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Abstract

In this paper, we determine the general solution of the following functional equation

HGE3)+AG=3n+ 1 H20)+ (e —20)F (0= fy (x +y)+ f,(x —»)+ f5(») without

assuming any regularity condition on the unknown functions .. f,. f,. f,. /s : X —>Y , where x andy

are real vector spaces.
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1. Introduction

For a function f:R—R, the
difference operator A, with n€RR is defined
by A, f(x)= f(x+h)— f(x). Furthermore,
let AYr(0)= AL rF(O=A, r(x)
and AhOAZ_f(x)zAZ+1f(x) for all neN and
for all h€R . The superposition of difference
operations is defined by

Ahl,...,hnf:Ahl OAhz o"'oAhnf’ (nEN),

where Ah‘ OAh_denotes the composition. If
i J

b =h,=..=h =h, we write Ah,...,hf :AZf_
n

For any given ne NU{o}, if s satisfies the
functional equation
1) A7 rxor=o0

Then ris called a polynomial function of order

(x,neR),

n . In explicit form (1.1) can be written as

n+1 n+1
(12) > (—1)”+l_k[ . j_/‘(x—i—kh):O.
k=0
It is known (see [8]) that with functions defined
overR, the equation (1.2) is equivalent to the
Fréchet functional equation
(1.3) Ah1 iy SEOFO by eR).
We quote three results from [3, pp.71-77,
Theorems 9.3, 9.4, 9.6] which are needed in
our work here.
Theorem 1.1 Let x and vy be two linear
spaces. Then
. If f:x—y is a polynomial
function of order n, then

Ay g S@0fON by €.
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1. |fAk:Xk—)Y(k:0,1,...,n)al'e symmetric
k -additive functions and ifAk are

their diagonalizations, then the

n
function ZA"(x) is a polynomial
k=0

function of ordern.

. 1f s.x—>y is a polynomial
function of order n, then there
exist k -additive symmetric

. k
functions 4, X" Y (k=0,1,...,n)

n

such that r(x)= zAk(X)’ where
k=0

4* are the diagonalizations of 4, .

The following  proposition  give

properties of an n-additive function and its
diagonalization refer to

Czerwik (2001)].

[for detail, please
Proposition 1.2 Let 4":R—1R be a
diagonalization of n-additive function 4 . Then
. For all x€Rand for all,€Q,
A" ()= 4" (x).

Il. For all x,y IR and for all »,s€(Q,

n .
] A" ) -
1

Furthermore the resulting function after

n PR
A" (x+sy)= Z P
=0

substitution NTn =Ly Sy and D

“n

in A (x,,x,,...x,) Will be denoted by 4"

(x,).

Our work here is originated from the
best known functional equation are those
related to identity satisfied by a quadratic
function and commonly called a quadratic
functional equation,

(1.4) g(x+1y)+gx—y)=2g9(x)+29().
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In particular, every solution of the quadratic
functional equation is said to be a quadratic
function (Kannappan, 2008). There have been
numerous related works. Let us mention some
which are of interest to us. In 2005, Sahoo
considered the functional equation

(1.5) fQrtptfx=p)=2f 4042/ =) +12/() (ry€R),
It is easy to see that the function f(x)=x3 is
a solution of (1.5). Then (1.5) is called a cubic
functional equation and every solution of (1.5)
is called a cubic function. Sahoo proved that
the function 7:IR—IR satisfies (1.5) for all
x,y€R if and only if f is of the form
f(x)=4(x),VxeR, where . (x) is the diagonal
of 3-additive symmetric map 4, R’ > R. Next,
in 2008, Wiwatwanich and Nakmahachalasint
established the general solution of the following
cubic functional equation

(1.6) f(x+3y)=3f(x+y)+3f(c=p) = f(x=3)=48/(y).
In 2001, Rassias introduced the new cubic
mappings the cubic

f:x—>Yy, satisfying

functional equation

(1.7) fa+2) =3/ (A0 +31 (0= fx=p)=6/() (x,y EX),
where x is a linear space and Y be a real
complete linear space.

If we let s(x)=x", then the identity

(x+2y)4+(x—2y)4+6x424[(x+y)4+(x—y)4+6y4:|,
yields a functional equation

(1.8) f(x+2p)+ f(x=2)F6 /() =4[ f(x+ )+ f (=) F6 ()]
for all X,yeR. For obvious reasons, the
equation (1.8) is called a quartic functional
equation. In 1999, Rassias introduced the
quartic functional equation (1.8) and obtained a

solution of the Hyers-Ulam stability problem for
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this quartic functional equation. Then, in 2003,
Chung and Sahoo determined the quartic
functional equation

S+ fe=20) 6/ =4[ frt )+ =) +67()] (x.yER)
without assuming any regularity conditions on
the unknown function £ ; their argument covers
the case in which f:G—>s, where G and §
are uniquely divisible abelian groups.

