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Abstract


	 The two-dimensional (2-D) Discrete Fourier Transform (DFT) and Inverse Discrete 

Fourier Transform (IDFT) represent mathematical models for 2-D signals (such as digital 

images and digital videos) in the frequency and spatial domains, respectively. Digital Image 

Processing (DIP) has been implemented globally over the past two decades. Thus, 2-D 

Discrete Fourier Transform (2-D DFT) is essential in terms of representing mathematical 

models and analyzing 2-D signals and systems. In light of its importance, this article 

presents a tutorial for 2-D DFT utilizing MATLAB® for both 2-D signals and images. The 

analysis of the discrete signals are based on both spatial and frequency domains. The 

theoretical basic of 2-D DFT is presented, followed by a tutorial based on synthetic and 

real examples using MATLAB®.
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บทคัดย่อ


	 ผลการแปลงฟเูรยีรแ์บบวยิตุสองมติแิละผลการแปลงผกผนัฟเูรยีรแ์บบวยิตุสองมติเิปน็วธิกีารคำนวณ
 

ทางคณิตศาสตร์พื้นฐานสำหรับการสร้างแบบจำลองทางคณิตศาสตร์ของสัญญาณและระบบที่มีความ
 

ไม่ต่อเนื่องเชิงเวลาแบบสองมิติเพื่อวิเคราะห์ทั้งในเชิงเวลาและความถี่ เนื่องจากการประยุกต์ใช้งานด้าน
 

การประมวลผลสัญญาณดิจิทัลแบบสองมิติ (อย่างเช่นสัญญาณภาพหรือสัญญาณวิดิทัศ) ในช่วงยี่สิบปี
 

ที่ผ่านมามีการเจริญเติบโตอย่างมาก ดังนั้นการวิเคราะห์โดยผลการแปลงฟูเรียร์แบบวิยุตสองมิติจึงกลายเป็น

เทคนิคทางคณิตศาสตร์ที่มีประโยชน์อย่างมาก สำหรับการวิเคราะห์สัญญาณแบบสองมิติและระบบแบบ
 

สองมิติ บทความนี้จึงนำเสนอหลักการและแนวคิดเชิงคณิตศาสตร์ผลการแปลงฟูเรียร์แบบวิยุตสองมิติ

สำหรับสัญญาณสองมิติหรือระบบแบบสองมิติและยังนำเสนอตัวอย่างการคำนวณการแปลงฟูเรียร์โดยใช้

โปรแกรม MATLAB® เพื่อให้ผู้อ่านสามารถวิเคราะห์สัญญาณที่มีความไม่ต่อเนื่องทั้งในเชิงเวลาและความถี่ 

บทความนี้จะนำเสนอทฤษฏีเกี่ยวกับการแปลงฟูเรียร์แบบวิยุตสองมิติแล้วจึงค่อยนำเสนอการวิเคราะห์
 

ฟูเรียร์โดยใช้โปรแกรม MATLAB® กับตัวอย่างของสัญญาณหลายประเภทเพื่อให้ผู้อ่านมีความเข้าใจอย่าง

ละเอียด 





คำสำคัญ: 	ผลการแปลงฟเูรยีรแ์บบวยิตุสองมติ,ิ ผลการแปลงผกผนัฟเูรยีรแ์บบวยิตุสองมติ,ิ การประมวลผล
 

		  สัญญาณภาพ





Introduction


	 One-dimensional DFT (1-D DFT) and 2-D DFT have a great deal of similarity at the 

conceptual level. However, there are also considerable differences between these two 

types of signals, especially in terms of the amount of data involved in typical applications. 

Consequently, this impacts the computational efficiency of the signal processing algorithm 

for 2-D signals and images.


	 However, 2-D DFT and 2-D IDFT are essential approaches for converting between 

the spatial and frequency domains (and vice versa) of 2-D signal processing in many 

applications such as:


	 ➣	 Digital Image Processing (DIP). 


	 ➣	 Image Enhancement. 


