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Abstract

	 For a unary operation f on a finite set A , let denote )( fλ  the least non-negative integer with 
( ) ( ) 1Im Imf ff fλ λ += which is called the pre-period of f . K. Denecke and S. L.  Wismath have characterized 

all operations f on A  with ( ) 1f Aλ = −  and prove that ( ) 1λ = −f A  if and only if there exists a d A∈  

such that 2{ , ( ), ( ),A d f d f d=  1, ( )}Af d−
 where 1( ) ( )A Af d f d− = . C. Ratanaprasert and K. Denecke 

have characterized all operations f  on A  with 2||)( −= Afλ  for all 3|| ≥A ; and have characterized 

all equivalence relations on A  which are invariant under f  with these long pre-periods. 

	 In the paper, we study finite unary algebras ( ; )A A f=  with ( ) {0,  1}fλ ∈  for 3|| ≥A  

which are called symmetric algebras and near-symmetric algebras, respectively. We characterize 

all operations f  whose A  is congruence modular. We prove that a symmetric algebra A  is 

congruence modular if and only if the lattice ConA of all congruence relations  is either a product of 

chains or a linear sum of a product of chains with one element top or a 3 −M head lattice; and a 

near-symmetric algebra A  is congruence modular if and only if ConA  is one of the followings:

					   2 ,×P  2 ( 1),× ⊕P 2 ,× L 3 ,×M P  3 ( 1),× ⊕M P  or  3 ×M L     

where P  denote a product of chains and L  is a 3 −M  head lattice.
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Introduction 

	 Monounary algebras are algabras with one 

unary fundamental operation. Mono-unary and 

partial monounary algebras play a significant role 

in the study of algebraic structures. Moreover, 

there exists a close connection between monounary 

algebras and some types of automata. The advantage 

of monounary algebras is their relatively simple 

visualization. They can be represented by a graph, 

which is always planar, hence easy to draw. Unary 

algebras were first intensively investigated by  

B. Johnson about 40 years ago and were investigated 

mainly by D. J. Studenovska (1982, 1983). The 

problem of describing the lattices which are 

isomorphic to congruence lattices of monounary 

algebras is still open.

	 Let A  be a finite set and denote by | | 2≥A  

the cardinality of A .  For a unary operation f  on 

,A  let Im { ( ) }f f x x A= ∈  be the image of f  and 

let )( fλ  be the least non-negative integer m  such 

that                           . The number )( fλ  is called 

the pre-period of f , sometimes also the stabilizer 

of f . K. Denecke and S.L. Wismath (2002) have 

proved that 1||)( −= Afλ  if and only if there 

exists a Ad ∈  such that { ,A d=  2( ), ( ),f d f d
1, ( )}Af d−

  which shows a characterization of 

all longest pre-periods f .

	 It is well-known that the congruence lattice 

of an algebra is uniquely determined by the unary 

polynomial operations of the algebra. C. Ratanaprasert 

and K. Denecke (2008) have characterized all unary 

operations f  on a finite set A  with 2||)( −= Afλ  

for 3|| ≥A  and they also have characterized all 

equivalence relations on A  which are invariant 

under f  with ( ) | | 1f Aλ = −  for | | 2≥A  and 

2||)( −= Afλ  for 3|| ≥A . These answer the 

above open problem for some of monounary 

algebras. Besides, the results convince us that the 

pre-period of unary functions defined on a finite 

set will be a kind of notions for classifications of 

finite algebras. At the beginning of the eighties, 

R. McKenzie and D. Hobby (1998) developed a 

new theory, called “Tame Congruence Theory” 

which offers a structure theory for finite algebras. 

If Im f  A=  or Im 1f = , then ( ; )A A f=  is 

called a permutation algebra; that is, ( ) {0,  1}fλ ∈

and f is of short pre-periods. Permutation algebras 

play an important role in tame congruence theory. 

	 In this paper, we are interested in formulating 

a characterization of all unary operations defined 

on a finite set A  with short pre-periods. We prove 

necessary and sufficient conditions of f  whose 

permutation algebras are congruence modular and 

then characterize all lattices which are isomorphic 

to the congruence lattice of modular permutation 

algebras. 

