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Abstract

In this paper, we introduce the notions of semipolygroups and (strongly) regular relation, and

investigate their basic properties. Moreover, we review the concepts of polygroups and some of their

properties are also described.
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1. Introduction

Marty (1934) first presented the concept
of hyperstructure. It is well known that the class
of hyperstructures is generalized from group
theory. In a group, the combination between two
elements (of a non-empty set) is an element but
in a hypergroup, the combination between two
elements is a set. The semihypergroups are an
associative property of hypergroups which are
based on the concept of hyperoperation. Later,
Corsini (1993) introduced the fundamental
theory of hyperstructures and many notion of
hyperstructure can be found in his work. Next,
the special subclasses of hypergroup called
polygroups were studied by Comer (1996). He
studied polygroups and applied hyperstructures
with algebras and color schemes. Other
researchers developed the concept of hyper-
structure, for example, Davvaz (2000) proved
new identities of strong regularity and fuzzy
strong regularity on semihypergroups, and

presented results on congruences of semihyper-

groups. Moreover, Davvaz (2010) considered
the normal subpolygroups and homomorphisms
between polygroups and identified the isomor-
phism theorems of polygroups. Furthermore,
Jafarabadi et al. (2012) introduced new kinds of
hyperstructure called simple and completely
simple semihypergroups, and presented methods
for constructing these new classes of hyper-
structure and considered the regularity of semi-
hypergroups and Davvaz (2013), later, discussed
polygroup theory and related systems.

The purpose of this paper is to examine
the notions of semipolygroups and investigate
their basic properties. Furthermore, we introduce
the morphism on semipolygroups and the
(strongly) relation on

regular equivalence

semipolygroups. Moreover, we review the

concepts of polygroups and some their

properties are also described.

2. Semipolygroups

In this section, we recall the prelimnary
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definitions and their necessary results. Further-
more, some results on semipolygroups are
presented.

Definition 2.1: Let S be a non-empty set
and let P*(S) be the set of all non-empty
subsets of S. A hyperoperationon S isamap o
:S XS - P*(S). A polygroupoid is a system
(S,0), where o is a hyperoperation, i.e., @ # x o
y =o (x,y) € Sforallx,yof S.If Aand B are
non-empty subsets of S, then we denote

AoB =

a€A, bEB
xoA={x}oAand Aox = Ao {x}.

aob,

A polygroupoid (S,°) is called a semipolygroup
if, forall x,y,z of S,we have (x e y) oz =x o
(y © z), which means that

| uez=]xow

UEXOY VEYoz
If a semipolygroup (S,°) has the property that,

xoy =7yoxforall x,y in S, we shall say that

S is a commutative semipolygroup. If a semi-

polygroup (S,°) contains an element e with the

property that, for all x in S,

eox=xo0e={x}

We say that e is an identity element of S, and

that S is a semipolygroup with identity.
Example 2.2: Let S = {a, b, c} with the

following multiplication table:

a b c
a a {a,b} | {a,c}
b | {a b} b {b, c}
¢ |{ac} | {bc} c

Then, (S,-) is a semipolygroup.
Example 2.3: Let (Z,+) be a group.

Define a hyperoperation o on Z by
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xoy={x+y, x—y}foralx,yinZ.
Then, (Z,°) is a semipolygroup.

Definition 2.4: Let (5,°) be a semipoly-
group with at least two elements and 0 be an
element of S. If 0 o x = {0} for all x in S, then
0 is called a left zero element of S, and S is
called a semipolygroup with left zero. Similarly, 0
is called a right zero element of S, and that S is
a semipolygroup with right zero if x o 0 = {0}
for all x in S. We say that o is a zero element (or
just a zero) of S if it is both a left and a right zero
element of S, and that S is a semipoly-group
with zero if it is both a semipolygroup with left
and right zero.

Example 2.5: Let S be a non-empty set
with at least two elements. If we define a
hyperoperation o on S by

xoy={x}forallx,yinS§,
then S is a semipolygroup. For any a€S, a o
x = {a} for all xeS, so a is a left zero element
of S and S is called a left zero semipolygroup.
Also, if we define a hyperoperation * on S by
xxy={y}forall x,yinS,
then S is a semipolygroup. For any beS, x *
b = {b} for all xeS, so b is a right zero
element of S and S is called a right zero semi-
polygroup. For x,y in a semipolygroup (S,°),
we write the product of x,y as xy instead of
Xoy.

