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Abstract

In this research, we introduce three novel sequences of yn, OLn and Bn. These sequences are related to each other
through the recurrence relation, and we have observed that their relationship can be expressed using k-Fibonacci
sequences. To prove this relationship, we used mathematical induction. We have shown the validity of our theorem,

and the results are presented in this study.

Keywords: k-Fibonacci sequences, recurrence relation, mathematical induction
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Introduction
For any integer number k > I, the n th k-Fibonacci

sequence, denoted as {F, }” _,, is defined by (Falcon &

n=0"

Plaza, 2007) as a recursive sequence as follows:

F,_  =kF, +F

kon+1 k. k.n-1

where Fk,() =0and Fk,] = 1. The first 8 members

of k-Fibonacci sequences are shown below:
0,1,k Kk +1,..,
3k, k5 + 5k + 6k* + 1.

I+ 2k K+ 3+ 1,1 + 4K +

(Atanassov, 2018) studied two new combined
3-Fibonacci sequences. Let a, b, ¢, d be arbitrary real
numbers and {F }* _,

sequence. The first set of sequences has the form for

be the standard Fibonacci

n=0,
an+2 = yn+l + ﬁn+1’
ﬁn+2 = yn+1 + an+1’
yn+2 = yn+l + yn'

where o = a, B,= b, y,= ¢, v,= d. From these
sequences and for each natural number n > I the result
are the following,

a, ., =b+F, a+(F,-1)d,

a, =a+F,c+(F, -l)d,

B, ,=a+F, c+(F,+1)d,

B, =b+F,c+(F, -l1)d,

n+l”

n+l”

yn+2 = Fn+lc + Fn+2d'

The second set of sequences has the form for

ﬂn+1 = an+l + yn’
yn+1 = an+1 + ﬁn'
where o, = a, B,= b, y,= ¢, a,= d. From these
sequences and for each natural number n > [ the result
are the following,

a =F c+Fd,

ﬁZn/

B, =(F,. -l)a+c+(F

n+2”

(F,-1)a+b+ (F

2+l

1)d,
1)d,

Some novel sequences related to k-Fibonacci sequences

=(F,-la+c+(F

2+l

yZn 1 ) d’

Vo = (F,, . ~Da+b+(F, -l)d.

n+2”

In the same year, he studied two additional
new combined 3-Fibonacci sequences part 2. Let a, b, ¢
be arbitrary real numbers and {F }” _, be the standard
Fibonacci sequence. The first set of sequences has the

form for n> 0,

a+1=ﬁn+‘yn’
ﬁn+1_a+y’

22 l+ﬂl
]/rH-l: = 2 = +yn’

where o, = 2a, BO: 2b, y,= c. From these
sequences and for each natural number n > I the result

are the following.

+(-1)")a + (F

2n-1

(-1))b + F, ¢,

(an

ﬂn =(F, ~(-1))a+(F, +(-1))b +F,c,

2n-1

y,=F,a+F,b+F, c.

2n+1

The second set of sequences has the form for

n=0,
Bty
j— n n
a,,=a, + 2 b
ﬂn+1 = an+] + yn’
yn+1 = an+] + ﬁn'

where a,= a,p,= 2b, y,= 2c. From these
sequences and for each natural number n > I the result

are the following.
a =F, a+F,b+F,c,

B, =F,a+(F,  +(-1))b+(F

2n+1

- (-1p)e,
+(-1)")c.

2n+1

v, =F,a+(F

2n+1

-(-1)")b + (F

2n+1

(Nubpetchploy & Pakapongpun, 2021) generated
three combined sequences related to Jacobsthal
sequences. Let a, b, ¢, d be arbitrary real numbers and
J, be the Jacobethal sequences. The first set of sequences

has the form for n > 0,

yn+2 = yn+l + 2Vn’
an+1 = n+] + 2ﬁ
ﬁrHI = yn+1 + Zan'

123



124 Phongphan Mukwachi , Pensiri Sompong,
Supunnee Sompong and Krailikhit Latpala

where a,=a,3,=b,y,=c,y,=d.From these
sequences and for each natural number n > I the result

are the following.
v,=2J c+Jd,
a, =20 +(J +(-1)')c+jd+(-2)(a-b),
B,=2B,,+ (U +(-1))c+jd-(-2)(a-b).