All lattices which are the congruence lattices of 

modular symmetric algebras. 

	 In this section, we assume that A  is a 

finite set and f  is a unary operation on A  with

0)( =fλ . Note that 0)( =fλ  if and only if f  

is a permutation on A . In the theory of groups, the 

group of all permutations on a nonvoid set A  is 

1Im Imm mf f +=
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known as a symmetric group and it is well known 

that every permutation can be decomposed into 

simple parts called cycles. We call the monounary 

algebra ( ; )A A f= in this case, a symmetric 

algebra. If A  is a singleton or a two-elements set, 

the lattice ConA  of all congruence relations on A  

is also a singleton set { }A∆  or a two-elements chain 

},{ AAA ×∆ , respectively; so, A  is congruence-

distributive. We are interested in the case | | 2≥A  . 

We first consider necessary conditions for f  whose 

A  is congruence-distributive.

	 Recall that the notation ( )Bθ  stands for the 

least congruence on an algebra A  which contains 

a subset B  of A . 

Proposition 1. If A  is a congruence distributive 

symmetric algebra with 3|| ≥A  then either f  is 

a cycle having at most one fixed point  or, f  has 

no fixed points and f  is a product of two disjoint 

cycles whose lengths are relatively prime.

Proof. Suppose that rf ααα 21=  for 3≥r  and 

iα and jα are disjoint cycles for all rji ≤≠≤1 .

Let )123(=σ  and denote by ,iB  the set of all 

elements in the cycle iα  for all ri ≤≤1 . Since 

i jB B∩  is empty and iBxf ∈)(  whenever

 ix B∈  for all ri ≤≤1 , the relations                             

i nva r i an t  unde r f and  :ω = ( )j jσθ θ∧ =

{ }
3

1

( , ) | ,
=

∆ ∪ ∈
A k
k

x y x y B  for all {1,2,3}j∈ .

Also, the congruence ( )B B Bθ θ= ∪ ∪1 2 3  

is

:j Aθ = ∆ ∪

{ }2( ) ( )
 ( , ) |{ , } { , }j j j

x y x y B B or x y Bσ σ
⊆ ∪ ⊆

contains jθ  for all {1,2,3};j∈ and if θ∈),( ba  

then )(},{ jj BBba σ∪⊆  for some }3,2,1{∈j

; hence, ( )( , ) ;j ja b σθ θ∈ ∨ so, θθθ σ =∨ )( jj  

for all }3,2,1{∈j . Therefore, ConA  is not 

distributive since it contains a 3M − sublattice

{ }, , , ,θ θ θ ω θ1 2 3 .                                                 

	 We note that if A = 3  and ConA  is not 

distributive then ConA  is the modular lattice 3M .

Remark 1. Let );( BfB be a subalgebra of A . 

We will denote the restriction |Bθ  of A Aθ ⊆ ×  

on B  by .Bθ And if ,B Bθ ⊆ × we will denote

the relation                            	 by .Aθ  Then 

( ; )B
B Con B fθ ∈  for all  ConAθ ∈  and 
A ConAθ ∈  for all );( BfBCon∈θ .

Remark 2.  Let ))()(( 1 afafa p−
  and 

))()(( 1 bfbfb q−
  be cycles in the product of f  

for some positive integers p and q  and ConAθ ∈ .

	 (i) If θ∈))(,( afa r  for some 10 −≤< pr , 

then θ∈))(,( afa kr  for all non-negative integer k .

	 (ii) If θ∈))(,( afa r  for some integer 

10 −≤< pr  which is not a factor of p  then

 									       is contained in a block of 

the quotient algebra A
θ .

	 (iii) If 1),( =qp  and θ∈),( ba , then

                                   is 

contained in a block of θ
A . 

	 Recall that a linear sum of an ordered set P  

with a one-element chain 1 is an ordered set 1⊕P  

which can represents P  with a new top element 

added.

1 1{ , ( ), , ( ), , ( ), , ( )}p qa f a f a b f b f b− −
 

{( , ) | }x x x Aθ ∪ ∈

1{ , ( ), , ( )}pa f a f a−


¨	
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Proposition 2. If f satisfies the conditions of 

Proposition 1 then ConA  is either a product of 

chains or a linear sum of a product of chains with a 

one-element chain.