In 2004, Sahoo considered the
functional equation characterizing polynomials
of degree 3
(1.9) f+20)4 fe=2)+6 /=4[ (x )+ (=] (13 ER),
and proved that its general solution is of the
form f(x):AO+A1(x)+A2(x)+A3(x), where

A"(x) is the diagonal of the n-additive

symmetric function 4 :R" >R (»=1,2,3) and

4" is an arbitrary constant. One year later, he

generalized (1.5) to

(1.10) 2xt )t =) =)+ =)+ ) (y€R)
and proved that f.f.f.%./%: R—R satisfy
(1.10) if and only if

LO=AL 0+ 0+ 0+4 +B 0+8 @+8,

HEO=A WA W+ 0+ —B0)—B ()-8,

3

2 1 )
K= WAL @4+ O +28 W+ 048 4D,

2

1 0 0

1 ) 1
=24 WL+ A WA 0 W -8 08 08 -0

2
S0 =124 () +64 () +24' (04" —2¢ () —2C”,

where AO,BO,CO,DO are arbitrary constants,
A" (x),B"(x),c"(x) are the diagonals of n-

additive ~ symmetric  functions 4,.B,,C,

n’

respectively, n=1,2,3.
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In the few years later, Xu, Rassias, and
Xu (2011) determined the general solution of
the functional equation,
(1.11) fGe o)+ (e —h) =gl )+ gl =1) Hh0) ()
for fixed integers & with k7#0,x1. Their
results are:

Theorem 1.3. Let X and v be a real
vector If functions f,g,nh: X —>Y

satisfy (1.11) for all

spaces.
x,y & X for fixed
integers & such that k0,%1, then r is a
solution of the Fréchet functional equation
xl.xz,x3,x4,.r5f(x0)zofor all xg,x)xy,05,0,,05 €X -

Theorem 1.4. Let x and v be a real
vector spaces. Function f g.nh:X —>Y
satisfy (1.11) for all x,y€x for fixed integers
such that k#o0,*1 if if

k and only

=4O+ L+ AL+ A4 O+A4°,
g =K A W+ A +B )+ +C (0+D',
()= —2k)A" () +@—2k) A (x)+
247 (x)+24' (0)+24° —28° (x)—2C" (x) —2B(),
~ 4 2. 4 2 2 2 0
h(x)=Qk —2k")A (x)+2k A (x)—2B (x)—2D ",
where AO,BO,CO,DO are arbitrary
constants, 4"(x),B"(x),c"(x) are the diagonals

of n-additive symmetric functions 4 .B, .C,,

respectively,n=1,2,3,4.

Moreover, they proved the useful
following theorem:

Theorem 1.5. Let G and s be

commutative groups, let » be a nonnegative

integer, and let ¢l and W, be additive

functions from G into G such that

AW, (G)i=12,,..n+1. If  functions

f.f,:G—>S,i=12,..,n+1, satisfy the condition
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n+1
ro+ 2 (g o+w,n)=o, then 1

i=1

the
f(xo )=0.

satisfies Fréchet functional equation

X1 XD s X ]
Recently, Hengkrawit and Thayacharoen

(2012) considered the following quartic
functional equation,

(1.12) fx+3p)+ f(c=3p)+ f(xt2p)+ f(x—2y)+
2 () =13(f(x+ )+ f(x—3))+168 £ (»)
for all x,y€IR, and proved that its general
solution is of the form f(x):A4(x), where
A4(x) is the diagonal of 4 -additive symmetric
function A4:R4 —>R.

This quartic functional equation (1.12)
can be generalized to the following functional
equation
(1.13) G330+ [, =3+ f,(x+2)+
L2+ 0=+ + 1=+ ()
for all x,yex and Koty fy Sy f5: X —>Y are
unknown functions, where Xx andy are real
vector spaces.

Our aim is to find the general solution of
the equation (1.13) and some other related
functional equations. The method used for
solving these functional equations is
elementary but without using any regularity

condition on the unknown functions.

2. Solution of equation (1.13)

In this section, we determine the general
solution of the functional equation (1.13) and
some other related equations without assuming
any regularity conditions for the unknown

functions. The following lemma holds from

221

Theorem 1.5 and Theorem 1.1.