The second set of sequences has the form for

Vn+2 = yn+1 + 27/”:
an+1 = Vﬂ + 2ﬁn’
ﬂ)HI = yn + Zan'

where o, =a,f3,=b,y,=c,y, =d.From these
sequences and for each natural number n > I the result

are the following.
y,=2J c+Jd,
a,=2a +(J  +(-1)")c+]j d+(-2)(a-b),
B,=2B,,+( ,+(-1)")c+j d-(-2)(a-b).

The third set of sequences has the form for

n=0,
a +1 +ﬂ +1
= n n + 2 s
Vrﬁ-] 2 y'l
an+l = yn + Zﬂn’
ﬂn-ﬂ = yn + Zan'

where a, = 2a, 8, = 2b, y, = c. From these
sequences and for each natural number n > I the result

are the following.

Vn-l = (J271-[-])(a+b) + JZ ¢

n-1""
a, = (S
+J )b+J, c,

vy~ LD (a+b) + (1) a+(-1)*(2],

B.= (P -P+1)a+b)+(-1)J b+ (-1)(2]

+J )a+J, c.

J Sci Technol MSU

(Atanassov, 2022) introduce on two new
combined 3-Fibonacci sequences. Let a, b, ¢, d, e be
arbitrary real numbers and {F }” _ be the standard
Fibonacci sequence. The first set of sequences has the

form forn> 1,

an+[ = an + an-l’

ﬁn+1:ﬂn+ﬁn-l’
a +
’yn+1 =— 2ﬂn + Vn‘

where a, = 2a, 8,=2b,y,=c,a,=2d, 3, = 2e.
From these sequences and for each natural number
n = [ the result are the following.

a,=2F a+?2Fd,

B,=2F b+2Fe,

v, =Fa+Fb+c+(F_ -1)d+(F -I)e.

The second set of sequences has the form for

a =a +a ,
n+l n n-1

Bry=B,+B.»

[
n+l n+l
—ntl FAt o4+ 'yn.

VVHI = 2

where a,=a,,=b,y,=c, a,=2d, 3, = 2e.
From these sequences and for each natural number

n = [ the result are the following.
a =2F a+2Fd,
B,=2F b+ 2Fe,
v, =Fa+Fb+c+(F_ -1)d+(F _ -l)e.

(Pakapongpun & Kongson, 2022) introduced
three combined sequences related to k-Fibonacci
sequences. Let a, b, ¢, d be arbitrary real numbers and
{Fk,n}wnzo be the k-Fibonacci sequence. The first set of

sequences has the form for n > 0,
’yn+2 = kyn+1 + Vn’
an+[ = kyn + ﬂn’
ﬁn+l = k'}/" + an'
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where a,=a,3,=b,y,=c,y, =d. From these
sequences the result are the following theorem 1.1.

Theorem 1.1. For any positive integer k and n,

(@  y,=F,d+F,¢c

k-1

(b) Ay, = (F, ko T F k2n-1 -1)d + (F ko1 T F ko2t (F k,z'] )
c+a,

(c) ﬁZn = (Fk,Zn +F . -1)d + (Fk,sz +F ot (Fk,z'])
c+b,

(d) Aoy = (F kot T F k2n-2 -1)d + (F, k2n-2 +F k,2n—3+ (F, k2

1)c + b,
(e) ﬂsz = (Fk,Zn—I + Fk,Zn—Z_I)d + (Fk,Zn—Z +F +(F

k2n-3 k2"
1)c + a.

The second set of sequences has the form for

yn+2 = kyn+l + yn’
an+] = k‘ym—] + ﬁn’

ﬁﬂ+] = ky)H] + arl'

where a,=a,f,=b,y,=c,y, = d.From these
sequences the result are the following theorem 1.2.