Proof. Let A n=  and f  be a cycle having no fixed 

point and Aa∈ . Let denote n↓  the lattice of all 

factors of n ordered by the division of integers. For each 

                                                                       ,let { }[ ] ( )  ( ) |  (mod )mj sf a f a s j m= ≡ .

Then :m℘ = { }[ ] ( ) | 0,1, 2, , 1mjf a j m= −  is a 

partition of A  which corresponds to the congruence 

mθ  modulo m  restriction to A ; that is, mθ =

{ }[ ]( , ) | , ( )  0,1, 2, , 1 .mjx y x y f a for j m∈ = −  

Hence, the map : n ConAα ↓ →  defined by 

mm θα =)(  for all               is clearly an order-

isomorphism; so, ConA  is dually isomorphic to 

n↓  which is a product of chains. 

	 Next, assume that 21αα=f  where 1α  and 2α  

are disjoint cycles whose lengths are relatively prime 

whenever both of them are of lengths more than one. 

Then,
iBf | is a cycle on the set iB  of all elements in 

the cycle iα  for }2,1{∈i . Hence, ( ; | )
ii BCon B f  is 

a product of chains for }2,1{∈i . Since 1 2{ , }B B is 

a the partition on ,A  AA
21 θθ ∪  is a congruence on 

A  for all ( ; | )
ii i BCon B fθ ∈  and {1,2};i∈ hence, 

ConA  is a sublattice of the power set of ,A A× ;

so, the map :β 1 2 1 2( , ) A Aθ θ θ θ→ ∨  is an order 

embedding from 
1 21 2( ; | ) ( ; | )B BCon B f Con B f×

into ConA . 

	 Let )|;(
iBii fBCon∈θ  for }2,1{∈i . Then

AAyx 21),( θθ ∨∉  whenever 1Bx∈  and 2By∈ ;

m n∈↓

m n∈↓

so, 1 2 ;A A A Aθ θ∨ ≠ ×  hence, ImA A β× ∉ .

Now, if \{ }ConA A Aθ ∈ × then A
B

A
B 21

θθ ∪

ConA∈ where 
1 2

A A
B Bθ θ θ∪ ⊆ . If θ∈),( ba  

with 1Ba∈  and 2Bb∈ , the result (iii) in 

Remark 2 implies that 1 2A B B= ∪  is a subset of 

a block of θ
A  since the lengths of 1α and 2α are 

relatively prime; so, AA×=θ , a contradiction. 

So, if θ∈),( ba  then iBba ⊆},{  for some 

{1,2}i∈ ; hence, 
1 2

( , )
i

A A
B B Ba b θ θ θ∈ ⊆ ∪ . Thus, 

βθ Im∈ . Therefore, \{ } ImConA A A β× =

1 21 2( ; | ) ( ; | )B BCon B f Con B f≅ × . Hence, ConA  

is a linear sum of a product of chains P and a one-

element chain 1.    			              

	 We knew that an algebra A  is congruence-

distributive if A  is singleton or a two-elements set. 

In the case | | 3A = , if f  is identity then ConA  

is modular; and if f  is not identity, Proposition 2 

implies that ConA  is distributive. We will consider 

the case | | 4.A ≥

Proposition 3.  If a symmetric algebra A  with 

| | 4A ≥  is congruence-modular, then f  is either 

one of the followings:

	 (i) f  is a cycle having at most two fixed 

points, or

	 (ii) f has at most one fixed point and f  is a 

product of two disjoint cycles whose lengths are 

relatively prime, or 

	 (iii) f has no fixed point and f  is a product 

of three disjoint cycles whose lengths are relatively 

¨	
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all iBk ∈ ; hence, 1( , )k l θ∈  for all iBk ∈ and 

)(iBl σ∈ ; and also, 1( , )k s θ∈  for all iBk ∈

and )(iBs σ∈  which implies that 3),( θ∈ms  for 

all )(3 iBm
σ

∈ and )(iBs σ∈ ; thus, 3),( θ∈kqs  

for all )(iBs σ∈ . Now, bqsxa k 3313 θθθθ  

implies that 31),( θθ ∨∈ba . If 31),( θ∉+jj qq  

for all 1−≤≤ tjk , the same arguing as above 

and by continuing the process one can prove that 

3132 θθθθ ∨⊆∨ . So, 3231 θθθθ ∨=∨ . 

