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Abstract

Due to a large requirement of both digital signals (which are the digitized Discrete-
Time (DT) signals) and Discrete-Time (DT) signals (such as speech, image, data, etc.) for
inplementation and research of the modern algorithms and mathematical techniques for
application in modern electronic devices based on microprocessors/microcontrollers (such
as smart phone, PDA and digital camera, etc.), the real observed signals, which usually are
Continuous-Time (CT) signals, can be converted into Discrete-Time (DT) signals by using
any mathematical sampling techniques: a uniform sampling with various parametric basis
expansion modeling or a non-uniform sampling. Consequently, this paper presents the
mathematical tutorial of Discrete-Time (DT) analysis of aliasing and non-aliasing sampling
concepts for periodic signals in the frequency domain. First, this paper mathematically
presents the periodic sampling concept and, later, reviews the frequency domain
mathematical analysis in the sampling system/result, the reconstruction/result and the
Nyquist-Shannon sampling theorem. Finally, an example of a sampling process and a
reconstruction process, which are explained in each mathematical detail, are given in

order to help the reader deeply and clearly understand.
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1. Mathematic of Periodic Sampling Concept

From sampling process with uniform sampling technique (Oppenheim & Schafer, 2009), a sequence
of sampled signal, which is acquired from the continuous-time (CT) original signal xc(t) [Haykin &
Veen, 2003; Oppenhiem et al., 1997; Phillips et al., 2007] can be mathematically defined as
x[n]=xc(nT); —0<n<®©, (1)
where T' is the sampling period therefore the sampling frequency can be mathematically defined as
f. =1/T (samples per second) or Q_ = 277/T (radians per second).

The system of sampling process, which can be mathematically written as the above equation, is

usually defined as the ideal continuous-to-discrete-time (C/D) that can be illustrated in the figure 1.

x(t) — ¢/D |—> x[n]=x(nT)

!

T

Figure 1 Block diagram of sampling process system (the ideal continuous-to-discrete-time).

From the system property prospective, the sampling system is typically not invertible or
noninvertible (so called non-invertible system [Phillips et al.,, 2007]) because many CT original signals

X, (t) (an input signal) can generate the same sampled signal x[n] (an output signal).

In general, the system of sampling process can be mathematically represented in the two states,
which comprises of an impulse train modulator and the sequence generation from the impulse train, as

shown in the figure 2.
C/D Converter

. ([) Impulse Train Signal to
x,(t) +—»(®——"» Discrete-Time Signal  —+#» x[n]=x,(n7)
? Convertor

Figure 2 (a) The system of sampling process with periodic impulse train where x_ (t) is the CT original

signal, x, (t) is the result of the impulse train sampling, x[n] is the DT signal.
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Figure 2 (b) The relationship between x_ (t) (the input signal) and X (t) with different sampling rates.
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Figure 2 (c) The relationship between x_ (t) (the input signal) and x[n] (the output signal or the DT

signal) with different sampling rates.

The periodic impulse train s(t), which is illustrated in Figure 1, can be defined as

= ié(r—nT) 2

n=-%

where O (t) is the unit impulse (or Direc delta) function (Wylie & Barrett 1995; Kreyszig, 2011).
The X, (t) can be mathematically defined as the product of X, (t) and s(t).

<> xcirm
0

o0

=x, (t E t-nT) (3.1)

0

x,(t)=Y x.(1)6(t-nT) (3.2)

n=—0

Based on the “shifting property” of the continuous-time impulse function, x(t)é(t) = x(O)é(t)
(Wylie & Barrett, 1995; Kreyszig, 2011), x, (t) can be mathematically written as

0

x,(t)= E x,(t)6(t-nT)

n=—0

5 ()= S x (T8 (t-nT) @

n=-%

From Eq.(4), the magnitude of the x_ (t) (or the impulse signal at sampled time) is equal to the
magnitude of the CT original signals x_ (t) (the input signal) at that sampled time.
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The relationship between x_ (t) (the input signal), x (t) (the result of the impulse train sampling
with different sampling rates and x[n] (the output signal) can be illustrated in Figure 2 (b) and Figure 2
(c). From these figures, the important dissimilar between x| (t) and x[n] is that the x (t) isaCT

signal, which is based on an impulse function, and x[n] is a discrete-time (DT) signal.