	 	 •	 Image Smoothing such as Idea Lowpass Filter, Butterworth Lowpass Filter, 

and Gaussian Lowpass Filter.
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	 	 •	 Image Sharpening such as Ideal Highpass Filter, Butterworth Highpass Filter, 

Gaussian Highpass Filter, Unsharp Masking, Highboost Filtering, and Homomorphic Filtering.


	 ➣	 Image Restoration and Reconstruction such as Inverse Filter, Wiener Filter, and 

Constrained Least Squares Filter.


	 ➣	 Image Compression Coding such as JPEG standard coding.


	 ➣	 Video Compression Coding such as JPEG, JPEG2000, MPEG1, and MPEG2.


	 ➣	 Image Recognition.


	 DFT also helps in speeding up the calculation of video motion estimation or 

registration for implementation in real-time applications. These processed images are 

converted to the Fourier domain. Thus, the time/spatial shifting property of Fourier theory 

is employed for determining the displacement between each processed images. Therefore 

this estimation algorithm is usually called the phase-based motion estimation or 

registration (Patanavijit, 2011). 


	 During the last decade, one of the attractive research topics in the digital image 

process (DIP) has been compressive sensing (CS) (Ha, Lee and Patanavijit, 2014). The 

sampling theory is based on the fact that the whole information/signal can usually be 

reconstructed using only some significant parts of information, instead of using several 

parts of information (for reconstruction using classical Nyquist Sampling Theory) if these 

significant parts of information distribute in the proper domain such as the Fourier domain 

by using 2-D DFT/IDFT (Ha & Patanavijit, 2010-1; Ha & Patanavijit, 2010-2; Ha, Lee and 

Patanavijit, 2012; Patanavijit & Ha, 2013-1; Patanavijit & Ha, 2013-2) or the Wavelet domain 

by using two dimensional Discrete Wavelet Transform (2-D DWT) and two dimensional 

Inverse Discrete Wavelet Transform (2-D IDWT) (Ha & Patanavijit, 2011; Sermwuthisarn, 

Gansawat, Patanavijit & Auethavekiat, 2012; Sermwuthisarn, Auethavekiat, Gansawat & 

Patanavijit, 2012). 


	 In this article, DFT is emphasized to represent the frequency domain of discrete-

time signals in 2-D (Castleman, 1996; Gonzalez & Woods, 2010; Lim, 1990). Moreover, the 

article provides 2-D DFT implementation rather than examining its theoretical basis. 

Therefore, several examples on 2-D signals based on synthetic and real cases are 

provided. The detailed concept of 1-D DFT and 1-D IDFT have already been presented in 

(Thakulsukanant & Patanavijit, accepted to SDURJ 8 (2), 2015).
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	 The article is arranged as follows: section 2 presents DFT for 2-D signals, including 

its theoretical basis, and provides various examples of synthetic and real cases, and 

section 3 provides a conclusion. 





2-D Discrete Fourier Transform (DFT) 


	 1.	 Theory


	 A short theoretical discussion of 2-D signals is given in this section. 2-D signals also 

employ Fast Fourier Transform (FFT) (Duhamel & Vetterli, 1999) to determine the DFT. The 

details for DFT of 2-D signals can be found in (Castleman, 1996; Gonzalez & Woods, 2010; 

Lim, 1990). The mathematical representation of DFT and IDFT for 2-D signals are provided 

below





 	 (1)





 	 (2)





	 where g (x, y) is a digital image of size M×N, and G (u,v) is its corresponding 

spectrum. The discrete frequency variables of u and v have to be evaluated in the ranges 

of u = 0, 1, 2,…, M-1 and v = 0, 1, 2,…, N-1. The discrete time variables are x and y, which 

must be computed in the same ranges as u and v. 


	 2-D DFT in this paper uses a function of fft2, which is a MATLAB® function and a 

fast algorithm. This paper does not intend to present the fast algorithm of fft2. Instead, 

the result of employing this function is demonstrated. 