Theorem 1.2. For any positive integer k and n,
(a) yn = Fk,nd + Fk,n—lc’

(b) a, = (F

k2n+1

+ F“n-])d +(F,,+F,,.1c+a,
(c) ﬁZn = (Fk,2n+l + Fk,Zn_])d + (Fk,Zn + Fk,Zn-I_])C +b,
(d) Aoy = (F, ko T F k2n-1 -1)d + (F kot T F k,zn-z'] Je +

N

il

(e) ﬁzm = (Fk,Zn +F -1)d +(F

k.2n-2

+F

k.2n-3

+(F, 1)

c+a.

The third set of sequences has the form for n >

a, +p
=ky +-—-2—*-

yn+1 yn 2

an+1 = kyn + ﬁn’

ﬁn+l = kyn + an'

Some novel sequences related to k-Fibonacci sequences

where a, = 2a, , = 2b, v, = c. From these

sequences, the result are the following theorem 1.3.
Theorem 1.3. For any positive integer k and n,

(a) Vo =V, (F,+ F )=y, (F,+ F ),

(b) a2n=y](FkY2+Fk71)2""+a-b,

(c) aZn_]=yl(Fk‘2+Fk_[)2"'2+b-a.

In this paper, we introduce a new three set of
combined sequences which are more general context

related to k-Fibonacci sequences.

Main Results

We applied those three sets of sequences from
(Pakapongpun & Kongson, 2022) work as follows. Let a,
b, ¢, d and s be arbitrary real numbers with s # 0. The first

set of sequences has the form for n > 0,
yn+2 = kynu + yn’
an+] = kS')/,H_] + ﬁn’

ﬁ)ﬁl = kSVVHI + an'

where a, =a,,=b,y,=cand y, =d.

From these sequences, we generate the first
few members of the sequences {y }” _,. {« }” _, and
{ﬁn}‘”n:a with respect to n represented in Table 1, Table

2 and Table 3 respectively.

Table 1 This table shows first 8 members of {y }* _,
from the first set of sequences.
n )
0 ¢
1 d
2 kd+c
3 Kd+ke+d
4 KBd+kKc+c+2kd+c
5 Kd+Kc+3Kd+ 2ke+d
6 KkKd+kc+kd+ 3kc + 3kd + ¢
7 Kd+ Kc + 5k*d + 4kc + 6k*d + 3ke + d
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This table shows first 8 members of {« }” _,

from the first set of sequences.

{an} wn=0

a

ksc + b

ks(c+d) + a

k’sd + ks(2c+d) + b

Ksd + kK*s(c+d) + ks(2¢+2d) + a

[V B N S S e R =

kK'sd + Ks(c+d) + k*s(c+3d) + ks(3c+2d) + b

sd + K's(c+d) + EPs(c+4d) + Ks(3c+3d) +
ks(3c+3d) + a

kosd + Ks(c+d) + K's(c+5d) + Ks(4c+4d) +
k’s(3c+6d) + ks(4c+3d) + b

Table 3

This table shows first 8 members of {8 }* _,

from the first set of sequences.

{ﬁ n} °°”=0

b

ksc +a

ks(c+d) + b

ksd + ks(2c+d) + a

Ksd + kK*s(c+d) + ks(2c+2d) + b

Nk | WD |~ O3

kKsd + Is(c+d) + k*s(c+3d) + ks(3c+2d) + a

ksd + k's(c+d) + K’s(c+4d) + kK’s(3c+3d) +
ks(3c+3d) + b

kesd + k’s(c+d) + k*'s(c+5d) + Ks(4c+4d) +
k*s(3c+6d) + ks(4c+3d) + a

(a)
(b)

(c)

(d)

(e)

Theorem 2.1. For any positive integer k and n,

Vn:Fk,nd+Fk c

n-1""

a2n=(Fk,2n+Fk,2n,1'1)Sd+(F +F

k,2n-1 k,2n-2

+F/<,2n-])
sc + a,

B,, = (Fopy + Foppy-l)sd + (F,  + F oy + F

k,2n-1 k,2n-2 k2
-1)sc + b,

aZn—] = (F

k,2n-1

-l)sc + b, forn=2,

+Fk,2n72-1)sd+(F +F,, +F

k,2n-2 k,2n-3 k2

B, =(F,,, +FkY2n_2-])sd+ (F, +F _ +F

k,2n-2 k,2n-3 k2
-l)sc +a, forn=2.