Lemma 2.1 Let x and v be real vector
spaces. If functions f,,/,,...f;: X —>Y satisfy
the functional equation
2.1) L)+ f(x+6y)+ £, (x+5y)+ 1, (x+y)
FAGH3)—f,GH4y)— £, (x +23)— () =0

forall x,y€x if and only if f is of the form
=L 0L+ O+ L O+ L+ A WA
for all x€ x, where Ai(x) is the diagonal of i -
additive symmetric map 4 :Xi —Y for i=1,2,...6.
Proof. Assume that f satisfies the
functional equation (2.1).
Taking
F,(x+5y)= f,(x+5y),
F(x+y)=fo(x+y), F,(x+3y)= f(x+3y),
Fy(x+4y)=—1,(x+4y), E(x+2y)=—f,(x+2y),

B0O==f), §,=0,=6,=¢, ==, =x.¢,=o,
W =6n. W, =50 W=y W, =3y W = W =200, =y
Where F ., F5,....F, : X —> Y . We get
F)+E@ )W, )+ 5@, 0+, )+
F(@, )+, +F, (@, )+, () + E (P (x)
YN+ (@0 HW () +E (@, )+, (7)) =0
Thus, we can rewrite the functional equation

.
2N inform r(o)+ > F(D.()+W, () =0

i=1
Fromg, and i/, we see that POCYW,(X)

for i=1,2,...,7. By Theorem 1.5, 1, satisfies

the Fréchet functional equation Aﬂ ,...,x7f1(x0):0

for all XpseeoXs €EX

Thus  from Theorem 1.1, we have

[0=A W+ L O+ WL WA A 0+ 4,

for all x € x, where Ai(x) is the diagonal of
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i —additive symmetric map 4, x'—vy for
d

We are now ready to prove the main

i=12,..,6.

result.

Theorem 2.2 Let x and vy be real
vector spaces. The functions f,f,....f;: X —=>Y
satisfy the functional equation (1.13) for all
x,y € X if and only if
[@=4'@+4L W+ A W+AL )4 0)+4 (0)+4,
£ =640 =64 )+ A =640} +(A (0 =64'))

H A @ =64 (0)+A' @+,
£0==204"(x)—204" () +(62A' () —204'(x))

+(62A' (1) —204' (1))~ (22 (1) +204 ()

(A w4 )2 A +4)+28 0420 (31428,
£ ==154"(x)—154 (1) +(42A () —154' ()

H4W (=154 () 154 ()48 (0 +B'+C (4D,
£0=7204"(x)+ 242" (0 +8A" () —28'(x) 2D,
where A°. 4°.8°.c°,p° are arbitrary
constants, A" (x),4"(x),B"(x).C"(x) are the
diagonals of n-additive symmetric functions
an,An,Bn,Cn, respectively, »=1,2,...,6.

Proof. Replacing x by x+3y in (1.13),
we obtain that £, (x)+ 7, (x +6y)+ £, (x +53)
£, (et )+ 00 3y) = £, (e Hy) = £ (e +2p) = £ () =0.
Using Lemma 2.1, we have
[0=A WL W4 O+ L O+ L WA 0+ A
For allx € x, where Ai(x) is the diagonal of
i -additive symmetric map A, :Xi —> Y for
i=1,2,..,6.

Consider fG+30)+ f(x—3y) and note
that 4°(x+3y)+4°(x—3y) =24 ) +2704 (x, )

4243047 (x, ) +14584° (1), A’ 439+ 4 (x—3y) =
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24 )+ 180477 (e, 1) +8104" (x, ), 4° (x43)+

A =3y =24  (0)+108477 (x, ) +1624" (1),

A3(x+3y)+A3(x—3y):2A3(x)+54A1’2(x,y),

A (x 39+ A (x—3y)=24"(x)+184°(») . Then
by the equation (1.13), we conclude that

22) £+ +LG—+ )= fG+2)—

Sy (x—2y) —f (x)= 2A6 (x)+ 270A4’2 (x,y) -|'2430A2‘4 (x,y)