	 2.	 Synthetic Cases for Small Sample Number (n)


	 Several examples of synthetic cases for small number (n) of 2-D signals are 

demonstrated in this section.
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Example 1: 





	 Figure 1 illustrates a program to generate this g1(x, y) signal of size 2×2. This 

spatial domain signal is created by employing the functions of ones( ) and zeros( ). A 2-D 

DFT of this signal is evaluated utilizing a function of fft2( ). The result of G1(u, v) is shown 

below: 











 





Figure 1  MATLAB® program for g1(x,y).





Example 2: 





	 The program demonstrated in Figure 2 is employed to create g2(x, y) signal of size 

3×2. Using the same function as mentioned above a 2-D DFT of g2(x, y), G2(u, v), is given 

by














 


Figure 2  MATLAB® program for g2(x, y).








Example 3: 








	 A matrix of g3(x, y) with a dimension of 3×3 is used in this example. The program 

shown in Figure 3 reveals how to create g3(x, y) signal. The frequency domain of g3(x, y), 

G3(u ,v), is shown below:
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Figure 3  MATLAB® program for g3(x, y).











Example 4: 








	 A signal g4(x, y) of size 4×4 is a representative of this example. Figure 4 provides a 

program to generate both spatial domain, g4(x, y), and frequency domain, G4(u, v), signals. 

The result of G4(u, v) is given below: 
































Figure 4  MATLAB® program for g4(x, y).
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	 3.	 Synthetic Cases for Large Sample Number (n)


	 This section provides various examples of synthetic cases for a large sample 

number (n) of 2-D signals including all figures and MATLAB® programs.


Example 1: 2-D rectangular signal, g5(x, y). 


	 Figure 5 (a) reveals a 2-D rectangular signal, g5(x, y), of size 150×150 pixels. All 

values of the image’s pixels are in the range of 0 -255, which corresponds to the darkest 

and the brightest areas, respectively. Thus, this signal is divided into 9 rectangles of size 50

×50 pixels. In Figure 5 (a), a 2-D white rectangle of size 50×50 pixels is at the center of all 

black rectangles. Therefore, fifty rows and fifty columns of all pixels in this area are set to 

255 (brightest). Consequently, this white rectangle appears at the center of these black 

rectangles. Outside the center area, all pixels are set to zero and thus, the darkest area is 

observed in this part. 


	 Figure 5 (b) demonstrates a program for constructing this 2-D signal. Zeros( ) and 

ones( ) functions are used to create this 2-D rectangular signal. The function of ones(50,50) 

in the program of Figure 5 (b) corresponds to the white rectangle area in Figure 5 (a). All of 

the created zeros(50,50) functions correspond to all of the black areas in Figure 5 (a). 
 

A function of imshow( ) is used to view the created 2-D rectangle of g5(x, y). 


	 A three-dimensional (3-D) plot in the spatial domain for this rectangular signal is 

also provided in Figure 5 (c). The program shown in Figure 5 (d) is used to create this plot. 

The function of meshgrid( ) on the first line of the program is utilized to generate X and Y 

arrays (or reference co-ordinates), which is equal to the dimension of the image, for this 
 

3-D plot. According to the second line of the program, the amplitude of this 2-D signal, 

g5(x,y), is assigned to Z-axis (dimension). A 3-D plot is completed using a function of mesh
 

( ). All x-, y-, and z-labels are inserted by employing xlabel( ), ylabel( ), and zlabel( ) 

functions, respectively.


	 A 2-D magnitude spectrum (|G5(u, v)|) is provided in Figure 5 (e), which is plotted 

by using the program shown in Figure 5 (f). A 2-D DFT of g5(x, y) is determined using a 

function of fft2( ). The absolute and maximum values are achieved by employing the 

functions of abs( ) and max(max( )). All values of G5(u, v) are normalized by using two 

steps: first, dividing each absolute value by its maximum value, and second, multiplying 

the resulting value by 255. Figure 5 (e) on the left-hand side demonstrates the magnitude 

spectrum (|G5(u, v)|) after completing the normalizing step. 
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	 In general, the signals have a high magnitude spectrum (bright area) at low 

frequency ranges (around the origin). However, this obtained spectrum has high magnitude 

spectra around the four corners and the edges of the spectrum. Therefore, Figure 5 (e) 

