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Abstract

The definition of irrational numbers with generalized bounded partial quotients is defined. We

will investigate some relation between irrational numbers with bounded partial quotients in simple

continued fraction and in generalized continued fraction. Furthermore, using three distance theorem

of Slater, we also find the result of three distance theorem for generalized continued fraction in some

kind of sequence.
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1. Introduction

A continued fraction is an expression of

the form ﬂl where a, and

o, +

o, + .
ﬂn may be any kind of numbers, variables, or
functions. The number of term can be either
finite or infinite. If aﬂeZ, aﬂeNand ﬁn=1
for all »>1, then the expression is called a
simple continued fraction; otherwise, it is called
a generalized continued fraction. For simplicity,

0
by K £
n=l an

we denote the term ﬂl

o +—=
a,+ .

It is also known that all irrational

numbers can be uniquely expressed as a
simple continued fraction.

Moreover, simple

continued fractions expansion of any real
number is finite if and only if that number is
rational.
For examples, 19 1
— =2+
8 2+

7+
15+

1+ -
Thus, we can determine that a fixed

irrational number @ has infinite simple

continued fraction expansion:
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0 1 1
O=a,+K—=0+—

n=1q 1
n al +

a,+ "
where 4 €7, and 4 €N for all n>1. We start
with introducing some definition about simple
continued fraction.

Definition 1.1 We say that & has

bounded partial quotients if and only if

supa, <OO- a
n21

Definition 1.2 Define integers , and
g, bY: p_, =1, py=ay,> p,=a,p, +p,, for
n21, q_ =0, q,=1, q,=aq,_, +q,, for n>1
and define 77, :|qn9—pn| forall n=—1. 0
Remark: For all »>1, P» is called n"

4,

convergent to @ and satisfy Zx :a0+ﬁl;

i=1
qn ai

in fact, , 22=g.
n—>00 q,

Definition 1.3 For any real number x, let
| x | denote the largest integer less than or
equal toxand let {x}denote the fractional part
ofx,ie., {x}=x—| x|

For neN, consider the sequence of
distinct points {16},(20,...(N8} in [0,1], arranged
in increasing order: o<k @} <{k,0} <<k, 0<1,
[0,1] is partitioned into N +1subintervals. A set
of these subintervals are a partition of [0,1]. Let
Py (N) denote an aforementioned partition.
The maximum and minimum lengths of the
subintervals of py(wv)are denoted, respectively,
by ag(vyand a'y(n). a

In 1998, Mukherjee and Karner proved
that @ has bounded partial quotients if and

0
only if the sequence o) is bounded
d'g(N)

N=1
by using a theorem proved by Slater (1967) as
follows:
Theorem 1.4 (three distance theorem)
() For all neN, N can be uniquely
represented as N=ry, +q,_ +s, for
uniquely integer k>0, 1<,<q_,,
and 0<s<g, -

(1) For the partition g, (), represent n
as N=q, +q,_,+s in part (I), then
there are (-1, +¢,_ +s+1 subintervals
of length 7, s+1 subintervals of
length 7,_ —m,, and 4 —(s+D

subintervals of length 77, —¢—nz,. 0

Because @ can be expressed as an infinite

generalized continued fraction:

B,
B,

a,+ .

00
O=a,+K—==q,+
n=la”

a, +

the definition of irrational numbers with
bounded partial quotients may be established.
In this paper, we attend in case that a, is an
integer, a, and ﬂn are positive integer for all

n>1. However, for a given sequence (ﬁ)OO

n=l1

of positive integer, @ may have more than one
generalized continued fraction expansion. For
example, let @=4/2, S, =3 for all n>1, we
get

3 3
N /Y R N S R—

o+———— 7+
H—— nt———

24 . 4.
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\/- . 3 , etc.
2=1 . 3
5 . 3
! 3
g+ ——
3+

Hence, we must obviate this ambiguousness

for aforementioned purpose.

2. Numbers with generalized bounded

partial quotients
In this section, we provide the definition
of numbers with bounded partial quotients in

generalized continued fraction form and

investigate some basic property related with
numbers of simple continued fraction form.
First of all, we start with proving two lemmas.

Lemma 2.1 For any sequences (a )w ,
nJ =0

(ﬁ )O(il of complex number, where « , 3 #0

for all »n>1. If we define complex numbers P

and o by: p =1, p=a,, P=0P_ +

n 11—2

for n>1, 0_ =0, 0,=1, 0,=Q,0,_,+B0,,

P

n

for n>1, then i:a0+K’Bf and 0P —0 _,
90, =a;

:(—1)"ﬂ1ﬂ2-~-ﬂ" forall n21.