2. Mathematical Analysis of Sampling System in Frequency Domain
2.1 Mathematical Analysis of Sampling System in Frequency Domain

This section mathematically presents the analysis of sampling system (Oppenheim & Schafer, 2009;
Ingle & Proakis, 2000) in order to demonstrate the relationship between the CT original signal X, (t),
which is usually defined as a band-limited signal as shown in Figure 3(a), and the DT output signal x[n]
in frequency domain as shown in Figure 3(c).

The periodic impulse train s(t) can be expressed in the Fourier transform form S(JQ) as shown

below:

® s(t)= ié(z—nT) . S(jQ)=2?ﬂk206(Q—kQS) (5)

n=—00

where QS = ZJI'/T (radians per second) is the sampling frequency
The Xx, (t) or the result of the impulse train sampling can be expressed in the Fourier transform

form X (]Q) as follow:
© (1) =x. (1)xs (1) S X (@)= X (/2)+5(j9)
X.8)= X (j0){ T 5 ole-ke)

k=—00

x00)= (5 <7 | x.UR): 3 ol0-k0.))
XS(jQ)=%2wXC(j(Q—kQS)) (6)

where “#*” js the CT convolution operator

In general, the Fourier transform of the result of the impulse train sampling X (]Q) can be

classified into two cases: Q =28, and Q, <Q =< (QS —QN).
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For the first case of X ]Q E X, ( Q kQ )) when Q -Q =>Q or Q =2Q ,

the Fourier transform of the CT original signal X (]Q) Fourier transform of the periodic impulse train
S(]Q) and the Fourier transform of the result of the impulse train sampling X (]Q) can be
illustrated as Figures 3(a), 3(b) and 3(c), respectively. From Figure 3(c), the duplication of X (]Q) does

not overlap therefore the accumulation result in X ]Q EX( Q kQ )) clearly

demonstrates that there is the multiple duplication form of X (JQ) as shown in the following figure.
As a result, the X (JQ) can be perfectly reconstructed from X (]Q) by using the ideal low pass

filter (Oppenheim & Schafer, 2009). (so called non-aliasing distortion or non-aliasing)

X, (/)

> Q

-Q, Q,

Figure 3 (a) The frequency-domain transform of the CT original signal x, (t) (the input signal).

S(jQ), @ >29,
2

N N R A B

-3Q, -2Q, -Q, 0 Q, 20, 3Q,

Figure 3 (b) The frequency-domain transform of the periodic impulse train s (t) (Q =2Q,)

19 Q >2Q,

ANAN/ AAAU

Qy

Figure 3 (c) The frequency-domain transform of the result of the impulse train sampling X, (t)
For the second case of X ]Q E X Q kQ )) when Q. <Q < (QS —QN), the

Fourier transform of the CT original signal X (]Q), Fourier transform of the periodic impulse train
S(]Q) and the Fourier transform of the result of the impulse train sampling X (]Q) can be
illustrated as Figures 4(a), 4(b) and 4(c), respectively. From Figure 4(c), the duplication of X (]Q) does

overlap therefore the accumulation result in X ]Q E X Q 49 )) demonstrates that

there is an unclear and unseparated multiple duplication form of X _ (]Q) As a result, the X (]Q)
can be not perfectly reconstructed from X (]Q) by using the ideal low pass filter (so called aliasing

distortion or aliasing).

Mathematical Tutorial of Discrete-Time Analysis of Aliasing and Non-Aliasing SDU Res. J. 10 (2): May-Aug 2017
Periodic Sampling Concept with Fourier Analysis for Digital Signal Processing and
Digital Communication Prospective

‘ ‘ 175-192.indd 180 @ IM1N7 10:51:32AM‘ ‘



‘ ‘ 175-192.indd 181

181

X. (/)

Q

-Q Q

N N

Figure 4 (a) The frequency-domain transform of the CT original signal x, (t) (the input signal).