	 Therefore, ConA  is not modular since it contains 

a 5N − sublattice },,,,{ 3131321 θθθθθθθ ∨∧ . 	           	

	

	 We note from Proposition 3 that ConA  is not 

modular if | | 4A ≥  and f  is an identity on A .

Proposition 4. If A  is a symmetric algebra with 

4|| ≥A  whose f  has no fixed points and f  is a 

product of three disjoint cycles all of them are of 

relatively prime lengths, then ConA  is modular 

which is not distributive.

Proof. Let f 1 2 3α α α=  satisfy the conditions 

of the proposition. Then, Proposition 1 implies 

that Con )|;(
iBi fB  is a product of chains and 

( ; | )
i ji j B BCon B B f ∪∪ is a linear sum of a product 

and

prime.

Proof. Similar arguing as the proof of Proposition 

1. Suppose that f is a product of at least four 

disjoint cycles 1 2 rα α α  where 4r ≥  and all iα

and jα  are disjoint cycles (can be of length 1) for

rji ≤≠≤1 . Then, we construct the following 3 

congruences : 

Where )1234(=σ . One can show that 1 2 ,θ θ⊆  

1 3θ θ∧ = 2 3θ θ∧ = A∆ ∪  
4

1

{( , ) | , }k
k

x y x y B
=

∈


 

and 3231 θθθθ ∨⊆∨ .  If  32),( θθ ∨∈ba ,

there are Abqqqa t ∈== ,,, 10   such that 

321),( θθ ∪∈+kk qq  for all 10 −≤≤ tk . We may 

assume that 21),( θ∈qa . The finiteness of the set 

0 1{ , , , }tQ a q q q b= = =  implies the existence of 

the greatest element kq Q∈ such that 31),( θ∈+kk qq  

but 21 ),( θ∈− ii qq  for all ki ≤≤1 ; so, 2),( θ∈kqa .

If 31),( θ∈+jj qq  for each 1−≤≤ tjk  then 

3),( θ∈bqk ; hence, { , }ka q ⊆ ( )i iB Bσ∪  or 

{ , }ka q ⊆ 2 3( ) ( )i i
B B
σ σ

∪ . If )(},{ iik BBqa σ∪⊆  

then 1),( θ∈kqa ; so, 31),( θθ ∨∈ba ; but, 

if )(2},{ ik Bqa
σ

⊆  or )(3},{ ik Bqa
σ

⊆  then

3),( θ∈kqa ; so,                          . We 

consider the case )(2 iBa
σ

∈  and )(3 ik Bq
σ

∈ . We 

have )(iBb σ∈  or )(3 iBb
σ

∈ ; so, 3),( θ∈ka  for 

2 31 ( ) ( ) ( )
{( , ) |{ , } { , } { , } }A i i i i

x y x y B B or x y B or x y Bσ σ σ
θ = ∆ ∪ ⊆ ∪ ⊆ ⊆

2 32 ( ) ( ) ( )
{( , ) |{ , } { , } }A i i i i

x y x y B B or x y B Bσ σ σ
θ = ∆ ∪ ⊆ ∪ ⊆ ∪

2 33 ( )( ) ( )
{( , ) |{ , } { , } }A i ii i

x y x y B B or x y B Bσσ σ
θ = ∆ ∪ ⊆ ∪ ⊆ ∪

3 1 3( , )a b θ θ θ∈ ⊆ ∨

¨	
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of chains P  with a one-element chain 1  for all 

, {1,2,3}i j∈ .

	 If A∆=θ , clearly 
ii BB ∆=θ  for all 

{1,2,3}i∈ . Let \{ , }AConA A Aθ ∈ ∆ ×  and 

assume that 
3

1

.
iB

i

θ θ
=

≠


Then θθθ ⊆∪∪ kji BBB  

for all {1,2,3}.i∈  If θ∈),( yx  then iByx ⊄},{  

for all {1,2,3}i∈  since 


3

1=

≠
i

Bi
θθ ; so, there are 

31 ≤≠≤ ji  such that iBx∈  and jBy∈ ; hence, 

( , )
i j kB B Bx y θ θ∪∈ ∪ where { , , } {1,2,3}i j k = . 