Proof. For any sequences (¢, ): (B)

0

n=1

of complex number. We see that i:ao _,_ﬁ

Ql al
and 9P —0,P, :—ﬂl. By mathematical induction,
P
assume that _n:a0+Kﬁf and QP  —0 P
0, j= 1(1‘

"B B, B, we obtain that 0 , P —0 P =
ﬂn‘H(Q P_l Q —IP)_( 1)n+lﬁﬂ ﬂn‘H
SinceM:i:ao_,_ﬁﬁ,
anQn—l +ﬂnQn—2 Qn J= aj

replace the term ¢ by o _}_@ we obtain

an‘H
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(an+ﬂ”+‘jl>n_]+ P_,
a

0
an—l +ﬂnQn—2 -

n+l1

n+l ﬂ
B

0
=,
’ aﬂ+
o

We conclude that i:a +K£ and
0
0, ma,

n—l n_( 1) ﬂﬁ ﬂ fOI' a” n>1

Lemma 2.2 For

().

n+l1

o

a glven sequence

Qn n—l

of positive integer, &can be uniquely

o Bn + BI
=4 +—1—
_ 0 B ’
n=l1 A" Al + 2.
4, +
0 B
where 4 €7, 4 €N and (< K —L < for all
i=n A,
J
n>l1.
Proof. Let 4 =|6| 6 ={6};
4 = B, 6 = B forall n>1. We see
' 9)1—1 ’ 9)1—1
that 4, is an integer, 4, are positive integer,

0<f_ <1and p <4 for all 1. By mathematical
induction, we have

for all n>1.
— 1
O=4,+ :

. Aﬂ +9ﬂ
We can define integers p and ¢ asin

Lemma 2.1, then we have

n B .
4 +K B _5 _AL.tBE ., By replacing
0
=1 A/ Qn AnQn—l + BnQn—Z

(An + 0” )Pn—l +BnPn—2

4 by 4 +6 , we obtain 9=

(An + 0}1 )Qn—l + BnQn—Z

:M’for all n>1. By Lemma 2.1, we
Qﬂ+9f1Qn—l
get a_i — nn—l en(Q”Pn_ n 1 n)
0, |Qn+o9nQn_1 Qn | 0.0 +00
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— BB, 8,0, By mathematical
Qn (Qn + Q)IQn—l)
induction,

we have 0<M<1 for all »>1. Since

Qn

lim =g and by the squeeze theorem,
%0 Qn +911Qn—l

we have |, g_i =o- Thus, = |im £ _

n—>»00 Qn n—»00 Qn
n B . B

lim | 4, +K £ |.le, H:AO +—'B

e J=1 4, A, +—2—

4,+ -

By mathematical induction, we obtain

® B

0<f  =K—L<; forall n21. Hence, @ can
j=n A,
J

, © B o B
be written asf=4 +K—= where (<K L«

n=1 4 j=n A,
n J
for all n=>1. For uniqueness, let
o0
B
O=c,+K ==, where ¢, €Z, c¢,eN and
n=1C

;) . . .
0<K —L<; forall n=1. Since ¢, is an integer
= C,

o0
and 0<KB"

n=1C
n

<1, wehave ¢, =| @ |=4, and

o0
Kﬂ:,go. By mathematical induction, assume
n=1C

0 p © B p
that ¢ =4 and K —-§.Then c,+ K -L="t.

=t . =t C 9
j n

j

. . . o B
Since ¢, is an integer and (<« K —ZL<;.

j=nt+2 C .
J
. © B
we obtain~ = B | and K L=
n+l1 n+1
0 j=nt2 C,
n J
B
Zl_g . Hence, c =4 forall n>0. O
O n n
0’1
By Lemma 2.2, let (B )w be a fixed
/=l

sequence of positive integer, we can write @ as
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a form in the Lemma. So we havegzao+le

n=1q
n

B
», where o €Z,4€l, a€N,

0
=4,+K
n=l1 An

4,€N and 0<1(2i<1f0r all »>1. Then
j=n 4.
J
there is the definition of nth convergent to @ for
generalized continued fraction which as in
Lemma 2.1.
Definition 2.5 Define integers p and

P for

> =1, B=A,

o, by:
}121 ’ Q—l =0, QO =1, Qn :AnQn—] +BnQn—2 for

P=AP_+BP
n n

n—1 n"n—2

n=1 and define lun:|Q”0—P”| forall n>—1. 0
Now we can define numbers with

bounded partial quotients in generalized

continued fraction form and get some

preliminary fact as follows:
Definition 2.3 We say that @ has

bounded (B )OO s partial quotients if and only
n =]

it sups <00 m)
n>1

Theorem 2.4 For all »>1, B, <4 and if

the sequence (Bn )OO is not bounded, then &

n=1

has not bounded (B )OO ’s partial quotients.
n ’l:l

o0
Proof. Let n=>1. Since Ki<1 and
J=n A,
J

0 B © B .
K —<is B <4+ K —L<4 +1- Since 4
j=n+1 Aj Jj=n+1 A/

and B are integer, B, SAn. Hence, if the
sequence (B )OO is not bounded, then (A )OO
n /=1 n/n=1
is not bounded i.e. @ has not bounded (B )Oo
nJn=l1

a
If @has bounded partial quotients. We

’s partial quotients.

want to find necessary conditions and sufficient

conditions for sequence (B )OO of positive
nJn=l1
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integer such that @ also has bounded (B")

o0
n=l1

's partial quotients. Theorem 2.4 give we a
necessary condition. In this paper, we provide
a basic example of sufficient condition for

(Bn):ozl such that @ has bounded (Bn)oo 'S

n=1

partial quotients.
From now on we attend in case that the

for

0
sequence (B )
nJ = 2n

1 satisfying B, =8, <a

alln>1. Before reach to the next lemma, for

) o ] 1_(_1)" 0 ; niseven
simplicity, we define ()= =

2 1 ; nisodd
for all integern.
Lemma 2.6 For all »>0,

a, ; nis even
u =\ /B, —)+1)a, -
B a,; nisodd ( " ) "

Proof. For »=0, we have 4, :LHJ:AO

Furthermore, we see that
1 ; niseven

S)(B, —D+1= for all n21.
B ; nisodd

n?

