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Abstract

This research objective is to find upper and lower bounds for the spectral norms, 1-norm,

and co-norm of symmetric r-circulant and symmetric geometric circulant matrices with the

hyperharmonic Fibonacci numbers. Furthermore, some examples and numerical results for

demonstrating the validity of the hypotheses of our results are demonstrated.
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Table 1 Upper and lower bounds for the spectral norms of 5 x 5 symmetric r-circulant with the

hyperharmonic Fibonacci numbers

Lower bounds ||SCr(k)||2 Upper bounds
r=2 3.7268 10.8164 34.3592
k=1 r= 3.7268 8.3333 18.6339
r=14+i 3.7268 9.1182 25.0000
Irl =1 r=2 7.9753 21.6523 73.5287
k=2 r= 7.9753 17.8333 39.8765
r=1+i 7.9753 19.0112 53.5000
rl]<1| k=1 | r=0.5 1.8634 7.5492 18.6339
r=-0.1 0.3727 7.0073 18.6339
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Table 2 1-norm and eo-norm of 5 x 5 symmetric r-circulant with the hyperharmonic Fibonacci

numbers
k k
Isc®Il, = fisc®l,

r=2 13.8333
k=1 r=1 8.3333
r=14+1i 10.6115

|r| =1
r=2 27.3333
k=2 r=1 17.8333
r=1+1i 21.7684
r=20.5 8.3333
k=1 r=-0.1 8.3333
r = 0.2i 8.3333

Ir| <1
r=20.5 17.8333
k=2 r=-0.1 17.8333
r = 0.2i 17.8333
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AI9EN 3.6 A1TUANITDUAVLLAZYRUWAA1ITBIURSHAUNATIvB LUV NdwesAuau U AN
AULINTVUIA 5 X 5 wag |r| > Afaudndusuulamesansueiniludnd

Table 3 Upper and lower bounds for the spectral norms of 5 x 5 symmetric geometric circulant

matrices and |r| = 1 with the hyperharmonic Fibonacci numbers

Lower bounds ||sc |, Upper bounds
r= 3.7268 24.6392 153.8849
k=1 r= 3.7268 8.3333 18.6339
r=1+i 3.7268 14.3055 46.3980
r= 7.9753 95.5802 329.3136
k=2 r=1 7.9753 17.8333 39.8765
r=1+i 7.9753 28.8122 99.2918

dwsunguiiun 3.7 Junmsmveuwsuuvesuesuanasuvesmindwe sauauiBasviadnauinng
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audmsyun n X n aglan dwsu|r| < 1

fsci ], < vase

figori b Scr(.f) =S Circr*(]ng): FO,FP, ..., ;k_)l) JuwvsndweauauiBasuadnauuing
YU N X N UUAD
(k) ) (k) () )
[Fo IFl F, Fn—z ]Fn—1
[ng) ng) ng) IFglk_)l r[F(()k)
(k) (k) k) ") W
SCﬂ() = IF; ]F3 F, r]FO rlel
]F?(qu_)2 [F;"_)l TIng) ... -3 IFElk_)4 rn_ZIFElk_)B
IFS(_)l r]F(()k) ,r.Z ]F:(Lk) T-Tl—Z ]F,Elk_)3 rn_lnglk_)z
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% A waz B WJuwnsndvunn n X n lagn
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1 1 1 1 1 / ]FO ]Fl ]FZ ]F‘rl—Z ]Fn—l \
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A= P oo : : way B = : : : - : :
n-3 n-2 (k) (%) x) (k) (k)
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n n n—1 5
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i=1 i=1 s=0
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_ k)2 k
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AATVUN 5 x 5 wag 1] < 1 Aflaundnduiwilemesensueiinilluing

Table 4 Upper bound for the spectral norms of 5 x 5 symmetric geometric circulant matrices and

|r] < 1 with the hyperharmonic Fibonacci numbers

||lsc® |, Upper Bound
r=0.5 7.2070 18.6339
k=1 r=-0.1 7.0753 18.6339
r = 0.2i 7.0586 18.6339
r=0.5 16.0422 39.8765
k=2 r=-0.1 15.8495 39.8765
T =0.2i 15.8295 39.8765
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dmsunguiun 3.9 Wun1sm 1-uesu uay co-uesu veauvindens-wosauawidusuiadnauinas
dlo 7| < 1 fidaundndusuulamessnsueiniiluing
ngufun 3.9 1 SCr(ff) = SCircT*([F(()k), [ng), IF‘gk), ...,IF'glk_)l) Juvdndwesguauridusvinie
aunmsaun n X n aglan dwmsu|r| < 1

|sc

= s

_ mo(k+1)
|OO - IFn—l

weal I sc® = SCircr*([F(()k), IF'gk), ]ng), .., ) JuunsndwesalausiBasuntinauanng
TI n—1 U
A N X N WA

(k) %) (k) (k) k)
Fy Iy I3 2 FrZy
R R . U
®) %) (k) ®) (k)
SC,'E,{() — ]FZ ]F3 ]F4_ cee T']FO T'2]F1
IFglk—)Z ]ngk—) 1 rIng) S ngk—)zt i IFElk—)3
IS O 0 S A O s O

o |r| < 1 udenunien 2.4 (5) aglain

K 1|k 1wk k
[sc®||. = zazd|F®| = zact|F) = R
1 (13)
waranunieny 2.4 (6) azle
sc%| = zazg|E®| = sz [B0| = B ”
nauns (13) way (14) agla
| — (k) _ o(k+1)
|sc |1 = [|se®|| = F o
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719814 3.10 ANTIUAAY 1-UBTU WAL co-UBTU YDUUNINDILOTALAUNTUIUIANAALLIATVUIN 5 X 5 Way

7| < 1 #faudndudwulamesansueiniluing

Table 5 1-norm and oo-norm of 5 x 5 symmetric geometric circulant matrices and with the

hyperharmonic Fibonacci numbers

Isce2ll, = Nlse N,
r=20.5 8.3333
k=1 r=-0.1 8.3333
r=0.2i 8.3333
r=20.5 17.8333
k=2 r=-0.1 17.8333
r=02i 17.8333

4. @5UNaN133Y

mu%’aﬁﬁi’mqUismﬁlﬁammaumeuuLLas
VYBUAE1YBIUDTUAUNAS 1-WBsH Uay co-uasy
YouTINgNS-wasauauYiaNInS Wasvsndiwes
guawiBasadaannasitandndudnnulemes
g1suetiniluind wavean15idevilelaveuiun
UuuazYRURAIUBIIeSHANASY 1-uaTl way
co-uB YD UUNINFO13- WD T AuausiaNL AT
anndnidudulawmesesueiniludnd damgui
un 3.1 wag 3.3 awaau wazdiduldveuinuu
wazveuwnansesuesuanasulunsed |r] < 1
vpuwnuuvesuesualnasulunsd |r] < 1 uay
1-uosu wag co-uasulunsdl |r| < 1 vouuning
wesquawiidusviadnauuiasidaudny
Iulamesensuetniluing damguiun 3.5, 3.7
Wag 3.9 AUEIRY
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