Therefore, 
3

1

.
iB

i

θ θ
=

=


or 
i j kB B Bθ θ θ∪= ∪  where 

{ , , } {1,2,3}i j k = .

	 Next,  let  β : φθφθ ∨),(  where

kBθ θ θ= ∪  and 
ji BB ∪∆∪= φφ  for  al l

( ; | )
i ji j B BCon B B fθ ∪∈ ∪ and                               .

I f  ( ; | )
i jt i j B BCon B B fθ ∪∈ ∪

 
a n d  

)|;(
kBkt fBCon∈φ then tttt φθφθ ∨=∪  for 

}2,1{∈t . Thus, β  is an order-embedding since  

	 212211 ),(),( θθφθφθ ⊆⇔⊆  and  21 φφ ⊆   2211 φθφθ ∪⊆∪⇔

    	  								         2211 φθφθ ∨⊆∨⇔         ),(),( 2211 φθβφθβ ⊆⇔ 	

	 For each }3,2,1{∈i ,  let iC  be a 

sublattice of ConA  which is isomorphic to 

)|;()|;(
)(22)( )()(

iii BiBBii fBConfBBCon
σσ σσ ×∪ ∪  

where { , , } {1,2,3}i j k =  and let im  be the greatest 

element of iC . We will show that 21, mm  and 3m

are the only co-atoms of ConA . First, AAmi ×≠  

for }3,2,1{∈i since ( , ) ix y m∉  for all i i and all

iBx∈ and )(2 iBy
σ

∈ . Secondly, let }3,2,1{∈i  

and AAmi ×⊆⊂θ . Then, there exist θ∈),( ba  

and ( , ) ia b m∉ ; so )(},{ ii BBba σ∪⊄ . We may 

assume that iBa∈ , )(2 iBb
σ

∈ . Let  Ayx ∈, .

If {x,y}⊆ ( )i iB Bσ∪  or )(2},{ iByx
σ

⊆  then

imyx ∈),( .  I f  )(},{ ii BByx σ∪⊄  a n d

)(2},{ iByx
σ

⊄ , we may assume that )(ii BBx σ∪∈  

and )(2 iBy
σ

∈ ;  so ,  ( , ), ( , ) ix a b y m θ∈ ⊆  

implies θ∈),( yx . So, AA×=θ . Finally, let 

ConAθ ∈  which im⊄θ  for all }3,2,1{∈i .

There are θ∈),( ba , θ∈),( dc , θ∈),( qp ,

imba ∉),( , )(),( imdc σ∉ , )(2),( imqp
σ

∉  for 

}3,2,1{∈i . Hence, )(ii BBa σ∪∈ , )(2 iBb
σ

∈ ,

)()( 2 ii BBc
σσ ∪∈ , iBd ∈ , ii BBp ∪∈ )(2σ

 and 

)(iBq σ∈ . If iBa∈ , the cyclically of f  and 

θ∈),( ba  implies that θ∈),( yx  for all 

)(2, ii BByx
σ

∪∈ . But θ∈),( qp , we have either 

θ∈),( ts  for all )()( 2, ii BBts
σσ ∪∈  or θ∈),( ts  

for all )(, ii BBts σ∪∈ . In any cases, θ∈),( ts  for 

all Ats ∈, . Hence, AA×=θ . We can also prove 

that AA×=θ  similarly if )(iBa σ∈ .

Clearly, AAmm ii ×=∨ )(σ , for all 

}3,2,1{∈i . Let m  be the greatest element of 

the sublattice 


3

1

:
=

=
i

iCC . It is clear that  m  is 

the greatest lower bound of },,{ 321 mmm . So, 

},,,,{ 321 AAmmmm ×  is a sublattice of ConA  

which is isomorphic to 3M . Therefore, ConA  is 

not distributive.