Definition 2.6: Let S be a semipolygroup.
For all acS and keN, a' = a and a¥*! =
aka. Then, we have the following lemma.

Lemma 2.7 Let S be a semipoly-group.
Forall aeS and m,neN,

(|) an — am+n;
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(i) (@™)™ = a™".

Proof. (i) Let P(n) be a statement a™a™

a™™ for all meN. If n = 1, since a™al

a™*1 for all meN, then P(1) is true. Suppose
thatP (k) is true, where keN. Then, a™ak

a™*k for all meN. Therefore, a™ak*! =
a™(a*a) = (a™a¥)a = a™t*a =

aMmtio+l — gm+(k+1) g5 al meN. Hence,
P(k+1) is true. By the mathematical

induction, we have that P(n) is true for all
nelN.

(ii) P(n) be
(@™)" = a™" for all meN. If n =1, since
(a™?! = a™ = a™ for all meN, then P(1)
is true. Suppose that P (k) is true, where keN.

Then, (am)k = a™¥ for all meN. Therefore,

Let a statement

using (i), (@™)**1 = (a™)ka™ = a™*a™ =
amktm — gmEk+D) gor al meN . Hence,
P(k+1) is true. By the mathematical

induction, we have that P(n) is true for all
neN. [ |
Definition 2.8: An element S in a semi-
polygroup S is called an idempotent if s € s?
and the element a€S is called a scalar if

lax| = |xa| = 1forall xin S,
where |A| is the number of elements in a set A.

Definition 2.9: A non-empty subset T of
a semipolygroup S is called a subsemipolygroup
if xy €T forall x,y €T.

Example 2.10: Let S be a semipolygroup
and s € S be a scalar idempotent, that is s? =
ss = {s}. Then, {s} is a subsemipolygroup of
S.

Definition 2.11: A semipolygroup S is

called a rectangular bandif aba = {a} for all
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a,binS.
Definition 2.12: A map ¢: S—T, where
(S5,°) and (T,*) are semipolygroups, is called a
morphism (or homomorphism) if, for all x,y in
S,
P(xoy) = Pp(x) * p(y)
or p(xy) = p(x)P(y).

If ¢ is an injection, we shall call it a
monomorphism. A morphism ¢ is called an
isomorphism if it is a bijection. If there exists an
isomorphism ¢: S—T we say that S and T are
isomorphic, and write S = T. Then, we have the
following results.

Proposition 2.13: Let ¢:S—T be a
morphism, where S and T are left (or right)
semipolygroups. Suppose that for all semipoly-
group U and for all morphisms ¢, §: U—S,

Poa = poff implies a = L.

Then, ¢ is a monomorphism.

Proof. Let ¢(x1) = ¢(x,), where x1,x, € S.
Let U = {p} be a singleton set such that pp =
{p} and let o, #: U—S be defined by a(p) =
x1 andf(p) = x,. Then, U is a semipolygroup
and a, [ are morphisms. It follows that ¢poax =
¢of. Thus, o = Fimplies x; = X,. Therefore,
¢ is a monomorphism. [ |
Let ¢:S—>T be

morphism, where S and T are semipolygroups.

Lemma 2.14: a

(i) If S is an idempotent of S, then
¢(s) is an idempotent of T.
(i) If a is a scalar idempotent of S,
then ¢(a) is a scalar idempotent of T.
(iii) $(S) is a semipolygroup.
Proof. (i) Suppose that s is an idempotent of

S.Then s € s2. Since ¢(s) € p(s2) = P(s)
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d(s) = p(s)?, p(s) is an idempotent of T.

(i) Suppose that a is a scalar
idempotent of S. By (1), ¢(a) is an idempotent
of T. Since a? = aa = {a}, we have that
p(@)p(a) = ¢p(aa) = p({a}) ={¢p(a)} .
Therefore, ¢(a) is a scalar idempotent of T.

(i) Let ¢(a), @(b), P(c)e ¢(S) .
Then, a,b,c € S. We see that abc S. Let
z e ¢p(a)p(b) = ¢p(ab). Then z = ¢(x) for
some x e abc S. Thus, z = ¢(x)e ¢p(ab)
< ¢(S) and hence, ¢p(a)p(b) = $(S).