(left-hand side) has to be reorganized (or requadrant). Figure 5 (e) right-hand side shows 

the same magnitude spectrum, however, with a reorganization of the 4-quadrants. In this 

figure, all bright areas are observed, which also indicates the high magnitude spectrum of 

this signal, at the origin (or at the center) of the spectrum. All dark areas corresponding to 

the low magnitude spectrum now appear at high frequency ranges.


	 Figure 5 (g) provides a 3-D plot of the same magnitude spectrum (|G5(u,v)| utilizing 

the program given in Figure 5 (h). All functions are the same as in the program mentioned 

in Figure 5 (d) to achieve this plot.
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Figure 5 (a) A 2-D rectangular signal, g5(x, y), shown in 2-D view, (b) MATLAB® program for 

2-D rectangular signal of Figure 5(a), (c) A 3-D plot for the 2-D rectangular signal g5(x, y), (d) 

MATLAB® program for the 3-D plot of Figure 5(c), (e) 2-D plot of the magnitude spectrum, 
 

|G5(u,v)|, before requadrant (left) and after requadrant (right), (f) MATLAB® program for 2-D 

magnitude spectrum in Figure 5(e), (g) A 3-D plot of magnitude spectrum, |G5(u, v)| and (h) 

MATLAB® program for 3-D magnitude spectrum in Figure 5 (g).





Example 2: 2-D unit step signal, g6(x, y). 


	 Figure 6 (a) reveals a 2-D unit step signal, g6(x, y), of size 150×150 pixels. In this 

figure, half of this signal size is black colored (the area in this part is set to 0) and another 

half is white colored (the area in this part is set to 255). Thus, these two areas of the same 

size 75×150 pixels correspond to ‘0’ and ‘1’, respectively. Figure 6 (b) demonstrates a 

program for creating this g6(x, y) signal in a 2-D view. All functions, which have already 

been explained in previous examples can be applied here again. A 3-D view for this unit 

step signal is given in Figure 6 (c) using the program shown in Figure 6 (d). The 2-D 

magnitude spectrums (|G6(u,v)|), both before and after requadrants, are illustrated in Figure 

6 (e). The program shown in Figure 6 (f) is utilized for generating the 2-D magnitude 

spectrum. By employing the program provided in Figure 6 (h), the magnitude spectrum in 

Figure 6 (g) is displayed.
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Figure 6 (a) A 2-D unit step signal, g6(x, y), shown in 2-D view, (b) MATLAB® program for 2-D 

unit step signal of Figure 6(a), (c) A 3-D plot for 2-D unit step signal, g6(x, y), (d) MATLAB® 

program for the 3-D plot of Figure 6 (c), (e) 2-D plot of magnitude spectrum, |G6(u,v)|, 

before requadrant (left) and after requadrant (right), (f) MATLAB® program for the 2-D 

magnitude spectrum in Figure 6 (e), (g) A 3-D plot of magnitude spectrum, |G6(u,v)| and (h) 

MATLAB® program for the 3-D magnitude spectrum in Figure 6 (g).
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Example 3: 2-D checker board signal, g7(x, y). 


	 A 2-D checker board signal, g7(x, y) of size 200×200 pixels is demonstrated in 

Figure 7(a). This checker board consists of 8 black and 8 white rectangles of size 50×50 

pixels. These rectangles have black and white colors arranged in an alternating pattern. 

