u(z),u(»)},
ZEyox
min{ inf v(z),v(y)}}
ZEyox
# min{max{ inf u(z),u(y)},
ZEyox
max{_inf v(z),v(y)}}.
ZEYox
Then there exists ae[0,1] such that
max{min{_ éI}l]fx w(z), n()},
min{ inf v(z),v(y)}}
ZEyox
< a < min{max{ inf u(z),u(y)},
ZEYox

maX{ngx v(2),v(y)}}-

Thus, a < min{ énf ,u(z),,u(y)}. On the
ZEYox
other hand, min{ inf u(z),u(y); < a, which is a
ZEYox
contradiction. This completes the proof.

Then, we have the following corollary.

Corollary 3.12 Let {p:icA} be a nonempty
set of a family of fuzzy weak hyper filters of a hyper
BE-algebra H, where A is an arbitrary indexed set.

Then the following statements hold:
(i) _QA w,is a fuzzy weak hyper filter of ;
(i) Lif H, < por pcp, for all ije, then
N w is a fuzzy weak hyper filter of H.
ien !

Next, we denote by FHF(H) the set of all fuzzy
weak hyper filters of a hyper BE-algebra H. By Corollary

3.12, we obtain the following theorem.
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Theorem 3.13 Let H be a hyper BE-algebra and
(FHF(H);c) be a totally ordered set by the set inclusion.
Then (FHF(H);c,v,n) is a complete lattice, where

/\{MiEFHF(H)"iE/\}ZiQAMi’

V{“iEFHF(H)"iE/\}:iQA“r

Lemma 3.14 Let H be a hyper BE-algebra and
(FHF(H);c) be a totally ordered set. Then un(vUA)=
(uwv)u(uni) and pu(vmd)= (Luv)N(RUL),
for all w,v,Ae FHF(H).

Proof. Let u,v,Ae FHF(H) and xeH. Then
(L) (x)

= min{p(x), (WIA)(x)}

= min{u(x), max{v(x), Mx)}}

= max{min{ p(x),v(x)} ,min{u(x),Mx)} }

= max{(uw)(x), (LOR)(xX)}

= (W) U(LIA)) ().

Hence, pn(vL)= (unwv)u(uNA). Similarly, we
can prove that pu(vAd)= (LUV)N(LUL).

From Lemma 3.14, we have the following

theorem.

Theorem 3.15 Let be a hyper BE-algebra and
be a totally ordered set. Then is a distributive complete

lattice.

Next, we characterize Noetherian hyper BE-
algebras and Artinian hyper BE-algebras using their fuzzy

weak hyper filters.

A hyper BE-algebra H is called Noetherian if H
satisfies the ascending chain condition on weak hyper
filters, that is, for any weak hyper filters F,F,F,.. of H,

with F,.c F,cF,c..cF c...

There exists neN such that F,= F .+ for all i>

A hyper BE-algebra H is called Artinian if H
satisfies the descending chain condition on weak hyper
filters, that is, for any weak hyper filters F,F,F,.. of H,

with F,c F,cF,c..cF c...

There exists neN such that F,= F .+ for all i>

Theorem 3.16 Let H be a hyper BE-algebra.

Then H is Noetherian if and only if for every fuzzy weak
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hyper filter p of H, the set Im(p) = {u(x):xeH} is a well-

ordered subset of [0,1].

Proof. Assume that H is Noetherian. Suppose
that there exists a fuzzy weak hyper filter p of H such
that Im(p) is not a well-ordered subset of [0,1]. Then there
exists a strictly infinite decreasing sequence {t,};-1
such that p(x )=t for some x € H. Let I =U(u;t )={xeH.:
wx)=t }. By Theorem 3.3, I is a weak hyper fiter of H,
for all neN. Moreover, I,c 12c Ij C ... is a strictly infinite
ascending chain of weak hyper filters of H. This is a
contradiction that H is Noetherian. Therefore, Im(p) is a
well-ordered subset of [0,1], for each fuzzy weak hyper
filter p of H.