Let e (p(a)p(h))¢(c) = p(ab)
¢(c) . Then, ye p(2)p(c) = ¢p(zc) for
some zeabcS. That is y = ¢p(m) for
some m € zc < (ab)c = a(bc). Thus, there

exists n € bc such that m € an. It implies that
= ¢(m) € p(an) = ¢p(a)p(n) c ¢p(a)
¢(bc) = ¢(a)(¢(b) (l)(c)) . Therefore,
(p@ep1))$() = p@( Db $(©))
Similarly, let u e ¢p(a)( ) d(c)) =
¢(a)p(bc). It follows that u € ¢p(a)p(k) =
¢ (ak) for some k € bc = S. Thatis u = ¢(p)
for some p € ak ca(bc) = (ab)c . Thus
there exists q € ab such that me qc . It
that = ¢(p) € p(qc) = ¢(q)
¢(c) < plab)p(c) = (p(a) p(b))p(c)
Therefore, (a)( p(b) p(c)) < (¢p(@)p(D))
¢(c) . Consequently, ¢(a)(¢(b) ¢(c)) =

implies

((l)(a)d)(b))d)(c). Hence, ¢(S) is a
semipolygroup. ™
Lemma 2.15: Let ¢:S—>T be a

morphism, where S and T are semipolygroups.
(i) If S is a rectangular band, then
¢ (S) is a rectangular band.

(i) If e is an identity element of S,
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then ¢(e) is an identity element of ¢ (S).

(i) If 0 is a left zero element of S,
then ¢(0) is a left zero element of ¢(S).

(iv) If O is a right zero element of S,
then ¢(0) is a right zero element of ¢ (S).

(v) If 0 is a zero element of S, then
¢(0) is a zero element of ¢ (S).

(vi) If S is a commutative semipoly-
group, then ¢(S) is a commutative semipoly-
group.

Proof. Let ¢p: S—>T be a morphism, where
S and T are semipolygroups. By Lemma 2.14
(iii), @ (S) is a semipolygroup.

(i) Suppose that S is a rectangular
band. Let ¢p(x), d(y) € ¢(S). Then,x,y € S
and we get that xyx = {x}. It follows that (x)
PMP(x) = plxyx) = p({x}) = {p(x)}
as required.

(i) Let e be an identity element of S
and ¢p(x)e ¢(S) . Then ¢p(e)e $p(S) and
xe€S. It implies that (e)¢p(x) = ¢p(ex) =

d({x}) = {p(x)} = p({x}) = p(xe) =
¢p(x)p(e) . Therefore, ¢p(e) is an identity

element of ¢(S). Assume that O is a left zero

element of S.
(i) Let p(x)e ¢p(S). Then, x € S
and hence, we have Ox = {0} . Thus,

(0o (x) = ¢(0x) = ¢({0}) = {¢(0)}

and then ¢(0) is a left zero element of ¢(S).

(iv) Suppose that 0 is a right zero
element of S. Let ¢p(x)e $(S). Then, x € S
and so we have 0 = {0}. Thus, ¢(x)¢(0) =
¢(x0) = ¢p({0}) = {¢(0)} and then $(0)
is a right zero element of ¢(S).

(v) If O is a zero element of S, then 0
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is both a left and a right zero element of S. By
(iii) and (iv), we have ¢(0) is a zero element of
¢ (S).

(vi) Suppose that S is a commutative
semipolygroup. Let ¢ (x), p(y) € ¢(S). Then,
x,y€S and thus, ¢p(x)p(y) = p(xy) =
¢(yx) = dp(¥)p(x) . Hence, $(S) is a
commutative semipolygroup. |

Proposition 2.16: (Jafarabadi et al,
2012) If (S,") and (T,°) are semipolygroups,
then the Cartesian product S X T becomes a
semipoly-group if we define

(5,t)e(s,t)=(s-S)X(tot)

{(x, »)}

x€s-s',yEtot’
We refer to that semipolygroup as the direct

product of S and T.

Example 2.17: Let S be a semipolygroup
with at least two elements. If A is a left zero

semipolygroup of S and B is a right zero

semipolygroup of S , then AXB is a
semipolygroup and (a,b)(a’,b) =
Uxeaa’.yebb’{(x: )} ={(aDb)} for all

(a,b),(a’,b’) € AXB.