)|;(
kBk fBCon∈φ
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	 (i) L  contains exactly three co-atoms 21, mm  

and 3m  where im↓  satisfies Condition (i) of 

Corollary 1 for all }3,2,1{∈i , and

	 (ii)  The set }1,,,,{ 321 mmmm  forms a 3M −

sublattice of L  where m  is the greatest element of 



3

1=

↓
i

im .

	

	 We have the following characterizations. 

Theorem 1 The followings are equivalence for a 

symmetric algebra A .

	 (i)				 A  is congruence modular,

	 (ii)			 Conditions (i), (ii) or (iii) of Proposition 

3 are satisfied,

	 (iii)	 ConA  is either a product  of  chains , a 

linear sum of a product of chains with one element 

chain or a 3M -head lattice.

All lattices which are congruence lattices of 

modular near-symmetric algebras. 

	 Let f  be a unary operation on a finite set A  

with ( ) 1fλ =  which we will call ( ; ),A A f= a 

near-symmetric algebra. The first proposition proves 

a characterizations of f .

Proposition 5. The followings are equivalent for a 

near-symmetric algebra ( ; ).A A f=

	 (i)  ( ) 1.fλ =

	 (ii)  There is a B Aφ ≠ ⊂  such that

ImB f φ∩ =  and \A Bf  is a permutation.

	 (iii) Im f A⊂  and Im ff  is a permutation.

Note that : if , ConAθ φ ∈  with θφ ⊆  

then iC∈φθ ,  for some }3,2,1{∈i . We will 

now show that ConA  has no sublattice which is 

isomorphic to 5N . Let , , ConAθ φ ϕ ∈  such that 

θφ ⊆ , θϕ ||  and φϕ || . Then, iC∈φθ ,  for 

some 31 ≤≤ i . If iC∈ϕ , the distributivity of iC  

implies that ϕθϕφ ∧≠∧  and ϕθϕφ ∨≠∨ . 

If jC∈ϕ  for some 31 ≤≠≤ ij  then C∈ϕ  

implies that ϕθϕφ ∧≠∧  and ϕθϕφ ∨≠∨ ; 

and if CC j \∈ϕ  then CCi \∈θ  and C∈φ  

imply that AA×=∨ϕθ  and jm=∨ϕφ ;

s o ,  ϕθϕφ ∨⊂∨ ;  a n d  CCi \, ∈φθ  

i m p l i e s t h a t  
)(2)( iii BBB

σσ
θθθ ∪= ∪  a n d 

)(2)( jjj BBB
σσ

ϕϕϕ ∪= ∪  which also imply that  

θ ϕ∧ =  
( ) 2 ( )

( )
i i i

B B Bσ σ
θ θ∪ ∪ ∩  

( ) 2 ( )
( )

j j j
B B Bσ σ

ϕ ϕ∪ ∪

( ) 2 ( ) 2( ) ( )
( ) ( )

i i j ji j
B B B B B Bσ σσ σ
φ φ ϕ ϕ∪ ∪⊂ ∪ ∩ ∪

φ ϕ= ∧ . Therefore, ConA   is modular. 

Corollary 1  If  a symmetric algebra A  is congruence-

modular then there exist co-atoms 21, mm  and 3m  

of ConA  which satisfy the following conditions:

	 (i)  for each }3,2,1{∈i , im↓  is one of the 

lattices P , 1⊕P  or QP ×⊕ )1(  where P and 

Q  are product of chains.

	 (ii)  the set },,,,{ 321 AAmmmm ×  forms a 

3M − sublattice of ConA  where m  is the greatest 

element of 


3

1=

↓
i

im .  

Definition 1 A lattice L  with the greatest element 

1 is said to be a 3M -head lattice if

¨	
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	 (iv) Im f A⊂  and ImB f∩  is a one-

element set for all ker
AB f∈ .

Proof. Let ( ) 1.fλ =  Then Im ;f A⊂ so, there is 

a B Aφ ≠ ⊂  such that ImA B f= ∪  is a disjoint 

union and ( )Im ff
f λ is a permutation. 

	 If (ii) holds, then Im \f A B A⊆ ⊂ . Since

\A Bf  is a permutation and \Im Im ,A Bf f⊆  

we have \ Im .A B f⊆  So, \ Im .A B f= Hence, 

Im ff is a permutation.