Conversely, assume that for every fuzzy weak
hyper fiter p of H, the set Im(n) = {pu(x): xeH} is a
well-ordered subset of . Suppose that is not Noetherian.
Then there exists a strictly infinite ascending chain
F,cF,cF,c..cF c..ofweak hyper fiters of H. We
define the fuzzy weak hyper filter of p of H by

()_(1) if x & F, for each n € N;
“x‘; if XEE, —Fy,, for n=12,..;

where F,= . By Theorem 3.6, u is a fuzzy
weak hyper filter of H, but Im(n) is not a well-ordered
subset of [0,1]. We get a contradiction. Consequently, H

is Noetherian.
Corollary 3.17 Let H be a hyper BE-algebra. If
for every fuzzy weak hyper filter p of H such that Im(p)

is a finite set, then H is Noetherian.

Theorem 3.18 Let H be a hyper BE-algebra and
T={t,t,

in [0,1]. Then the following conditions are equivalent:

..}u{0}, where {t;, }5=is a strictly decreasing

(i) H is Noetherian;

(ii) for every fuzzy weak hyper filter n of H,
if Im(p) < T, then there exists k€N such that Im(u) c {z,,
Ly oo 1,y U{0F.
Proof. (i) = (ii): Assume that H is a Noetherian.
Let 1 be a fuzzy weak hyper filter of H such that Im(p)
c T. By Theorem 3.16, Im(p) is a well-ordered subset of
[0,1]. Hence, there exists keN such that Im(p) < {z, 7,,
oo 1,1 U{0}.
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(ii) = (i): Assume that for every fuzzy weak
hyper filter u of H, if Im(n) < T, then there exists kelN
such that Im(n) = {t,,t,, ..., 1, }{0}. Suppose that H is not
Noetherian. Then there exists a strictly ascending chain
F,cF,cF,c.. of weak hyper fiters of H. We define a

fuzzy set p of H by

if x ¢&F,
if x€F,—F,4

for each n € N;
forn=1,2,..;

0
u(x)—{tn
where F = . By Theorem 3.6, i is a fuzzy weak

hyper filter of H. This is a contradiction with our assump-

tion. Therefore, H is Noetherian.

Theorem 3.19 Let H be a hyper BE-algebra and
T={t1,, ..}u{0}, where {t,},-, is a strictly increasing
sequence in [0,1]. Then the following conditions are

equivalent:
(i) H is Artinian;
(ii) for every fuzzy weak hyper filter p of H,
if Im(n) < T, then there exists keN such that Im(p) <
{t,, t,, ... 1, }U{0}.
Proof. (i) = (ii): Assume that H is Artinian. Let
| be a fuzzy weak hyper filter of H such that Im(p) < T.
Suppose that t; <t;, <-- <t < ..

increasing sequence of elements in Im(u). Let I =

is a strictly

U, tim) for m=1,2,... This implies that ID[5..D1
O ... is a strictly descending chain of weak hyper filters

p of H, which is a contradiction that H is Artinian.

(ii) = (i): Assume that for every fuzzy weak
hyper filter u of H, if Im(n) < T, then there exists kelN
such that Im(p) c {¢,, ¢,, ..., £,}\{0}. Suppose that H is
not Artinian. Then there exists a strictly descending chain
F o F,>..oF .. of weak hyper filters of H. We define
a fuzzy set pin H by

0 if X e Fl’
px)=4ty, it x€FK,—F,44 forn=1,2,..,
1 if x €F, for allm € N.

We have that u(7) = 1=p(x), for all xe H. Next, let

x,yeH. Thus, we can divide to be three cases, as follows.

Case 1: x ¢ F,. Then yox ¢ Fiory ¢ F,.
Thus,
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Case 2. x € F - F  for some n=12,...
Thenyox g F, ,ory¢F . We obtain that u(y) <t or
u(z) =1 for some z € y ox\F . So, min{_@pf wz), p(y)r=<
t = Wux).

Case 3: x € F for all neN. Clearly, p(x) =
Izmin{inf u(z), p(y)}-.

Hence, pnis a fuzzy weak hyper filter of H. We

have a contradiction with our assumption. Consequently,
H is Artinian.

Corollary 3.20 Let H be a hyper BE-algebra.
If for every fuzzy weak hyper filter n of H, Im(p) is a finite

set, then H is Artinian.

Conclusions

The concept of fuzzy weak hyper filters in hyper
BE-algebras is introduced and investigated. It was
shown that the set of all fuzzy weak hyper filters of hyper
BE-algebras is a distributive complete lattice. Also, the
concepts of Noetherian hyper BE-algebras and Artinian
hyper BE-algebras are characterized by their fuzzy weak
hyper filters. In future work, we will study the concept
of characterizations of fuzzy weak hyper filters in hyper

BE-algebras.
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