Theorem 2.18: Let S be a semipoly-
group. Then, the following conditions are
equivalent:

(i) S is a rectangular band;

(i) every element of S is a scalar
idempotent, and abc = ac for all a, b, c in S;

(iii) there exist a left zero semipoly-
group L and a right zero semipolygroup R such
that S=L X R;

(iv) S

semipolygroup of the form A X B, where A and

is isomorphic to a
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B are non-empty sets, and the hyperoperation
on AXB by (a,b)(a,b) =
{(a,b)} forall (a,b),(a’,b’) € AXB.
Proof.Let a,b,c € S.
iy = (i).

rectangular band. Then, {a} = aa

is given

that S

20 = g4 =

Suppose is a

a2a =a? and so a is a scalar idempotent.
{a} = aba,{c} =cbc and {b}=
b(ac)b, we have that ac = (aba)(chc) =

Since

a(bacb)c = a{b}c = abc, as required.

(if) = (iii). Assume that every element of
S is a scalar idempotent, and abc = ac for all
a,b,cinS. Let L = Sc and R = ¢S, where C
is a fix element of S. If x € L = Sc, then
{x} = zc for some ze S. For ally € L = Sc,
we have {y} = wc for some we S and hence,
xy = (zc¢)(wc) = z(cwc) = zc = {x}. Thus,
L is a left zero semipolygroup. Similarly, R is a
right zero semipolygroup. If we define ¢p: L—>R
by ¢(x) = Ugexcpecxd(a b)} for all xe S,
we obtain that S = L X R.

(i) = (iv). Suppose that S=L X R,
where L is a left zero semipolygroup and R is a
right zero semipolygroup. Take A = L and B =
R, we are done.

(iv) = (i). Suppose that AX B=S,
where A and B are non-empty sets, and the
hyperoperation AXB given by
(a,b)(@,b’) = {(a,b)} (a,b),
(a’,b") € A X B. Then, there exists an isomor-
phism ¢p:AX B —S. Letx,ye S. Then, x =
¢(a,b) and y = ¢p(a’,b’) for some (a,b),
(a,b) e AXB = ¢(a,b)p
(@', b)¢p(a,b) = $((a,b)(@,b))¢(a,b) =

on is

for all

Since
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¢({(a, )P ¢(a b) = ¢((a,b)(a,b)) =
¢({(a,D)}) ={Pp(a,b)} ={x} . S

rectangular band.

is a
| ]
Next, we introduce the notion of the

(strongly) regular equivalence relation on semi-

polygroups and investigate some of its
properties.
Definition 2.19: Let (S,°0) be a

semipolygroup and p be an equivalence relation
on S. Then, ApB means that for all a € A
there exists b € B such that apb and for all
b’ € B there exists a' € A such that a’pb’;
ApB means that apb for alla € A and b € B,
where A and B are non-empty subsets of S.
(We see that if ApB, then ApB.)
(i) p is called regular on the left (on
if,

the right) for all x,y,a of S,xpy=

(ax)p(ay) ((xa)p(ya) respectively);

(i) p is called strongly regular on the
left (on the right) if, for all x,y,a of S,xpy =
(ax)p(ay) (xa)p(ya) respectively);

(i) p is called regular (strongly
regular) if it is regular (strongly regular) on the
left and on the right.

Remark: If p is a strongly regular
relation, then p is a regular relation.

Theorem 2.20: (Davvaz, 2013) Let (S,°)
be a semipolygroup and p be an equivalence
relation on S.

(i) If p is a regular relation on S, then
the quotient set S/p is a semipolygroup with
respect to the following the hyperoperation:
p(x)®p(y) = {p(2):z € xy}.

(ii) If the hyperoperation defined by (i)

is well-efined on S/p, then p is regular.
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Theorem 2.21: (Davvaz, 2000) Let S be
a semipolygroup and let p be a regular on S.
Then, S/p is a semipolygroup with respect to
the hyperoperation defined by Theorem 2.20 (i)
and the map p? from S onto S/p given by
p’(x) = p(x) for all xS is a morphism.
Now, let T be a semipolygroup and let ¢:
S— T be a morphism. Then, the relation

kerg = go g ' ={(a,b)e SxS: ¢(a) =
¢(b)}is regular on S, and there is a

monomorphism a: S/ker¢g - T such that
ima = im ¢.