Consider g=, 1K, for all n>1, we multiply

n=lq
n

BZn—l

B2n

© ]
K - by Then we

i=2n—l q;

the term =1-

obtain
B

o0 1 o0
O=a,+K—=4+K 2

n=1 q n=Il
n

Since B for  all n>1,

2n—1=
0 B.
<K 2

< for all n=1. But
j=n (f(j)(B/. —1)+1)a‘,.

o0
€ is uniquely written as (9=A0+Kﬂ| where
=l A

© B
0o<K —L<; for all »21. Hence, 4

J=n A,
J

(B, —D+1)a, for all n>0.

(roB,—D+1)a

n
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Theorem 2.7. @ has bounded partial
quotients if and only if @ has bounded (B )OO
nJn=1

’s partial quotients.
Proof. First, we will show that if §
has bounded partial quotients, then @ has

bounded (3 )OO ’s partial quotients. Assume
nJp=l1

that @ has bounded partial quotients. Then
there exists «€R such that 4 < for all n21.
By Lemma 26, we get 4 <pa <4 for all

n>1, i.e., @ has bounded (B )w ’s partial
n /=

n

quotients. Conversely, assume that @ has

bounded (B )OO s partial quotients. Then there
nJp=1

exists 4R such that 4 <4, for all n=1. By

Lemma 2.6, 4 <4 <4 forall n21 ie. @ has

bounded partial quotients. |
Lemma 2.8 For all n>—1,
B,B,***B g, ; niseven
© 8,8, 8 g inisodd 02 Brbsoy’
BB, **B p, ; niseven
" BB, "B, p, ; nisodd = BBy Bt P
B)B,***B 1] ; niseven
o ByBy B, 7], 5 nisodd = BBy Byl
where B,=1.
Proof. First, we have 0_, =By_, and
0, = B4, - By mathematical induction, assume
that 0= ByB,***B g, ;niseven g )
" |B,B,***B,_q, ; nisodd 072 Pt
and ) - BB,***B g, ;nliseven R -
"~ BB,+*Bg _, ;n-lisodd 072 St )
[}

If nis even, then 9o = =4 0 +B_ 0 . By

Lemma 26' we have Qn‘H :Blz‘Han‘HQn +Bn+lle—1
)

= BOBZ a .Bn+2 (an-an +qn—l) » since ntl is

=B

1t (BOBZ . .B)an)+Bn+l(BOBZ . 'Bnq

n—l1

odd, B =B, =ByB, "B, 1,4,
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® If n IS Odd’ then Qn-H =A)1+1Qn +Bn+lQn—l ) By

Lemma 26' we have Qn+l :an‘HQn +Bn+1Qn—1

=a,,,(ByB,***B,,q,)+ B, ,(B,B,"**B,_,q, ;)
=B,B,* "B, (a,,9,%4q, ) =BB," "B, q,,

BB, *B 14,4, s ntliseven

Hence,Q o=
ntl

BB .o

B, B n+tl is odd

w29t 0

= ByByBy Bt kD We  conclude

that 0, =B,B,B,"**B, | 1, for all n=>—1.
Similarly, we obtain
B, =B,B,B,* "B\ 1Py and A, =
B,B,B,***B,, .1, forall n=—1. a
Finally, we get the result of three

distance theorem for generalized continued

fraction, which is our main result, for the

sequence (B )OO which satisfied 5,
n ) =1 n

1
B, <a, forall n>1.
Theorem 2.9 (three distance theorem for

generalized continued fraction).

(I) For all neN, N can be uniquely

0
N=r k

BOBZ.;

represented as

+
By

Qi
«eeB

+, for uniquely integer

k—1+ £ (k—1)

A
15-< ktl )

Fk+D(B,,, —D+1
9

B0B2 .

and

By
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(II) For the partition By(N), represent N as
N=r 9 + it +s in
ByB,"" ‘Bk+f(/() ByB,"" 'Bk—1+f<k—1)
part (1), then there are (,_, o
BB, By rp
+ = 4ot subintervals
BB, Byt r(e—1y
of length KA , s+1
BBy By ra)
subintervals of length My _
BOBZ o .Bk—H-_/'(k—l)
r Hy , and 9% —(s+1)
ByBy By ByBy "Byt sy
subintervals of length Mo _
BByt By it k)
(r—1) it
ByB, "Byt 1)

Proof. The proof of this theorem follows

straight from Theorem 1.4 and Lemma 2.8. O
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