S(/Q), @ <29,
2

0 I

3Q, 20, -Q 0 Q20 @ 3Q

Figure 4 (b) The frequency-domain transform of the periodic impulse train s([)

(Q, =Q, =<(Q;-2,).

A XA AL A X XN o
S3Q, 20 Q- 0/ Qe 29 3Q
Q-

N

Figure 4 (c) The frequency-domain transform of the result of the impulse train sampling x, ([)

2.2 Mathematical Analysis of Reconstruction System of the Sampling Signal

For non-aliasing case, the CT original signal X, (]Q) (as shown in Figure 5(a)) can be perfectly
reconstructed from the result of the impulse train sampling X | (]Q) (as shown in Figure 5(c)) by using
the ideal low pass filter when Q —Q  =Q  or Q =2Q . Therefore, the relationship among the CT
original signal X, (]Q) the result of the impulse train signal X (]Q) the transfer function of an ideal

low pass filter H (]Q) and the reconstructed signal X (]Q) are illustrated as shown in Figure 5(a),

5(c), 5(d) and 5(f), respectively.
If the reconstructed signal X, (]Q) (as shown in Figure 5(d)) can be mathematically written as

X, (]Q) =H, (]Q)XS (]Q) where this ideal low pass filter has gain 7' and cutoff frequency Q_ at
Q,=Q =< (QS —QN) then X (]Q) =X, (]Q) or X, (t) =X, (t) (as shown in the Figure 5(a)
and 5(f)). However, if € < 2€ (or aliasing case) then the duplication form of X (]Q) overlap (as

shown in the Figure 4(c) in aliasing case) therefore X (]Q) =% E X, (](Q - kQ, )) is the unclear
k=—00

and unseparated multiple duplication form of XC(jQ) and XC(jQ) cannot be perfectly

reconstructed from X _( j€2) by using an ideal low pass filter.
s\J
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X. (/)

Q

Figure 5 (a) The frequency-domain transform of the CT original signal x, (t) (the input signal).

s(jQ), @ >29,
2

N N R A B

-3Q, 20, -Q, 0 Q, 20, 3Q,

Figure 5 (b) The frequency-domain transform of the result of the impulse train sampling x_ (t)

jQ Q >2Q,
1
U/\/\/\ / /\/\/\u
30, 20, Q, Q'\é
Qsz

Figure 5 (c) The frequency-domain transform of the result of the impulse train sampling x (t )

7| H.(jQ)

Q,<Q <(Q -Q,)

Q

-Q Q
Figure 5 (d) The frequency-domain transform of the ideal lowpass filter.

XjQ

AN

-Q, -Q-Q, 0 9,2 Q

Figure 5 (e) The frequency-domain transform of the ideal lowpass filter process of the result of the

impulse train sampling x_ (t)
X, (je)

> Q

-Q, Q,
Figure 5 (f) The frequency-domain transform of the result of x, (z‘) which is the result of ideal lowpass

filter process of the result of the impulse train sampling x_ (t)
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2.3 Example of Sampling Signals

For deeply mathematically understanding about both aliasing and non-aliasing cases, this section
presents the sampling case of a cosine signal x, (z‘) = COS(QOI), as shown in Figure 6(a), in the
frequency domain prospective. The Fourier transform of a cosine signal, as shown in Figure 6(b), can be
mathematically written as following equation.
xc(t)=cos(§20t) i Xc(jQ)=JT(5(Q—QO)+JT§(Q+QO) )

First, for non-aliasing case (Q =2€2), the relationship between the CT original signal
X, (]Q) = 710 (Q -Q, ) +JZ'§(Q + QO) (as shown in Figure 6(b)), the result of the impulse train signal
X, (]Q) (as shown in Figure 6(d)), the transfer function of an ideal low pass filter H (]Q) (as shown
in Figure 6(d)) and the reconstructed signal X (]Q) (as shown in Figure 6(e)) can be illustrated as Figure
6. Consequently, the reconstructed signal X (]Q) =710 (Q -Q, ) + 710 (Q + QO) (as shown in Figure
6(e) or x, (l‘) = COS(QOI) (x, (Z) =X, (l‘)) (as shown in Figure 6(e)) can be perfectly recovered by using
an ideal low pass filter H (]Q)

x (1)

x, (1) =cos(Qyt) —>@———» H,(jQ) > x, (1)

Q >2Q, or Q)< e

2 s(t)=25(t_nr)
Figure 6 (a) The block diagram of conversion between CT original signal x, (z‘) = COS(QOI), the sampled

signal x (t) and the reconstructed signal x, (Z) in frequency-domain transform.