Theorem 2.22: (Davvaz, 2000) Let p be
a regular on a semipolygroup S and let ¢:
S— T be a morphism such that p € kerd.
Then, there is a unique morphism f: S/p > T
such that im f = im ¢.

Theorem 2.23: Let p,o be regular

relations on a semipolygroup S sucht that

p < o.Then, o/p ={ (p(x), p(¥)) € (S/p) X
(S/p) : (x,y) € o} is a regular on S/p and
§/p)/(c/p)= §/o

Proof. The Theorem 2.21 implies that there
is a morphism £ from S/p onto S/ o such that
Pis given by ,H(p(a)) = o(a) for alla € S,
and the regular kerfon S/p is given by kerf

= { (p(x), p(M) € (5/p) x (S/p) : flp(x))
=Ap()} = { (), p()) € (S/p) x
(S/p) : olx) = o(y) } = { (p(x), p(¥))
e (S/p)x(S/p): (x,y) e o}

It is usual to write kerff as o/p. From
Theorem 2.21, it now follows that there is
a:(S/p)/(a/p)—>S/p

defined by a(o/p(p(x))) = o(x) for all
aeS. For all o(a) € S/o, since a S, we

have p(a) € S/p, there is J/p(p(x)) e(S/

monomorphism
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p)/(o/p) such that a(o/p(p(x))) = ofx)

and o is surjective. Hence, o is an isomor-
|
Definition 2.24: (Jafarabadi et al., 2012)

phism.

An element a of a semipolygroup S is called
regular if there exists x in S such that a € axa.
The semipolygroup S is called regular if all its
elements are regular.
Theorem 2.25: Let ¢p:S—>T be a
monomorphism from a regular semipolygroup S
into a semipolygroup T. Then, im ¢ is regular.
Iff is an idempotent in im ¢, then there exists
an idempotent e in S such that ¢(e) = f.
Proof.Let (e) € im¢p ={p(s):se S}
There exists x in S such that s € sxs, because
S is regular. Thus, ¢(s) € ¢p(sxs) = ¢(s)
¢(x)¢p(s) and hence, im ¢
Suppose that f is an idempotent in im ¢. Since
feim¢ , there exists e €S such that
Pp(e) =f. We ple)=feff=
p(e)p(e) = ¢(ee), thatis p(e) € Pp(ee) =
Ugceel®(a)} . Then, there exists a € ee

such that ¢(a) = ¢(e). It follows that a = e,

is regular.

have

because ¢ be a monomorphism. Hence,

e € ee and therefore, € is an idempotent. |

3. Some Results on Polygroups

In this section, the notion of polygroups
are presented and some results of polygroup are
established.

Definition 3.1: (Comer, 1996) Let P be a
non-empty set. A polygroup is a system
(P,+,e, 1), where ec P, ®* maps P X P into
the non-empty subsets of P, i.e., Q= x oy =

*(x,y) € Pforall x,y € P, and the following
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axioms hold for all x,y,z in P:

() (xey)ez=x+(y+2);
(iYesx =xee = {x}

(iii) for each xe P there exists a

1 1

unique x € P such that e e xex™~ and

1

eEx “ex;

(iv) x €ye+z implies yexez !

andzey lex.
The following elementary facts about

polygroups follow easily from the axioms: For all

1 1

,y €eP,ecxextnxlex, e

-1

:e,

xHlT=x, (xey) 1=y lex ! and

1 1 -1
oy .

Example 3.2: Let P = {a, b, c,d} with

Xeyezimpliesx = €z~

the following multiplication table:

al|b c d
alalb c d
b|b|a c d
clc|c|{abd}| {cd}
d|d|d]| {cd} |{ab,c}

Then, P is a polygroup.

Definition 3.3: (Davvaz, 2000) A non-
empty subset K of a polygroup P is said to be
a subpolygroup of P if, under the hyperoperation
in P, K itself forms a polygroup.

From now on, for x,y in a polygroup
(P,+,e,”1), we write the product of x, y as xy
instead of x « y.

Lemma 3.4: (Davvaz, 2000) A non-empty
subset K of a polygroup P is a subpolygroup of
P if and only if

() a,b € K implies ab C K;;
(i) a € K implies a™! € K.
Lemma 3.5: A non-empty subset K of a

polygroup P is a subpolygroup of P if and only
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ifab 'c K foralla,b € K.