+14584° ()24 (1) 18047 (x, 1) +8104" (x, )
+24% () +108477 (x, ) +16247 () +2.47 (%)
5447 (x,9)+24° () F184° (N +24" (x)+24" .
=—154" e+ ) —154° =) 64 (x+20) 64 (x—23)
+204° () +7204°(») =154 (x+3)—154° (x— )+
64 (x+20)+64" (x—2)+204°(x)—154" (x+ )
—154 =) +64" (x+2)+64 (x—2)+204" ()
154 (e 9) =154 (x— ) 64’ (x+2)+6.4 (x—2)
42047 (x) =154 (x+ ) —154° (x — )+ 64" (x+2)
+6A2(x—2y)+20A2(x)+2A1(x)+2A0,fOI' all x,yex.
Define Fz(x)Zf2(x)+6(A6(x)+As(x)+A4(x)+A3(x)+A2(x)),
F3(x)=—f3(x)—20(A6(x)+As(x)+A4(x)+A3(x)+A2(x))
—zAl(x)—on,a(x):fg(x)+15(Aﬁ(x)+A5(x)+A4(x)+A3(x)+A2(x)),
F(0)= f;—7204° (x).
It follows from (2.2) that
(2.3) E(x+2))+ £ (x=2y)=F,(x + )+ F,(x=p) + E () +F(y).
From Theorem 1.4, thus

f@=4' @O+ A4 @+4 O+L0+AL D +4 0 +A,
£ =—64"(0)—64 +(A' ) —64"))+
(A —64'@)+(A 0—64)+A 0+,
£ ==204"(x)—204" () +(62A" (204" ()
+(6A (=204 )~ (2A 04204 0 )-2(A 0 +4 ()
—2(9[” +4° )+2Bz (x)+2C' (x)+2B°,
f==154" =154 @) +(4A ) —154'(x))
+(4U (=154 () =154 )+ B () +B +C () +D',
£.0)=7204"(x)+2420 (1) +82 (1) 28" (x) —2D",
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where QlO,AO,BO,CO,DO are arbitrary constants,
A" (x), 4" (x),B" (x),c" (x) are the diagonals of »
-additive

symmetric  functions® .4 .8 .C,,

respectively, n=1,2,...6. This completes the

0

proof Theorem 2.2.

3. Corollaries

In this section, we apply our main
theorem to derive almost all of the above —
mentioned previous results. The first corollary
is an extension of Hengkrawit and
Thanyacharoen's result (2012) corresponding to
(1.12).

Corollary 3.1 The function r:[R —>R
satisfies the functional equation
(1.12) fe+3)+(x—3»)+ f(x+2y)+
Sa=20) 2/ =1(f(ety)+ (=) +168/(7)
for all x,y€R if and only if it is of the form

.f(x):A4(x) for allx€R, where A4(x) is the

diagonal of 4 -additive symmetric function
A4:R4—)R.
Proof. By Theorem 2.2, taking

S D)= £,()= 10, f5(0) =221 (%), £, (x) =13 f(x)
and f5(x)=168 f(x) . Next, using Maple, which
is the popular mathematical software packet,
produces the reduced row echelon form, we
have

1 1 15 15
BN r=—a'W+-L +— A +— A" x)
7 7 28 28

L. L) 1
+—B () F+—B (x)+—C (x)-
28 28 28
Now, substituting (3.1) into (1.12), we

get

223

26 156 194 26
A+ — A )+ — A )+ =W )
7 7 7 7

78 390 390 26
(32) L 22 (o —A + = A+ =B ()
7 28 28 28

%, 26, 2%
+—B (»+—B (x)+—C (x)
28 28 28

26 156 194 26
== A +—A" e ) +—A +=2A 0
7 7 7 7

78 390
=AU (2, + 2420 )+ —A 0 +90A ()
7 28

390 26 26
+ A ) +90A’ )+ =B  (x)+— B () +6B8"(»)
28 28 28

+—B (x)+6B (y)+—C (x)+6C (y).
28 28

Thus
(3.3)242° (1) +902A' (1) +902A° (1) +68° (1) +68° (»)
+6C'()=0, and then dividing (3.3) by 168,

we get
1 15 15 1

B4) — A+ —A' +—A’ o +—B
7 28 28 28

Ly Ly
+—B (x)+—C (x)=0-
28 28

Substituting (3.4) into (3.1), we get
1
35)  fo=-A'w.
4

By Proposition 1.2, we get

1
(3.6) f(x)=Ql4(‘{/:x)-
4

Putting z{/zx:xin (3.6), we get f(x)ZQl4(x)

' d

The next corollary is an extension of

Chung and Sahoo's result (2003) correspond-
ding to (1.8).

Corollary 3.2 The function f:IR—>R

satisfies the quartic functional equation
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(1.8) f(x+2)+ f(x—23)+6/(x)=
=4(S(x+2)+ S (x—3))+24 ()
for allx,y€R, if and only if it is of the form
f(x)=A4(x) for all x€R, where 4*(x) is the
diagonal
4, R* > R.