J Sci Technol MSU

Proof. we will prove (a) by mathematical

induction.

Let P(n)be a statementy =F, d+F,_ cfor n
> ], we will show that P(1) is true.

Since F, d + F, c = (1)d + (0)c =d =y, then
P(1)is true. Let m> I, assume that P(1), P(2),...,.P(m-1),

P(m) are true thatis,y = F, d + F,_ c, where I <i<m.
We will show that P(m+1) is true.

consider,

ym+1 = k‘ym + ym-l
= k(Fk,md +F, )+ Fk,m-ld +F ¢

k,m-2

=KkF

km

+ Fk,m-l)d + (ka,m-l + F

k,m-Z) ¢

Vs = Fiid+F, C

km+1 k,m

Then P(m+1) is true.

By mathematical induction, the statement P(n)

is true foralln> 1.
Next, we will prove (b) by mathematical induction.
Let P(n) be a statement,

a, =(F , +F

n-2n k.2n-1

-1)sd
+ (F

k,2n-1

We will show that P(1)is true.

+ Fk,Zn-Z + Fkyz‘])SC + a,fOV n=1.

Now consider,

(Fk,2(n) + Fk,Z(])—I -1)sd
+ (FM,)_, + Fkvz(,)_2 + Fk,z'I)SC +a

= (Fk,z + Fk,] -1)sd + (Fk,z + Fk,O + Fm-l)sc +a
= (k+1-1)sd + (1+0+k-1)sc + a
= ksd + ksc +a
=ks(c+d) +a = Ay
Then P(1) is true.
Let m > I, assume that P(m) is true that is,
a,, =(F,, +F,  -1)sd

+ (F

kom1 + Fk,Zm-z + Fk’z-l)sc +a.
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We will show that P(m+1) is true.

Consider,

Uiy = kY, + B,
=ks(F,,,, d+F,.c)+ksy, +a,
=ks(F,,,, d+F,c)+ks(F, d+F,, c)
+ (Fk,Zm + Fk,sz_])Sd + (Fk,Zm—l + Fk,szz +
F k,z'] )sc +a

= [(ka,2m+l + F

k,.2m

sd-sd] + [(kF,, + F

)sd + (KF,, +F,, )

k,2m-1

)sc + (kF o

k,2m k,2m-1 1
+ Fum’z)sc + Fkyzsc—sc] +a
=(F 0t Fk,2m+1-])Sd F(F s ¥ Fis
+F,-1)sc+a
Qery = (Fk,Z(m+1) + Fk,Z(m+1)-l -1)sd
F(F s T Foopmenat F,-1)sc +a.

Then P(m+1) is true.

By mathematical induction the statement P(n) is

true for all n > 1.
The proof of (c) is similar to (b).

To prove equation (d) for n> 2, using (a) and (c)

we have,

a,, = ksy,, , + ﬁz»z

=ks(F,, d+F,, c)+(F, ,+F, ;-1)sd

k2n-2 k.2n-3

+ (F + F

k.2n-3 k.2n-4
= [(ka,Zn—Z + Fk,Zn—j‘)Sd + (F
[(ka,Zn-\? + Fk,Zn-4)SC + (Fk

+b

+F ,-I)sc+b
sd-sd] +

sc + F, sc-sc]

k,2n-2

,2n-3'

=(F,, +F

k,2n-1 k,2n-2

+F,-1)sc+D,

-1)sd + (F + F

k,2n-2 k,2n-3

then
a, =(F +F -1)sd

k,2n-1 k,2n-2

+ (F + F

k.2n-2 k.2n-3

+F ,-1)sc +b.

is true.

By (a), (b), and the proof is similar to (d), then

we have (e).
The proof is complete.

Next, we present the second sequences.

Some novel sequences related to k-Fibonacci sequences

The second set of sequences has the form for

yn+2 = kVVHI + yn’
an+l = kyn+l + ﬂn’

ﬁn+1 = kyrﬁ-] + an'

where a,=a,,=b,y,=cand y, =d.

From these sequences, we generate the first
7 members of the sequences {a }* _, and {8 }*
with respect to n represented in Table 4, and Table 5

respectively.