This is done by setting all the pixels of the first rectangle (left most corner of Figure 7 (a)) 

to all ‘0s’ and the second rectangle to all ‘1s’. This pattern is repeated until all black and 

white rectangles are completely arranged to form this 2-D checker board signal. Figure 7 

(b) provides a program for generating this g7(x, y) signal. Figure 7 (c) illustrates a 3-D view 

for this signal employing a program given in Figure 7 (d). A 2-D magnitude spectrum (|G7(u, 

v)|) of this checker board signal and its corresponding program are provided in Figures 7 (e) 

and (f), respectively. This magnitude spectrum can be viewed in 3-D as shown in Figure 7 

(g). The program shown in Figure 7 (h) indicates how to create this 3-D spectrum.
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Figure 7 (a) A 2-D checker board signal, g7(x, y), shown in 2-D view, (b) MATLAB® program 
for 2-D check board signal of Figure 7 (a), (c) A 3-D plot for the 2-D checker board signal, 
g7(x, y), (d) MATLAB® program for 3-D plot of Figure 7 (c), (e) 2-D plot of magnitude 
spectrum, |G7(u,v)|, before requadrant (left) and after requadrant (right), (f) MATLAB® 
program for 2-D magnitude spectrum in Figure 7 (e), (g) A 3-D plot of magnitude spectrum, 
|G7(u,v)| and (h) MATLAB® program for a 3-D magnitude spectrum in Figure 7 (g).



Example 4: 2-D impulse signal, g8(x, y). 

	 A 2-D impulse signal, g8(x, y), of size 150×150 pixels is shown in Figure 8 (a). 
 
The size of the impulse is 10×10 pixels corresponding to a small white rectangular area at 
the center of this black rectangle. All values of the pixels in this center area are set to ‘1’ 
and thus it appears as a small white rectangular (impulse signal) as shown in Figure 8 (a). 
Other pixels apart from this area are set to ‘0’. Therefore, the area of this impulse signal is 
surrounded by black color. A program shown in Figure 8 (b) reveals how to generate this 
signal.

	 A 3-D view of g8(x, y) signal is illustrated in Figure 8 (c) using the program given in 
Figure 8 (d). Figure 8 (e) provides a 2-D view of the magnitude spectrum (|G8(u, v)|) and its 
corresponding program is given in Figure 8 (f). A 3-D view for this magnitude spectrum is 
also provided in Figure 8 (g) using the program shown in Figure 8 (h). 
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Figure 8 (a) A 2-D impulse signal, g8(x, y), shown in 2-D view, (b) MATLAB® program for the 

2-D impulse signal of Figure 8 (a), (c) A 3-D plot for 2-D impulse signal, g8(x, y), (d) MATLAB® 

program for the 3-D plot of Figure 8 (c), (e) A 2-D plot of magnitude spectrum, |G8(u, v)|, 

before requadrant (left) and after requadrant (right), (f) MATLAB® program for 2-D 

magnitude spectrum in Figure 8 (e), (g) A 3-D plot of magnitude spectrum, |G8(u, v)| and (h) 

MATLAB® program for a 3-D magnitude spectrum in Figure 8 (g).
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	 4.	 Real Cases for 2-D Signals

	 Three examples of real cases for 2-D signals are given in this section. All 2-D and 
 
3-D views of all the signals and theirs corresponding MATLAB® programs are also provided.


Example 1: Lena standard gray image (128×128 pixels), g9(x, y). 

	 Figure 9 (a) reveals a Lena standard gray image, g9(x, y), of size 128×128 pixels in a 
2-D view. A spatial domain in a 3-D view of this image is shown in Figure 9 (b). The program 
shown in Figure 9 (c) is given for creating a 2-D and 3-D Lena image in the spatial domain 
of Figures 9 (a) and (b). All functions in the previous section are reapplied here. 

