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Abstract

We characterize graphs whose the least eigenvalue attains minimum among all connected

graphs of n vertices and k cut edges where 4 <n <12 and 1<k < 2
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1. Introduction

Let G be a simple graph of order n with
vertex set V(G) = {vy, v,,v3, ..., vy} @and edge set
E(G). The adjacency matrix of G is defined to

be a matrix:
A(G) = [ay).

where 4. — 1 if v; and v; are adjacent,
Y 7|0 otherwises.

Since A(G) is real and symmetric, its
eigenvalues are real. Then we can arrange as:
1(G) =2 2,(G) = - = 2,(6). The least
eigenvalue 1,(G) is denoted by 1,,;,(G). and
the corresponding eigenvectors are called the
least vectors of G. The eigenvalues of
A(G) are called the eigenvalues of G.

In the past the main work on the least
eigenvalue of graphs is related its bound.
Recently, the problem of minimizing the least
eigenvalues of graphs subject to one or more

given parameters has studied. Let G} be the

set of all connected graphs of order n with
k(=1) cut edges. A graph G is called a
minimizing graphin GF if its least eigenvalue
attains the minimum among all graphs in Gk.
Wang and Fan (2012) characterized the
minimizing graph in G¥ where n>12 and
1Sks§. In this paper, we characterize
minimizing graphs in G¥ where n<12 and

1<k<l
2

2. Preliminaries

Let x=(x, x5, X3,..., x,)T € R* and
let G be a simple graph with vertex set V(G) =
{v1,v5,v3,..,7, }. Then we can consider x as a
function defined on the vertex set of G, that is,
each vertex v; is mapped to x; = x(v;). We call

x; is a value of v; given by x. We can find that
xTA(G)x = 2% e poy X(Wx(v) (€Y
and x is an eigenvector of G corresponding to

an eigenvalue 1 if and only if x # 0 and
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Ax(V) = Yy, e nyw) X(w), for each veV(G) (2)

where Ny (v) is the neighborhood of v in G.
For an arbitrary unit vector
x €R™, Anin(G) < xTA(G)x 3)

with equality if and only if x is a least vector of
G.

Next, we will state some theorems that
are used in this paper.

Theorem 2.1 (Powers, 1989)

If a graph G has k cut edges, then

Amin(G) = _\/F
Theorem 2.2 (Bell et al., 2008)

If G is a graph of order n then A,,;,(G) =

~JE]- 5| + with equality if and only if
“= S

Theorem 2.3 (Fan et al., 2008)

Let G; and G, be two disjoint nontrivial
connected graph, and let {v;,v,} S V(Gy),u€
V(G,). Let

G = Gl(UZ) ' Gz(u) and let G =

G,(vy) - Gy(u). If there exists a least vector x of
G such that |x(v,)| = [x(vy)| , then A,;,(G) <
Amin(G), with equality if and only if x is a least
G and and

vector of

x(v) = x(vy)

S ey ¥W) = 0.

Figure 1 The graph G(p,q, k)

Let 0, and 0, be two empty graphs of
order p and gq, respectively. Let0,V 0, be
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the graph obtained from 0, U 0, together with
joining each vertex of 0, to each vertex of 0.
Then 0, V 0, is a complete bipartite graph. Let
G(p,q,k) denote the graph obtained from
0, Vv 0,4 by appending k pendant
edges to a vertex w of 0, , shown in Figure 1.

Note that if p>2,q>2 then G(p,q,k)
contains exactly k cut edges; otherwise
G(p,q, k) is a tree with p + g + k — 1 cut edges.
We also have G(p, q,k) is bipartite.