Proof. By Theorem 2.2, taking f,(x)=0,
L= 1(x), G)=61(x), f(x)=4f(x)and
fs(x)=24 f(x) and using Maple, we have

of 4 -additive symmetric function

15 15
B ro=A' 0+ +—A' +—2A )
4 4

I 5 I 9 I
+—B (x)+—B (x)+—C (x).
4 4 4
Substituting (3.7) into (1.8) we get
8 (1) + 48U (v, ) +32U* (1) +82U (1) + 24U (. )
+302A" () +302A° () +28° () +28 () +2¢ ()
=8 () + 4827 (x, ) +32A* (1) +82A° ()
+2420" (x, 1) +302A" (1) +30A° () +28° (1)
+28° ()4 2¢" () +242° () +90A (1) +90A° (x)
+68° (468" (»+6C' (1),
Thus
(3.8) 242 (1) +90A' (1) +90A° (x)+6B% (1)
+6Bo(y)+6CI(y)=0, then dividing (3.8) by 24,

we get

15 15
B9 A +—A'+—A )+
4

L 5
— B (x)
4 4

1 o 1y
+—B (x)+—C (x)=0.
4 4

Substituting (3.9) into (3.7), we get
1= . 0
Taking £, (x) = f5(x) =0, f; (x) = f(x),
f,(x)=6f(x) and f,(x)=4f(x), Theorem 2.2
yields an extension Sahoo's result (2003)
corresponding to (1.9).
Corollary 3.3 The function r:IR—>R

satisfies the functional equation
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(1.9) fx+2)+f(x=2p)F6/(x)=4f(x+y)H4/(x—y)
for all x,y€R if and only if it is of the form
FO)=A D)+ 4 )+ 4 )+ 4 (x) for all xeR,
where 4°are arbitrary constants, 4"(x) are the
diagonals of »-additive symmetric functions 4 ,
respectively, n=1,2,3.

Proof. Using Maple, we have

15 15
(3.10) ro=A'O+L +—A' ©+—A’x
4 4

I 5 1 o 1
+—B (x)*+—B (x)+—C (x).
4 4 4
Substituting (3.10) into (1.9), we get

8A* () + 4827 (x, ) +322A1 (1) +82° (x)
+242A" (x, 1) +302A (0 +30A° () +287 (x)
+28°(n+28° () +2¢' () =82A (1) +48A* (x, )
482 ()8 (1) + 242" (1) +302A (1) +302A’ ()
+28° (428" (x)+2¢' (x).

Thus
(3.11) 222U () =0,
dividing (3.11) by 24, we get
(3.12) A* (v =o0.

Substituting (3.12) into (3.10) we get

FO=E()+E (0)+E (0+E", where

1 15 1
E)=—8B"().E )=—A' (x)+—c'(x) and

4 4 4
o 1550 1 o 0 .
E =—U"+—pB",E are arbitrary constants,
4 4
E"(x) are the diagonals of n-additive

symmetric functions E,, respectively, n=1,2,3.

0

4. Conclusion

A general solution of the functional
equation fl(x+3y)+f1(x—3y)+f2(x +2y)+
LHG=2y)+ )= f,(x+0)+ (=) + f£00)
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are given by f (x) = A°(X) + A°(x) + A*(x)
+A%(X) + A% (X) + AY(X) + A, f,(X) =—BA°(X)
—6A° (%) +(2A* () —B6A" (X)) +(A3(x) —6A°(x))
+(202 () =6 A% (X)) + 2 () +A°, f,(x) = —20A°(x)
—20A°(x) +(B2A* (x) —20A* (x) )+ (62°(x) —20A%(x)
—(2202 () + 20 A% () ) — 2(2A* () + A*(X))
—2(2A° + A°) +2B? (x) + 2C* (x) + 2B°,
f, () =—15A° () ~15A° (x) + (42" (x) ~15A*())
+(4214 () ~15A"(x) ) + (420 (x) ~15A°(x) ) ~15A*(x) + B*()
+8'+C'(x)+ D', f,(X)=T20A°(x)+242*(x)
+82(x)—2B%(x)-2D°,
where QlO,AO,BO,CO,DO are arbitrary constants,
A" (x), 4" (x),B" (x),c" (x) are the diagonals of r-
additive functions

symmetric Q(ﬂ,An,Bn,Cn ,

respectively, n=1,2,....6.

Specializing the functions involved, three

related results extending a number of
previously known general solutions, such as
the ones dealing with the quartic functional
equation and the polynomial functional equation
degree three, are derived as direct
consequences by using Maple for producing

the reduced row echelon form.
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