X,(jQ)=76(Q-Q,)+76(Q+Q,)

T

| Q

_Qn Qo

Figure 6 (b) The frequency-domain transform of the CT original signal x,, (z‘) = cos(Qot).

S(JQ)> Q >2Q,
2w

N N N N R A B

-3Q. 20 -Q, 0 Q, 2Q, 3Q,

Figure 6 (c) The frequency-domain transform of the result of the impulse train sampling x (t) (€, =2Q,)
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H,(jQ) ’ X,(jQ)., @ >29Q, or Qo<%
& k4 &)
N N N N N B S B M
-3Q, 29 Q. -Q, 0 Q9 Q 2Q, 3Q,

Figure 6 (d) The frequency-domain transform of the ideal lowpass filter process of the result of the

impulse train sampling x, (t) (Q =2Q)).

No Aliasing X, (jQ) =m0 (Q-9Q,)+ 20 (Q+9Q,), QO<%
3
I T
! ! > Q
_Qo Qo

Figure 6 (e) The frequency-domain transform of the result of x_ (t), which is the result of ideal lowpass filter
process of the result of the impulse train sampling x (t) (Non-Aliasing).

Later, for aliasing case (Q, =Q = (QS —QN)), the relationship between the CT original signal
X, (]Q) . 71'(5(9 -Q, ) +J[(5(Q + QO) (as shown in Figure 7(b)), the result of the impulse train signal
X, (]Q) (as shown in Figure 7(d), the transfer function of an ideal low pass filter H (]Q) (as shown in
Figure 7(d) and the reconstructed signal X, (]Q) (as shown in Figure 7(e) can be illustrated as figure 7.

Consequently, the reconstructed signal X (jQ)=J[(5(Q—(QS —QO))+.7I§(Q+(QS —QO)) (as
shown in Figure 7(e) or X, (l‘) =COS((QS —QO)Z), which is not identical with x_ (t) . COS(QOt) (as

shown in Figure 7(b)), cannot be perfectly recovered from X (]Q) by using an ideal low pass filter

x, (1)

x,(t)=cos(Qyt) —»X———» H, (/Q) —> x,.(t)

&<Q <Q
2

0

s(z)=ia(t_nr)
Figure 7 (a) The block diagram of conversion between CT original signal x, (t) = COS(QOt), the sampled

signal x (t) and the reconstructed signal x_ (t) in frequency-domain transform.

X, (jQ)=70(Q-Q,)+m0(Q+Q,)

JT

I

_Qo Qo

Figure 7 (b) The frequency-domain transform of the CT original signal x, (t) = COS(QOt).
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S(jQ)v -<Q, <Q

L

-3Q, 20, -0, 0

[

20, 3Q,

o—> o[

Figure 7 (c) The frequency-domain transform of the result of the impulse train sampling X (t)

x, () =cos(Qy) (Q, =Q, =(Q; -Q, )

H,(jR) X, (/). %<QO<Q\
H B

S 1 N I R

-3Q, -2Q, Q. -9, 0 Q2 Q 20, 3Q,
2

~

~IN

5

Figure 7 (d) The frequency-domain transform of the ideal lowpass filter process of the result of the
impulse train sampling x (t) (Q,=Q = (QS —QN)).

Aliasing x| TV 2 0

AR

_(Q\ _Qﬂ) (Q\ _Qo)

Figure 7 (e) The frequency-domain transform of the result of x_ (t) =X, ([) which is the result of ideal
X (t .