Let x be a least vector of G(p,q,k). We
have Ag,in G(p,q,k) <0 and by (2), x has a
constant value x; on V(0y), x, on w, x3 on
V(0,) — {w} V(0q). Thus

Amin G(p,q, k) is the least root of following

and x,; on

equations:
)]'xl = X2,
Axy = kxy + qxy,
AxX3 = qx, and

Axy = x5 + (p — Dxs. “)
Then Anin G(p,q,k) is the least root of

following polynomial:

fqk;1)=2 - (pg+ k) +k(p—-1q. (5

Moreover, it is easy to see that x contains no
zero entries by (4).

Wang and Fan (2012) proved the
following result:

Theorem 2.4 (Wang and Fan, 2012)

Among all graphs G(p,q,k), where

p=21q=21,p+q+k=n if n>12 and

1< k<2 then G(I=5),[=51k) is the unique
graph whose least eigenvalue attains the
minimum.

Note that Theorem 2.4 does not hold for

a general n and k. We will consider graphs
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the the

by

whose least eigenvalue attains

n

minimum for 4<n<12 and 1< k< 5

establishing the following lemmas.
Lemma 2.5
Let 4<n<12, 1<k<Z p2q+1
and n=p+q+k Then
1,k) < ApninG(p, ¢, k).
Proof From (5), we have

fo,a.k;0)—flp—1,9+1L,k;1)

AminG(p -1 ,q+

=(p-q-D2+ k(2+q-p), (6)
Thus
f@0—1,q+ 1,k AninG (@, 9,k) — [(0 —q —
DA2,G(p,q,k) + k(2 +q —p)] (7

Since K, is a proper subgraph of G(p,q, k),
we have ApninG(,q,k) < AminKix = —Vk
AninG(®,q, k) = k
Since p = q+1, we have 2+q—p < 1. By
(7), it implies that
(p—1,9+ 1,k; AninG(p,q, k)) < 0.
Then

fo—1,9+ 1L,k AninG(p —1,q+1,k)) >
f—1,9+ 1,k AninG (P, q, k).

Cleary,when 1 - -, f(p—1,q+ 1,k; 1) »
+o0. Hence

AminG(p -1 »q +1 ;k) < lminG(pl q, k) D
Lemma 2.6

Let 4<n<12 ,1<k<n/2, p<q-3

and n=p+q+k Then
1,k) < 2pinG(, q, k).
Proof

AminG(p +1 q =

From (5), we have f(p,q.k;1)—
fo+La-1k;1)=(q—-p—DA+ k(p—q).
Thus —f(p+ 19— Lk AninG(p.q. k) =
(@—p—DAnGP.q.k) +k(p—q). (8)
Since K y.q is a proper subgraph of G(p,q, k)

we have
AminG(pr q, k) = AminKl,k+q = k+ q.
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Since p <q—3, weget g—p—1 =2 and

n—-k+3

q=— By (8), we have

—f(p+1,q— 1,k AninG(®,q,k))
(q—p—D22,6p.q.k) +k(p—q)
(@-p-Dk++k(p—9q

2(n—k+3> K

2

n—2k+3 >0.

This implies that (p + 1,9 — 1, k; ApminG (@ + 1,9 —

1L,k)) > f(p+1,9—1,k; AminG(p, q. k)).Cleary,

vV IV I

when A-—0, flp+1,q—1k1) > 4o
Hence AminG(@+1,q—1,k) < ApninG(, q, k).
a
Lemma 2.7
Let4<n<12,1<k<n/2,p=q—-2 and

n=p+q+k.

® hmin(Glp + 1,9 — 1,k)) <
AminG(p: q! k) If (n = 12, k = 6),
Then < (n=8,k=4)and (n=7, k = 3),

® hmin(Glp + 1,9 — 1,k)) <
AminG(p' q, k)

Proof Letp="“--1,q="2+1 We wil

otherwises.

show that
Amin(G(p + 1; q-— 1: k)) < lminG(p' q, k)
By (5), we have

f@.a.k; AninG(®,q.5) —fp+ 1,9 -
1,k; AminG(®,q, k) = A2,,G(p, q, k) — 2k,

It implies that
G (p, g, k) = PLRWEII2 (1)