Table 4  This table shows first 7 members of {a }*

n=0
from the second set of sequences.

n A{e),,

0 a

1 ksd+a

2 k’sd + ks(c+d) + a

3 Ksd + Ks(c+d) + ks(c+2d) + b

4 K'sd + Ks(c+d) + Ks(c+3d) + ks(2¢+2d) + a

5 Ksd + k's(c+d) + K’s(c+4d) + K’s(3c+3d) +
ks(2c+3d) + b

6 Kesd + k’s(c+d) + k*'s(c+5d) + K’s(4c+4d) +
k*s(3c+6d) + ks(3c+3d) + a

Table 5  This table shows first 7 members of {8 }* _,
from the second set of sequences.

n Br.

0 b

1 ksd+a

2 Ksd+ ks(c+d) + b

3 Ksd + Ks(c+d) + ks(c+2d) + a

4 K'sd + Ks(c+d) + Ks(c+3d) + ks(3¢c+2d) + b

5 Ksd + K's(c+d) + KEs(c+4d) + K’s(3c+3d) +
ks(2c+3d) + a

6 Kesd + kK’s(c+d) + k*s(c+5d) + K’s(4c+4d) +

k2s(3c+6d) + ks(3c+3d) + b
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(a)
(b)

(c)

(d)

(e)

Theorem 2.2. For any positive integer k and n,

ynsz)nd+F c

k-1

a,, = (Fk,2n+l + Fk,Zn -1)sd + (Fk,Zn + Fk,Zn-/'])SC +
a,
ﬂZn = (Fk,2n+1 +F,, -1)sd + (F oo+ Fy, -1)sc +
b,

Cper = (Fk,Zn + Fk,2n-1 -1)sd + (Fk,Zn-l + Fk,2n-2 -I)sc
+ b,

ﬂZn-] = (Fk,Zn +F -1)sd + (F +F, -1)sc

k.2n-1
+a.

Proof. The proofs are similar to theorem 2.1.
Finally, the last sequences in our work.

The third set of sequences has the form for

a +p
=ky +-—2+—*
Vn+l Vn 25
an+1 = kS'}/n + ﬂn’
B, =ksy +a

where a,, = 2as, 8, = 2sb and y, = c.

The first 7 members of the sequences {y, }”

n=0’

{a,}”,_,and {B } _, are show in Table 6, Table 7, and

Table 8 respectively.

Table 6  This table shows first 7 members of {y }* _,
from the third set of sequences.

no v} .,

0 ¢

1 kc+a+b

2  Kc+k(a+b+c)+a+b

3 Kc+ Kla+b+2¢) + k(2a+2b+c) +a + b

4 kKc+ K(a+b+3c) + K*(3a+3b+3c) +
k(3c+3b+c) +a+ b

5 Kc + K(a+b+4c) + kK (4c+4b+6¢) +
kK*(6a+6b+4c) + k(4a+4b+c) + a + b
k¢ + K(a+b+5¢) + k*(5a+5b+10c) +

6  k(10a+10b+10c) + kK*(10a+10b+5¢) +

k(5a+5b+c) +a+b

Table 7

J Sci Technol MSU

This table shows first 7 members of {« }” _,

from the third set of sequences.

{an} °°"=0

2as

ksc + 2bs

k*sc + ks(a+b+c) + 2as

Wi~ |lols

Ksc + Ks(a+b+2c) + ks(2a+2b+c) + 2bs

kK'sc+ Ks(a+b+3c) + k*s(3a+3b+3c) +
ks(3a+3b+c) + 2as

K’sc + K's(a+b+4c) + KPs(4c+4b+6¢) +
k’s(6a+6b+4c) + ks(4a+4b+c) + 2bs

kKesc + K’s(a+b+5¢) + k*s(5a+5b+10c) +
IEs(10a+10b+10c) + k2s(10a+10b+5¢) +
ks(5a+5b+c) + 2as

Table 8

This table shows first 7 members of {ﬁn}”nzo

from the third set of sequences.