)

lowpass filter process of the result of the impulse train sampling

2.4 Nyquist-Shannon Sampling Theorem

The sampling case of both aliasing and non-aliasing, which is discussed in the previous section, is the
basic ideal of the Nyquist-Shannon theorem as follow.
If a CT original signal x, (t) is defined as a bandlimited signal (X, (]Q) =0 for |Q| = Q) and if

the sampling frequency is greater than or equal to a double of a maximum frequency of that bandlimited
2
signal or QS =7 = 2QN then X, (t) can be perfectly reconstructed by its sampled signal x[n]

where x[n]=xc (nT) ,n=0,£1,22K . In general, the frequency QN is usually defined as the
Nyquist frequency and 2QN is usually defined as the Nyquist rate.
The CT Fourier transform of the result of the impulse train sampling X (]Q) can be

mathematically written as following equation.

©

xs(t)= Exc(nT)é(t—nT) i XS(]‘Q)=%EXC(”T)6—]QM

n=-c0 n=-
(8)
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From x[n] =X, (nT) the CT Fourier transform of the result of the impulse train sampling

X, (]Q) can be mathematically simplified as following equation.

0

X ( jQ)=% S x (nT)e "

Nn=—00

oo

X(ej[”) = E x[n]e'ﬂ”” 9)

n=—00

Due to X (jQ)=X(ejw)

X( /QT)andX<jQ ——EX( Q kQ )) X( JQT)can

w=QT k_—oc

be mathematically simplified as following equation.

X ()= x,(jQ)
x(em)= 7 3 X (j(@-ke,))

b S5
T 4, T T
(10)
The term X(ejw) is the DT-Fourier Transform and is the frequency scaling of X (]Q) with
w=QT.
For time-domain prospective, the sampled signal x[n] always has the unity spacing where the

sampling period is set to be 7" or the sampling frequency is set to be fs = l/T.

3. Example of Sampling and Reconstruction
3.1 Example of Sampling and Reconstruction of Non-Aliasing Case (€2, =2€2,)

If the CT original signal x, (t) = cos(40007rt) and the sampling period is 7'=1/6000 then the
sampled  signal x[n] =X, (nT) = Cos(4000ﬂTn) = Cos(wo ) wite, =4000nT = 27/3.
Consequently, sampling frequency Q =2s/T =12000s and the highest frequency of the CT original
signal - x, (t) is €, =40007z therefore Nyquist sampling theorem s fulfilled Q =2Q,
(Q, =120007 and Q, =4000x). The Fourier transform of the CT original signal

X, (t) = COS(4000JU) can be mathematically written as following equation.

F
x, (1) = cos(40007t) — X, (jQ) =75 (Q-40007 )+ 75 (Q +40007) (11)
And the result of the impulse train signal X (]Q) can be mathematically written as following

equation.

X, (jQ)=- E X, (j(Q-kQ,)) for Q =120007. (12)
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From the above equation (as shown in Figure 8(a)), the CT original signal X (]Q) is a pair of
impulses at €2 = +4000sz and the result of the impulse train signal X (]Q) is the shifted copies of
the pair of impulses (X (]Q)) (as shown in Figure 8(a)), which is centered on *€ ,+2Q ect. where
@ =12000sm.

By using the DTFT, X(ef“’) =X, (]a)/T) with @ = QT as shown in Figure 8(b) and the highest
frequency of the CT original signal x, (t) is Q, =4000 correlates to the normalized frequency
@, =400072T = 27/3 , which is fulfilled the Nyquist sampling theorem or Q =2Q (Q  =120007
and Q; =40007). Consequently, this sampling case is non-aliasing case and the CT original signal

X, (]Q) (as shown in Figure 8(c)) can be perfectly recovered from X (]Q) by using an ideal low

pass filtter H (]Q) as shown in these Figures 8(a)-8(c).

X, (jQ), Q,>29,
T where Q =120007
and Q) =40007

&

H (jQ)

LQi
- >
+—>
- >
SIS
—>
- >
—
’-P
4
0

T = T T
IS KRR 1 1SS IS
=3 [ =3==d =3 2 o0 =3 [=3=3=4 (=3
=3 SO (=3 [ O =3 OO =3
< ==l o OOt o0 o DS <
t\‘l (Tl'—l'—l —I' i — —_— o