)

Thus fo+1,9—1k; AninG(p,q, k) =

_ ((vq+k)+v(pq—k)2+4kq) 2k a1

2

To make (11) < 0, we must show that

k? — (2n+10)k + (n® +2n) > 0
or k<n+5—+8n+25. (12)
If 1<k<n/2 and p =q— 2 then (12) holds
except (n =12, k=6), (n=8,k=4)and (n =
7, k = 3). To complete the proof, we consider
when (n=12,k=6),(n=8,k=4) and (n =
7,k =3).
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Case1.n=7,k=3

Since p=q—-2 and n =7, k = 3,
G(1,3,3) is only one graph in this case. By (5),
AminG(1,3,3) = —V6 = 211,inG(2,2,3).

Case2.n=8,k=4

Since p=q—-2and n = 8, k = 3,
G(1,3,4), is only one graph in this case. By (5),

AminG(1,3,4) = —/7 = —2.645751311 <
—2.613125930 = A iy G (2,2,4).

Case3. n=12, k=6

Since p=q—2 and n 12, k = 6,
G(2,4,6) is only one graph in this case. By (5),

AminG(2,4,6) = —2v3 = A 1inG(3,3,6).
This completes the proof.

Q

By Lemma 2.5, Lemma 2.6 and Lemma
2.7, we get the following result.
Theorem 2.8

Among all graphs G(p,q, k) where
4Sns12,1sks§, n=p+q+k,
G(2,4,6) and G(3,3,6) ifn=12and k = 6,
G(1,3,4) ifn=8andk=4,
G(1,3,3)and G(2,2,3) ifn=7andk=3,

o= =0

then
minimizing

graphs are
otherwises.

3. Characterization of minimizing
graphs

In this section, we will characterize
minimizing graphs in Gk, where 4 <n<12 1<
ks% and n=p+q+k.

Lemma 3.9 (Wang and Fan, 2012)

Let G be a minimizing graph in Gk, and
let x be a least vector of G. Then x contains no
zero entries on vertices which are incident to
cut edges of G.

Lemma 3.10 (Wang and Fan, 2012)
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Let G be a minimizing graph in G¥. Then
all cut edges of G share a common vertex.

Remark 3.11(Wang and Fan, 2012)

Let K,, be a star graph with vertex set
{vg ,v1, v, ..., v}, Where v, is the center of the
star graph. For each i € {1,2,3, ..., k}, let B(a;)
is a connected graph of order a; containing no
cut edges. Let B(ay; ay,a,,...,a;) be the class
of graphs obtained from K, by replacing each
v; by a graph B(a;). Suppose that G is a
minimizing graph in Gk with x as a least vector.
Then all cut edges of G share a common vertex
by the Lemma 3.10. Moreover, G is one graph
of B(ay; a4, a, ..., a;) for some positive integers
Qp, Aq, Ay, -

Theorem 3.12

, -

Let G be a minimizing graph in Gk
where 4<n<12 and 1<k<Z . Then G =
G(p,q, k) for some positive integers p,q such
that p>1,g=1 and p+q+k=n
Proof Let G be a minimizing graph in Gk.
By Lemma 3.10 and Remark 3.11, we assume
that G is one graph of B(agy; aq,ay, ..., ay).
where ¥ ,a;=n and a; > 1 for each i €
0,1, 2,.., k}.

Denote G = B € B(ay; a4, ay,...,a;) Let x be a
unit least vector of B. Suppose that u, €
V(By,) joins u;of B, for each i €{1,2,..,k}.

We will show that ay=n—k and a, =a, =
e=ap=1.

By contradiction, we assume that a; = 2
for some i=1,2,..,k and replace all edges
u;w by uow, where w e NBai(ui)- We obtain a
graph of Be€B(ay+a;—1;a,a,,..