B\

2bs

ksc + 2as

k’sc + ks(a+b+c) + 2bs

W N |[= O S

Ksc + K’s(a+b+2c) + ks(2a+2b+c) + 2as

kK'sc+ Ks(a+b+3c) + k*s(3a+3b+3c) +
ks(3a+3b+c) + 2bs

K’sc + K's(a+b+4c) + KPs(4c+4b+6¢) +
k’s(6a+6b+4c) + ks(4a+4b+c) + 2as

kesc + K’s(a+b+5¢) + kK's(5a+5b+10c) +
Ks(10a+10b+10c) + k*s(10a+10b+5¢) +
ks(5a+5b+c) + 2bs

(a)
(b)
(c)
(d)
(e)

Theorem 2.3. For any positive integer k£ and n,
Vs = VE+E ) =7 (F+F, ),

a, =ysF +F )" +as-bs,

B, = v S(E,+F, )" + bs - as,

@, =7 S(F+F )" + bs - as,

ﬂZn—] = y1s(Fky2+Fky1)2n-2 +as - bs.
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Proof. To prove (a) we will show that y = Consider,

; — +
V(F,+F, )since,y,  =ky + %, + B, and we know that, a —a
2S 2(m+1) 2m+2

a,+p, _ (ksy,,+ B, )+ ksy,  +a, ) =ksy,,., + ﬁ2m+l

2S 2S = ksy2m+] + ﬁ2m+a2m
=ky,, +%= = ksy1(Fk,2+Fk,1)2m + kSV1(Fk,2+Fk,1)Zm_I
s -
) o B + 7 S(F+F )" +as - bs
so, we have y,  =ky +ky  + Ty — ks (et ] .
= ksy (k+1)" + ksy (k+1)

arzfl + lefl

Since y, =ky , + 2
S

we get that,
yn+[ = kyn + yn
=7, (k+1)

Vord =7 (Fk,2+Fk,J)'

Next, we will show thaty =7y, (F, ,+F )"

Since y, =y, , (F,+F,,)

we have that,

vV, =V, (F,+ F“).

Yy =V, (F,+F )=v,(F,+ Fk,1)2~
v, =v;(F,+F )=y, (F,+F ).

Vi =V (F, + F )

thusy =y, (F,+F )=y, (F,+F_).

We will prove (b) by mathematical induction.

Let P(n) be the statement

a, =y sS(F+F )" +as-bsforn= 1.
We will show that P(1) is true.

consider,

Y S(E+F P+ as - bs

= s(tkc+a+b)(k+1) + as -bs

= k’sc + ksa + ksb + ksc + as - bs + as + bs
= k’sc + ks(a+b+c) + 2as + Oy )
Then P(1) is true.

Let n> I, assume that P(m) is true.
Thatis, a, =y s(F +F, )"+ as - bs.

We will show that P(m+1) is true.

+y, s(k+1)"" + as - bs

= ksy (k+ 1)(k+1 )" + ksy (k+1 )
+y,S(k+1)""" + as - bs

=y S(k+1)""" + [k(k+1)+k+1] + as - bs
=y, s(k+1)"*" + as - bs

=y S(F +F_)™"" +as - bs

then P(m+1) is true.

By mathematical induction the statement P(n) is

true foralln> 1.
The proof of (c) is similar to (b).

From (a) and (c) we have (d), and similarly from

(a) and (b) we also have (e).

Conclusion and Discussion
A new three combined sequences related to
k-Fibonacci sequences from new types were introduced

and explicit formulas for their members are given.
From our sequences,
the first set of sequences,
Vaiz =KV TV,
a,, =ksy, +p,
B,. =ksy +a,

the second set of sequences,
yn+2 = kVn+I + yn
an+] = ksyn+l + ﬁn

ﬂrﬁ] = kS]/’H] + an
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the third set of sequences,

a +p
=ky + 2B
VrH—I ’yn 2S

an+l = ksyn + ﬂn’
B, =ksy +a.

If s = I, then the results correspond to the 3
set of sequences and the theorem 1.1, 1.2, and 1.3 in
(Pakapongpun & Kongson, 2022). Other new schemes,
modifying the standard form of k-Fibonacci sequences
and new combined sequences will be discussed in the

future.
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