Proof. Suppose that K is a subpolygroup of
a polygroup P. Let, € K. By Lemma 3.4 (i), we
have b™'eK , and thus, ab 'cK .
Conversely, assume that ab™1 c K for all,
eK. Leta,b e K. Then, ab~* c K. Since
acKcP,ecaa ' cK. This implies that
ea”'c K. It follows that {a~1} c K, because

ea ! = {a"1}. Thus, a”te K. We also have

that b~1 € K. It obtains ab = a(b_l)_1 cK.
Hence, by Lemma 3.4, K is a subpolygroup of
P. [ |
Lemma 3.6: Let S be a semigroup
satisfies the following conditions:

(i) there exists e € S such that xe =
{x} forall x € S;

(i) for each x €S there exists
x71 e Ssuchthat e € xx™1;

(iii) for all x,y,z € S, x € yz implies

landz ey~ lx.

yexz
Then, S is a polygroup.
Proof. First, let x,y € S, we will show that

e—l

e and (x1)™1 = x. From (i), we have

e € ee. Then, by (iii), e € e"te = {e™1}, thus,

e—l

e. Since x € xe, e € x~1x. Again, by
(i), x € (x )7 te = {(x71)™!} and we get
that x = (x~1)7L.

Suppose that p € S such that e € xp

and e € px . This implies that p € x~1

1

e =

{x~1}, that is p = x~ 1. Hence, x~1 is unique.

Finally, let us show that ex = {x} . Since

1 xee(x )™t =ex. Hence, {x}

1

eexx

cex. Let aeex . Then, e € ax ~ and

-1

x"1e a~le = {a™1}. Certainly, we obtain that
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-1 1

= a L 1

X It is immediately that e € xa™

ande € a”1x. Since e a_lx, we have that
1 _

x € (a1)le = ae, and hence, a € xe™! =
xe = {x}. Thus, ex < {x} and then ex = {x}.
Therefore, S is a polygroup. |
Lemma3.7: I (S,+,e,”1 ) is a polygroup
and p is an equivalence relation on S, then p is
regular if and only if (S/p,®,p(e),”)is a
polygroup, where p(a)™! = p(a™1).
Proof. Let (S,+,e,”1) be a polygroup and p
be an equivalence relation on S. Suppose that p
is regular. We have (S/p,®) is a semipoly-
group.Since e € S, p(e) € §/p. Then, we have
that p(x)®p(e) = {p(a): a€xe= {x}} =
{p(x)} and p(e)®p(x) = {p(b): b € ex =
{x}} ={p(x)} for all p(x)eS/p . Let
p(x) € S/p. Then, x € § and hence, there
exists a unique x '€ S such that e € xx~ 1
and e € x“1x. That is, there is p(x)~! =
p(x™1) € S/p such that p(e) € p(x)®
p)™ = p()®p(x™) ={p(a):a € xx'}
p(e) € p(x)'®p(x) = p(x H®p(x) =
{p(a):a € x~x}. Next, let p(y) € S/p be

and

such that p(e)ep(x)®p(y) and
p(e)ep(y)®p(x) . Then, eecxy and
e € yx. It follows that y = x~ 1 and p(y) =
p(x™1) is  unique. Now, we let
p(x),p(y),p(z) € S/p be such that

p(x) e p(¥)®p(z). Then, x € yz and thus,

1 It follows that

yexz™! and zey lx .
p() € p(M)®p(z™") = p(x)®p(2)™" and
(2) e (Y™ H®p(x) = p(¥)'®p(x)

Hence, (S/p,® ,p(e), ") is a polygroup.
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that (S/
p,®,p(e), !)isapolygroup, where p(a)~! =
p(a™1). Let a, b and x be arbitrary elements of

S such that apb. If ueax |,

pw) € p(@)®p(x) = p(b)®p(x) =
{p(v): v € bx}. Therefore, there exists v € bx

Conversely, we assume

then

such that p(u) = p(v), ie., upv. If v’ € bx,
then p(v") € p(b)®p(x) = p(A)®p(x) =
{p(u"):u’ € ax}. Therefore, there exists u’ €
ax such that p(u') = p(v'), i.e., u'pv'. Thus,
(ax)p(bx) and hence, p is regular on the

right. Similarly, we obtain that p is regular on the

left. Hence, p is regular. [ |
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