	 Assume that (iii) holds. Let ker
AB f∈ . 

Then ( ) { }f B c=  for some .c A∈  Since Im ff  

is a permutation, ImB f∩  is singleton.

	 From (iv), we have Im ff is a permutation; 

and together with Im f A⊂ imply that

( ) 1.fλ = 				                                                  

	 We note that ConA { , }A A= ∆ ∇  for all two-

elements algebras ,A  so we will consider algebras 

whose cardinalities are more than two.

Proposition 6.  Let A  be a near-symmetric algebra 

with 3|| ≥A . 

	 (i) If A  is congruence-modular then ker
A

f  

contains only one block whose cardinality more than 

one.

	 (ii)  If A  is congruence-distributive then 

Im | | 1f A= − .

Proof. Let A  be congruence-modular. Proposition 

5 tells the existence of the blocks 1 2, ,..., sB B B

whose cardinalities are more than one for some 1s ≥

and ImiB f∩  for all blocks in .ker
A

f Let the 

permutation Im ff be a product of disjoint cycles 

1 2, ,..., rα α α  for some 2.r ≥  If 2,s ≥  then 1| | 1B >  

and 2| | 1B > ; hence, 1 1 2( ) { } { }f B b b= ≠ =  2( );f B

so, there are 1u B∈  and 2v B∈ such that , Imu v f∉

and there are 1 2a a≠  such that Imi ia B f∈ ∩  for 
{1,2};i∈  thus, ia  and ib  are in the same cycle for 

{1,2}.i∈ Let C  be the union of cycles containing 

1 2{ , }.b b  Then the congruences A∆ ⊂ ( )Cθ ⊂  
( ) ( , ),C u vθ θ∪ ker ,f   and ( ) kerC fθ ∨  will 

generate a sublattice which is isomorphic to 5N , a 

contradiction. So, 1=s . 

	 If A  is congruence-distributive, Part (i) 

implies that ker
A

f  contains exactly one non-

singleton block .B  Since the least congruence 

( , ),x yθ ( , )y zθ  and ( , )x zθ  will generate a 3M

-sublattice if , ,x y z  are distinct in ;B  so, 2.B =  

Hence, Im f =  | | 1A − .		             	 	

			     

Proposition 7. If A  is a near-symmetric 

algebra with | | 4A ≥  and Im | | 1,f A= −  then 

2 (Im ; ).ConA Con f f≅ ×

Proof. Let B  be the only block of ker
A

f  whose 

2.B =  Then ( ) ( )f u f b=  for all \ Imu B f∈

and Im .b B f∈ ∩  Then {( , )}u u ConAθ ∪ ∈  and 

: {( , )x yθ θ= ∪  , [ ] { }}x y b u ConAθ∈ ∪ ∈  for 

all (Im ; ).Con f fθ ∈  So, the map : (1, )g θ θ→  

and : (0, )g θ →  {( , )}u uθ ∪  is an order-

embedding from 2 (Im ; )Con f f×  into .ConA  

	 Now, let .ConAθ ∈  If [ ]u θ  is singleton, 

¨	

¨	
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\{( , )} (Im ; )u u Con f fϕ θ= ∈  and (0, ) ;g ϕ θ=  

and, if [ ]u θ  is not singleton, ( ) ( )f u f b=  for all 

Im ;b B f∈ ∩ so, (1, )g ϕ θ=  where ϕ  is the 

corresponding congruence to the partition of Im f  

containing the block of ( ).f u  Therefore, g  is an 

order-isomorphism.       		                           

	 Note that if Im | | 1 3,f A= − ≥  then the 

results in Remark 2  implies that (Im ; )Con f f  is 

not distributive. So, if Im | | 1 3f A= − ≥  or Im ff  

is an identity, the proof of Proposition 7 shows that 

ConA  is not distributive.

Theorem 2. The followings are equivalent for a 

near-symmetric algebra A  whose | | 4A ≥ .

	 (i)  A  is congruence-distributive.

	 (ii) Im | | 1f A= −  and (Im ; )f f  is 

congruence-distributive.