, i, 1,

Ajt1y ey ak) < g”rlf
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By Lemma 3.10, we have that all cut
edges of B are incident to u, and |x(uy)| =
max, ¢ V(g)lx(v)I )

By Lemma 2.3, we have 1,,;,B < A,inB.
If AminB = AunB then x is also a least vector
of B and x(uy) = x(u;) and By Lemma 3.9,
x be a unit least vector of B then x contains
no zero entries on vertices which are incident
to cut edges of B.

From Ax(w;) =X, E]\,Bai(ui)x(w) = x(uy),
we have 1,,,,8 =1 and by Lemma 3.9, we get
x(u;) and x(uy) are both nonzero, a contradic-
tion. Then A, B < AminB, a contradiction.

Next, we will show that B, (ag =n—k)
is a complete bipartite graph K,, for some
positve p=>1,q>1. Let V¥ ={v €V(B,,)/
x()20}and V- ={v €V(B,)/x() <0}
Since B, contains n —k (= g > 1) vertices and
),

opposite sign tou,. Then V* and V- are both

it contains vertices whose value has

nonempty.
Case1. [V*| =2 and [V7| =2
We will show that B, (ap=n—Fk) is a
complete bipartite graph. Suppose that B,
(ag=n—k) not

is a complete bipartite.

Deleting the edges within V* or V-, and
adding all possible edges between V* and V~
we get the graph G in gk
xTAG)x = 2wy ey xWx(v) =
2% e e XWx () = xTA(G)x.
(3), we have Ayin(G) < xTA(G)x <xTAG)x =
Amin (G).

If 2min(G) = Amin(G), then x is a least

By Equation (1),
we have

By equation

vector of G which implies that x contains no

241

zero entries. Thus xTA(G)x <xTA(G)x, a
contradiction.

Case2. |[V*|=1or [V |=1

Without loss of generality, we may

assume that |V~| = 1. Deleting all edges within
V* and adding all possible edges between
V*tand V-, we get a tree T of order n. Thus
Amin(G) = Amin(T) = Ain(Kin—1), where Ky 4
is the unique minimizing graph among all trees
graph of order n.

k —1,k). We have

Amin(G) = Amin(T) = Amin(Kl,n—l) =
AminG(1,n—k —1,k) (13)

By Theorem 2.8, we divide our consideration

Note thatK;, 1 =G(1,n—

into four cases.

Case1. n=7,k=3

Then |V*|=3and [V7|=1. It implies
that
Amin(G) = AyinG(1,n — k — 1,k) = ApninG(1,3,3).
Since (1,3,3) € G, it contradics G is minimizing.
Thus this case cannot occur.

Case2. n=8,k=4

Then |V*|=3and |[V7|=1. It implies

that
Anin(G) = ApinG(1,n—k — 1,k) = AppinG(1,3,4)
Since (1,3,4) € Gk, it contradics G is minimizing.

Thus this case cannot occur.
Case3.n=12, k=6
By (12) and Theorem 2.8, we obtain
Amin(G) = ApinG(1,n—k — 1,k) =
AininG(1,5,6) > AminG(2,4,6).
Since G(2,4,6) € Gk, a contradiction to G be
minimizing. Thus this case cannot occur.

Case 4. the other case

By (12) and Theorem 2.8, we obtain
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Amin(G) = Apin G(1,n—k —1,k) >
AminG (5] [ 10
n n—k| [n-k k
wen—kz5>1 6 (|5 [ k) e g
Which yields a contradiction. Thus this case

a
By Theorem 2.8 and Theorem 3.12, we

cannot occur.

obtain the main result;
Theorem 3.13
Among all graphs in G¥ where 4 <n <

12 and 1sks§.

G(2,4,6) and G(3,3,6) if n =12 and k = 6,

then
. G(1,3,4) ifn=8and k =4,
minimizing
G(1,3,3)and G(2,2,3) ifn=7andk=3,
graphs are

o= =0

otherwises.
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