	 From Figure 9 (c), an imread function on the first line of the program is used to 
read all data of this image. Note that the 3-D plot using mesh( ) function supports only 
double and single data types. Thus, all data apart from these two types are required to 
change the format by utilizing the function of double(or single). In this case, a double 
function is selected to store a data of 8 bytes. Both 2-D and 3-D magnitude spectrums, 
 
|G9(x, y)|, of Lena image are illustrated in Figures 9 (d) and (f), respectively. A 2-D 
magnitude spectrum on the left-hand side of Figure 9 (d) is also required to requadrant as 
in previous examples. The programs for creating both figures are also given in Figures 9 (e) 
and (g), respectively.
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Figure 9 (a) Lena standard gray image, g9(x, y), shown in 2-D view, (b) A 3-D plot for Lena 

image in the spatial domain, (c) MATLAB® program for the 3-D plot of Figure 9 (b), (d) 2-D 

plot for magnitude spectrum of Lena image, |G5(u, v)|, before requadrant (left) and after 

requadrant (right), (e) MATLAB® program for the 2-D magnitude spectrum in Figure 9 (d), (f) 

A 3-D plot for magnitude spectrum of Lena image, |G9(u, v)|, (g) MATLAB® program for the 

3-D magnitude spectrum in Figure 9 (f).





Example 2: Susie image (40th frame) (144×176 pixels), g10(x, y). 


	 A Susie image (40th frame), g10(x, y), of size 144×176 pixels is provided in Figure 
 

10 (a). Figure 10 (b) provides a 3-D view of the spatial domain for this image. The program 

given in Figure 10 (c) is employed to create Figures 10 (a) and (b). The 2-D magnitude 

spectrum (|G10(u, v)|) for Susie image is provided in Figure 10 (d). A program for generating 

this spectrum is shown in Figure 10 (e). By utilizing the program provided in Figure 10 (g), 
 

a 3-D magnitude spectrum of Susie image can be plotted as shown in Figure 10 (f).
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Figure 10 (a) Susie image, g10(x, y), shown in 2-D view, (b) A 3-D plot for Susie image in the 

spatial domain, (c) MATLAB® program for the 3-D plot of Figure 10 (b), (d) 2-D plot for the 

magnitude spectrum of Susie image, |G10(u, v)|, before requadrant (left) and after 

requadrant (right), (e) MATLAB® program for 2-D magnitude spectrum in Figure 10 (d), (f) 
 

A 3-D plot for the magnitude spectrum of Susie image, |G10(u, v)| and (g) MATLAB® program 

for the 3-D magnitude spectrum in Figure 10 (f).
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Example 3: Resolution chart (256×256 pixels), g11(x, y).


	 Figure 11 (a) provides another example of a 2-D image. It is a Resolution chart, 

g11(x, y), of size 256×256 pixels. Data in this figure is not a human face, however, it is a 

resolution chart. It is observed that the amount of gray color in this figure is less than the 

amount of gray color in the previous two examples.


	 A program shown in Figure 11 (c) is illustrated for constructing the 2-D and 3-D 

spatial domains of the resolution chart image in Figures 11 (a) and (b). 2-D and 3-D 

magnitude spectrums (|G11(u, v)|) of the resolution chart image are demonstrated in 

Figures 11 (d) and (f), respectively. The programs for both 2-D and 3-D magnitude 

spectrums are revealed in Figures 11 (e) and (g). 
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Figure 11 (a) Resolution chart, g11(x, y), shown in 2-D view, (b) A 3-D plot for the 

resolution chart image in the spatial domain, (c) MATLAB® program for the 3-D plot 
 

of Figure 11 (b), (d) A 2-D plot for magnitude spectrum of the resolution chart image, 
 

|G11(u, v)|, before requadrant (left) and after requadrant (right), (e) MATLAB® program for 

the 2-D magnitude spectrum in Figure 11 (d), (f) A 3-D plot for magnitude spectrum of the 

resolution chart image, |G11(u, v)| and (g) MATLAB® program for the3-D magnitude 

spectrum in Figure 11 (d).





Conclusion


	 This article introduces the concept of 2-D DFT and comprehensible 

implementations employing the MATLAB® program. Several examples of 2-D synthetic and 

real cases are given and explained step-by-step. 2-D and 3-D figures based on both spatial 

and frequency domains, with accompanying MATLAB® programs, are provided to reinforce 

the concept. 


	 Examples of 2-D DFT in the research are also provided such as video motion 

estimation or registration and compressive sensing (Patanavijit, 2011; Ha, Lee and 

Patanavijt, 2014). 
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