	 (iii) Im | | 1f A= −  and Im ff  is one of (i) 

or (ii) of Proposition 1.

	 (iv) ConA  is either P×2  or )1(2 ⊕× P  

where P is a product of chains.

Proof.  ( ) ( )i ii⇒ is clear from Proposition 7 and 

(Im ; )f f  is congruence-distributive. ( ) ( )ii iii⇒

follows from Proposition 1 and the argument 

after Proposition 7. ( ) ( )iii iv⇒  is clear from 

Proposition 1, Proposition 4 and Proposition 7. 

Finally, ( ) ( )iv i⇒  because the lattices P×2  and 

)1(2 ⊕× P  are distributive if P is a product of 

chains.		                                                                  

Proposition 8. Let A  be a near-symmetric 

congruence-modular with | | 4.A ≥  Then

	 (i)  Im | | 1f A= −  or Im | | 2,f A= −

	 ( i i )  i f  Im | | 1,f A= −  t h e n 

2 (Im ; ),ConA Con f f≅ × and

	 ( i i i )  i f  Im | | 2,f A= −  t h e n 

3 (Im ; ).ConA M Con f f≅ ×

Proof. Suppose that Im | | 3.f A≤ −  There 

are distinct , , ,a b c d A∈   with ( ) ( )f a f b=  

( ) ( ).f c f d= =  So, the congruence ( , ),a bθ

( , ) ( , )a b c dθ θ∪  and ( , ) ( , )a c b dθ θ∪  will 

generate a 5N − sublattice, a contradiction. But, 

Im | | 1f A≤ −  implies Im | | 1f A= −  or 

Im | | 2.f A= −  One can see that (ii) follows from 

Proposition 7. We assume that Im | | 2.f A= −  

Then, ker
A

f  contains only one non-singleton 

block .B  If 2B =  then Im | | 1,f A= −  a 

contradiction. If 4,B ≥ , the proof of Proposition 

8 (i) implies a contradiction. Hence, 3.B =

	 Let { , , }.B a b c=  Then ( ) ( ) ( )f a f b f c= =  

and  because  Im 1,B f∩ =  we  may 

assume that Im .c B f∈ ∩  Now, the set 

3 { , ( , ), ( , ), ( , ) ( )}BM a b b c a c Bθ θ θ θ= ∆  forms 

a 3M − sublattice of .ConA  Note that for each 
( ; )BCon B fφ ∈  a n d  (Im ; )Con f fθ ∈   

the relations {( , ) Im }x x x fφ φ= ∪ ∈  and 

{( , ) }x x x Bθ θ= ∪ ∈ are in .ConA  Now, let 

define  3: (Im ; )M Con f fα × → ConA  and 

3: (Im ; ),ConA M Con f fβ → ×  by ( , )α φ θ

φ θ= ∨  for all ( , )φ θ ∈ 3 (Im ; )M Con f f×  

and ( )β θ Im( , )B fθ θ  for all ,ConAθ ∈

¨	
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respectively. By routine work, one can prove 

that ConAidα β =  and 
3 (Im ; ) .M Con f fidβ α ×=

Therefore, 3 (Im ; ).ConA M Con f f≅ ×            

	

Lemma 1. Let A  be a near-symmetric algebra 

whose | | 6A ≥  and either Im | | 1f A= −  or 

Im | | 2.f A= −  If Im ff  is an identity, ConA  

is not modular.     			             

	 We have the following characterizations. 

Theorem 3. The followings are equivalent for a 

near-symmetric algebra A  whose | | 4.A ≥

	 (i)   A  is congruence-modular.

	 (ii) (Im ; )f f is congruence-modular and 

either Im | | 1f A= −  or Im f =  | | 2.A −

	 (iii) Im ff  is one of (i) or (ii) or (iii) of 

Proposition 6 and either Im | | 1f A= −  or Im f =

| | 2.A −

	 (iv) ConA  is the lattice P×2 , )1(2 ⊕× P , 

L×2 , PM ×3 , )1(3 ⊕× PM  or  LM ×3  where 

P is a product of chains and L is a 3M -head 

lattice.			    	                                                              

¨	

¨	

¨	