Figure 8(a) The frequency-domain transform (based on CT-FT) of the ideal lowpass filter process of the result
of the impulse train sampling x (t) (2, =120007 and €2, = 40007 ).
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Figure 8(b) The frequency-domain transform (based on DT-FT) of the result of the impulse train sampling

x, (£) (Q, =120007 and Q, = 40007).
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Figure 8(c) The frequency-domain transform of the result of x, (t) =X, (t) = COS(40007U), which is

the result of ideal lowpass filter process of the result of the impulse train sampling x_ (t) (Non-Aliasing).
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3.2 Example of Sampling and Reconstruction of Aliasing Case (Q2 < 2Q,)

if the CT original signal x (t) . cos(16000m,‘) and the sampling period is 7=1/6000 then the
sampled  signal x[n] =X, (nT) = COS(16000J[Tn) or x[n] =X, (nT) = cos(a)on) with
w, =16000nT = 8]!/3 = 27r+27r/3. Consequently, sampling frequency Q= ZJZ/T =120007 and
the highest frequency of the CT original signal x, (t) is QO =16000s7 therefore Nyquist sampling theorem is
not fulfilled Q <2, (Q =120007 and €2, =16000s). The Fourier transform of the CT original

signal x (¢)=cos(16000s¢) can be mathematically written as following equation.
s c

x, () = cos(16000s¢) . X, (jQ)=m5(R-160007)+ 25 (Q +16000) (13)
And the result of the impulse train signal X (]Q) can be mathematically written as following

equation.

X, (jQ)= %2@ X, (j(Q-kQ,)) for Q =120007 (14)

From this above equation (as shown in Figure 9(b)), the CT original signal XL(]Q) is a pair of
impulses at € = +160007z and the result of the impulse train signal X (]Q) is the shifted copies of
the pair of impulses (X (jQ)), which is centered on *€Q ,+2Q  ect. where Q =12000s7.
Consequently, the result of the impulse train signal X (]Q) (as shown in the Figure 9(a-b)) is identical
to the X (]Q) from the previous case (x, (t) = COS(4000.7U)(aS shown in the Figure 8(a)) and the
sampling period is T=1/6000) therefore CT reconstructed signal X (]Q), which is reconstructed
from X, (]Q) by using an ideal low pass filter H, (]Q) is
X, (jQ) =26 (Q-40007) + 725 (Q +40007) (s shown in Figure 9(c) or x, (¢) = cos(4000s¢)
and this result is not equal to the CT original signal x (t) = Cos(l60007rt) (this case is so called the
aliasing problem). From this result, the the CT original signal x, (t) = Cos(l60007rt) cannot be
reconstructed by using the result of the impulse train signal X (]Q) where Q =120007 because
the Nyquist sampling theorem is not fulfilled or € <2€ .
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X, (4Q). @ <29,
where Q =120007
and Q) =160007
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Figure 9 (a) The frequency-domain transform (based on CT-FT) of the ideal low pass filter process of the result of
the impulse train sampling x, (t) (Q =12000s and Q, =160007).
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Figure 9 (b) The frequency-domain transform (based on DT-FT) of the result of the impulse train sampling
x, (1) (Q, =120007z and Q, =160007).
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Figure 9 (c) The frequency-domain transform of the result of x, (t) =X, (t) = COS (16000]71‘ ) which is the

result of ideal low pass filter process of the result of the impulse train sampling x_ (t) (Aliasing).
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4. Conclusion

The primary objectives of this paper were to contribute aliasing and non-aliasing
periodic sampling concepts and their mathematical background for researching advanced
algorithms or mathematical techniques. Therefore, this paper describes the periodic
sampling concept, the frequency domain mathematical analysis in sampling result,
reconstruction result and the Nyquist-Shannon sampling theorem, aliasing and non-aliasing
sampling concepts and an example of the sampling process and reconstruction process.
The sampling theory is one of the most crucial mathematical topics in the DT signal/
system research field during this decade. Hence, a lot of mathematical explanations and
figures were provided in this paper.

Furthermore, authors have also applied the aliasing and non-aliasing periodic
sampling concepts in the research field of the Super Resolution Reconstruction (SRR)
(Patanavijit, 2011; Patanavijit, 2016) for reconstructing the higher resolution signal by using

Aliasing periodic sampled signal.
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